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Dopmyaa 111 obbeMa rmepecedeHna Kyba
C TIOMYTIPOCTPAHCTBOM

A. 1. Beros

B cmoe BpeMmsa s mccrenoBan pasbueHme MacCUBA T'OPHBEIX MOPOJ CHU-
cremamu TpenmH. Kaxnas Takas cucTemMa MOTEIAPOBATIACH CHCTEMOU
MAPAIETBHBIX PABHOOTCTOANIMX MIOCKOCTen. Crydal Tpex CUCTEeM TpU-
BHAJEH — IOJYyYaeTCs Pas3OueHue OIPOCTPAHCTBA HA PABHBIE MapaJLIese-
numeasl. K coxanenuio pazbueHns mpOCTPAHCTBA OOIBIIMM YUCIOM CU-
cTeM (MHE KaXXeTCs) TTOYTH He PACCMATPUBAINCH (XOTS TaKue Pa3OueHns
JOOJKHBEL UMETh OTHOLIEHWs K KBasukpuctaiwiaMm). Ha npakrtuxe zaburo-
TAJICA CIyYad YeTHIPEX CUCTEeM MPAMBIX. MeHs MHTepecoBano pacmpene-
Jenue 610k0B Mo o6bemMaM. C TOYHOCTHIO 10 aQUHHOrO TPEOOPa3OBAHUA
MOXKHO CUMTATh, YTO IEPBLIE TPU CUCTEMEBI PAa30UBAIOT NPOCTPAHCTBO HA
eIUHUYHLIEe KYyOBI, YeTBepTasd CUCTeMa UX AopasbmBaer. Tak g mpwumen
x dopmyse obbemMa mepecedeHus Kyba € HOJYIPOCTPAHCTBOM, KOTOPAs
UMeeT KpacCuBOe n-MepHoe 0600IeHune.

Pacemorpum eguunanbim ky6 K: K = {(z1,...,2,) | 0 < z; < 1} m
MOTyIPOCTPAHCTBO Py, 3anaBaeMoe HEPABEHCTBOM

Z a;x; <d.

Bribepem HATIpaBaeHUA OCEU KOOPAUHAT TaK, ITOOBI BCe KO3DPUIMEHTEHI
G; CTaIW HEOTPUIATETbHBIMEA. [ 3TOr0 mMOCTynuM TaK.

Ecmu Tonpko omgua kKod(pPUIUEHT @; OTPUIATENLHBIN, TO CAETAEM 3aMe-
Hy r; — 1 — x;; Opum >TOM a; 3aMeHNTCA Ha —a;, Ky0 K mepermmeT B ce-
04, a CBOOOJHBIA WieH d CTaHeT PaBHBIM d + a;. Ecaim xe oTpumaTenbHBIX
k03P PUIUeHTOB @; OOJBINE OJHOTO, MOCTYIUM AHAJIOTATHO: IS MHOXKECT-
Ba I C {l,...,n} ungekcos i, 3agaHHBIX ycaoBueM a; < 0, caemaeM Ty xe
MOJICTAHOBKY T; — 1 — x;, OCTaBUB BCE OCTAJILHBIE KOOPIUHATH I; 6€3 m3Mme-
wennn. Kak u paubme, kyb6 K nepengeT B cebs, a MOIyIPOCTPAHCTBO Py — B
moxynpocTparcTBo Py = {(z1,...,%,) | Y ;craix; < d'}. Iocre Taxoro mpe-
ob6pasoBanua 00beMsbl mepecedennit K N Py u K N P OyayT 0ZMHAKOBHIMY,
d =d+3Y ;.7 ai, a Bce K0dDDUIUEHTHE @] = |a;| CTaHYT HEOTPUIATETLHBIMIY,
9ero MbI U 10OUBATUCH.

[Mamee, ectu a; = 0 gaa HEKOTOPOTO %, TO MOIYIPOCTPaHCTBO Py mapau-
JETBHO §-W OCU KOOPAWHAT 1 Nn-MepHb 00bem K N Py pasen (n — 1)-meprOMy
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o6beMy mepecedenuns Py ¢ COOTBETCTBYIOIIEN T'PAHBIO Ky6a, TaK ITO CUTY-
alusa CBOAUTCA K MEHBIIEN Pa3MEPHOCTU. B JalbHEUIIEM CIUTAEM TTODTOMY,
aro a; > 0 mpuBcex 1 =1, 2, ..., n.

Pasemns o6e 9aCTH HEPABEHCTBA Y ;-; 4;%; < d Ha /Y. aZ, mpuxogmm

K CIy9alo, Korga (/> ..y a2 = 1. B arom cryqae Vy,(d) — o6bem nepecedenms
K N P; — 3apaeTcsa paBeHCTBOM:

Vo(d) = m(mg;m}(_l)m (d— §a2>i> (1)

31ech Bce a; MOMOXUTENbHEL, T4 = max(z,0), a |I| — 9YuciIo 31eMeHTOB MHO-
xectsa [; ecm [ = @, To monaraem |I| =0m ) ., ;a; =0.
n

B gacrrocTy, ecm d < 0, To Vy,(d) =0, aecmmd > )" | aj, o V,(d) = 1.

B pasmepnoctax n =1, 2 u 3 popMyasl 1aa o6beMa MPEBPAIIAOTCA B TaKUe.
Ecaiu n = 1, To miuna nmepeceveHns eIMHATHOTO OTPE3KA U Jyda 2 < d PaBHA

Vi(d) =dy = (d = 1)4.

B aBymepHOM u TpexXMepHOM CIydasx MPaBas JYacTh MPUHUMAET BUL:

Va(d) = %(a1a2) : (di —(d=—a1)? = (d—a)? + (d—ar — az)‘i)

u
1 _
V3(d) = 6(&1&2&3) L. (d3+ —(d - a1)i —(d - a2)3+ —(d - ag)i-i-
+(d—a —a)} + (d—as—a3)} + (d—a3—a1)? +
—(d—a1—a2 —G3)i)a
COOTBETCTBEHHO.

N3 dpopmyaer (1) MOXHO MOMYyInTH (GOPMYTY [AJIA TUIOMAIA CEIEHUA Ky-
6a TpaHWIEH NOAYIPOCTPaHcTBa Py. [I1a 3TOro 3aMeTHM, 9TO IUCIO d €CTh
paccTogrue OT Hadata koopamHaT () IO TPAHMIEI TOXYIPOCTPaHCTBA Py, a
paszaocTsb 06bemoB V (d+ Ad) —V (d) = S(d)Ad+ o(A), rae S(d) — nuckomas
wioma b cedenua Kyba. [Ipoguddepernuposas pasercTso (1) mo mapamerpy
d, moxyvaeM Crenyonryto ¢bOpMyIy AId IIOMALA CeTCHUA:

S(d):m Z (—1)|I|<d—Za¢>7:1 . (2)

IC{1,...,n} el
Pasenctso mymio S(d) npu d > Y a; (T.e. korga rpanuma 0P, moaynpocTpa-
cTBa He mepecekaeT Ky6a K) o3HavaeT 3a6aBHOE KOMOMHATOPHOE TOXJECTBO:

n—1

S (- (d _ Zai) = 0. (3)

Ic{1,...,n} el
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(HuxHue 3HAYKYA «+» CHATHL, MO0 BCE WICHBI MOJOXUTEIbHBI, TOITOMY JEBASL
9aCTh — MHOT'OWIEH OT IePEeMeHHbIX d U a;, rae 1 = 1,...,n. PaBercTBo mHy110
MHOTOWIEHA B OTKPBITON OOTACTH BIEIET TOXKIECTBEHHOE PABEHCTBO HYJIIO).

[TOKA3BATEJBCTBO ®OPMYJBI (1)

n

1 =1 o
OTMmeTuM, 9TO BHIPAKEHUE s Hi:l a; -d’y xapakTepusyeT oObeM Ie-

pecedeHua Pd C IOJOXUTEJIbHBIM OPTaHTOM

Q={(z1,...,2n) | z; > 0}.

Bennauna
1 n 1 n n
H(H%) d—>aifi
i=1 i=1 +

paBHa o6beMy mepecedenus Py co capurom QF momoxwrensroro opranTa Q
Ha BekTOp f = (f1,..., fn) (T.€. c o6macTe0 {(21,...,2,) | z; > fi}). Hycrs
VId — obbeM mepecedenus Py ¢ o61acThio

U1={(x1,...,mn)|xi>0, ig[, z; > 1, ’iE[}.

B gacraocrn, Uy = {(21,...,2y) | z; = 0}. Torga opmyna (1) npumer Bux:
Vald) = Y (=DIIvf.
IC{1,...,n}

HyCTB Ql = {(xla s 7xn) | Tj = 07 j 7£ 7:7 T2 ]-} TOI",Z[a UI = m’iGIQi n
dbopmymna (1) okaxerca gacTabIM crydaem (korga ® = Py) dopmyast

Vol(KN®) =Vol(@NUg)+ > (=D)F-Vol(@NQ;, N...NQs). (4)
1<k<n,
1<i <--<ip<n

3aecs Vol(M) — obbem muoxectsa M, & — mpomsBoabHas durypa, mepe-
cegeHue KOTOpOfI C JIIO6I:IM COABUTOM IIOJOXUTEIBHOTO OPTaHTA OI'PaHUYIEHO.
Moxaxem paserctso (4). Eqgmananbm xky6 K nonomaserca g0 () o6beam-
HeHMeM MHOXeCTB ;. To Xe BepHO W A MepecevdeHusas COOTBETCTBYIOIMUX
muOXecTB ¢ ®. [Iycte @; = ®NQ,. Torga ®NQ;, N...NQ;, = P;;N...NS

n 0OCTATOYTHO MPOBEPUTH, YTO BECIUINHA

1)

n

S(=DFT N Vol(@, NN D).

k=1 1< << <n

ecTb obweM obOweauHeHMa U;®;. Ho »T0 ecTh wacTHBIA caydand (GOpMyIIEI
BKJIIOYEHUA MCKIIOIEHNA.
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Hanomuuwm sty dopmyay. IIycts U; — cemencTso MmuoxecTs, |U| o3Hagaer
o6bem muOXkecTBa U. Torma
n
U =) (=DM Y U, NN T
k=1 1<y <-+<ip<n
(B muckperHOM ciryduae 0OBIYHO motaraioT B KadecTse |U| 9ucao saeMeHTOB.
Toraa moxydaercs popMyaa u3 o6braHON KoMOuHATOPHKY (M. [1].) )

CMBICK 5TOH (POPMYJIBL TAKOB: 9TOOBL IOACIATATE TUCIO HJIEMEHTOB (00BeM) 06b-
eIUHEHUA, HAIO IIPOCYMMUPOBATH KOJIXIECTBA 1eMEHTOB (00beMbI) MHOXKeCTB. Ho
TOrIa MOMAPHEIE MEPECeICHNs OKAXKYTCA TOOABICHHBIMU JUIIHUN pa3. X HATO BHI-
vecTh. HO TOTa HAJO CAEMATHL MOMPABKY HA TPOUHLIE MEPECEUeHus, U T. 1.

3AMEYAHUSA.

1. C kax M MHOXECTBOM U MOXHO CBA3ATH LapaKmMePUCmuueckylo @ymk-
yuio &z Ey(x) = 1l upu z € U, &y(z) = 0 mpu z ¢ U. O6beM MHOXECTBA
U paser [&p. lyers Az g(z) — g — T5(9), rae Ti{g)(z) = gz + f).
Ecmm L = [0,1], R = [0,00) To &1, = A1(€r). Xapakrepucruaeckas
dyukmua kyba {x MOMIYyIaeTCA U3 XaPAKTEPUCTUICCKON (DYHKIUM TTOI0-
KUTEILHOTO OpTaHTa () nmpuMeHenuem omeparopa [ [ ; A;. Ho

n

[TAi6) = (1~ Tp) ..o (1= T, (&) =

=1

= Yo (DM (EQ) N N T (So)-
0<k<n,
1< << <n

Orciona Takxe crenyer dgopmyra (4).

2. AHa.JIOI"I/I‘IHI)IM o6pa30M C IIOMOIIIBIO BKJIIOYICHUA NCKIIOYCHUA JOKa3bIBA-
eTCA NoNApU3anuoHHaA POpPMYyIa:

(@14 )" =D (@4 D) et

)

—i-(—l)]c Z (1‘1‘1‘""1‘@'\1+"'+$/i\k+"'+xn)n+

1< <i
+...+(_1)”Z(L‘;L: Z Za(1) -+ To(n)-

o€Sy

Ecniu mepemMeHHBIE T; KOMMYTHUPYIOT, TO TPaBad IacTh B DTOU (HOPMYJIe
paBHA n!(ml S mn)



Dopmyra gaa o6beMa mepecedeHuA Kyba ¢ MOIyIPOCTPAHCTBOM 189

3. B mkome Hac npuy4aroT uzberaTb KpynHbiX (popmya. O 1HAKO TPABUILHO
opraamsoBaHas (Gopmyna (CBOEro poga mepormmd) OKa3BIBAETCA KPACH-
Bou! A KpacoTa CIyXWUT MPOBEPKE MTPABUILHOCTH.

AsTop npusmarenen I'. A. laabmepuny, moGy uBIIEMY €U0 HATTUCATD JAH-
HyI0 3aMeTKy ¥ oOpaTuBIIEMY BHUMaHWE HA 3aJa4y O ILIOWAIN CEeYeHUd.

CIUCOK JIMTEPATYPHI
[1] Burenkuu H. fI. Kombunamopura. M.: Hayka, 1967.

[2] Benos A. fI. Cmamucmuueckas 2eomempus U pasHOBeCUe OAOUNBIL MAC-
cusos. [ucc. HA comcK. yd.cTen. Kaum. pus. maT. Hayk. M.: MI'U, 1991.

A. A. Beros, MUOO

E-mail: kanel@mccme.ru



