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VIK 004.8

A .M. 2 KyKOBA
HABOPHI BIIMCAHHBIX KOH@I/II‘VPAI_H/H?'I
TUIINYHBIX ITMTAPHVUPHBIX IIATUYTOJIBHUKOB

2Kyrosa A.M. Habopbl BONHUCAaHHBIX KOH(Urypanuil TUINWYHBIX ILIApHUP-
HBIX NATHYTOJBbHUKOB.

Annoranusa. PaBHOBeCHBIE IOJIOXKEHHUS IIJIOCKOTO IOJTHTOHATIBHOIO IIAPHUPHOTO
MEXaHMU3Ma CYTh €r0 BIUCAHHBIE KOH(MUIyparuu. Mbl OOHCEIBAEM BCe BO3MOXKHBIE
HaBOPBI BIUCAHHBIX KOHMUTYPAIUil TUHIHIHOIO HIAPHUPHOTO IIATHYTOJIbHUKA.
KuaroueBble ciioBa: MIAPHUPHBIA MHOTOYTOJIBHHUK, PABHOBECHOE IIOJIOKEHUE, OPU-
€HTHPOBaHHAs ILJIOINA/ b, KOH(MUIYPAIMOHHOE IPOCTPAHCTBO, HHAEKC Mopca.

Zhukova A.M. Sets of cyclic configurations of a pentagonal linkage.
Abstract. Equilibrium shapes of a planar polygonal linkage are cyclic configurations.
We describe all possible sets of cyclic configurations for pentagonal linkages.
Keywords: polygonal linkage, equilibrium shape, configuration space, signed area,
Morse index.

1. Benenue. HlaprupHsim MHO20Y204bHUKOM HA3BIBAETCS HAOOD
U3 N KECTKUX CTeP:KHeH, COeJUHEHHBIX MO0 UKy MapHUPAMH. JTa
KOHCTPYKIIAS HAXOJIWUTCH B IJIOCKOCTU W MOXKET M3rHOATHCA B MECTAX
coe/lMHEHUi, BO3MOXKHO, Iiepecekas camy ceds.

[MTaprUpPHBIH MHOTOYTOIBHUK JOMYCKAET PA3IUIHBIE TIIOCKHE (hOP-
MBI, COBOKYITHOCTH KOTODBIX €CTh KOHPUYPAUUOHHOE NPOCTPAHCME0
ULAPHUPHO20 MHO20Y20AbHUKA.

Mps1 u3ygaem KOH(MUTYPAIMOHHDBIE TPOCTPAHCTBA IMIAPHUPHBIX MHO-
TOYTOJIBHUKOB C IIOMOIIbI0 Teopuu Mopca.

s Bcex koH(MUTypAIMil MHOTOYTOJBHUKA, 33AeTCsT HEKOTOPAst
GbYHKIMS HEPIUU U W3YYIAIOTCH W3THOAHUS MHOTOYTOJBHUKA B COOT-
BETCTBYIOIIIEM CHJIOBOM TIOJI€ HA KOH(UIYPAIIMOHHOM MPOCTPAHCTBE.
Msr paccmarpuBaeM IMAPHUPHBIA MHOTOYTOJIBHUK KAK IJIOCKHI KOH-
TeitHep, HAIIOJIHeHHbIH ra3oM. [a3 co3gaer gaBienune nHa pebpa MHOrO-
yroJjibuuka corsiacHo 3akony Ilackasisi. COBOKYIIHOCTD CHJL, IIPUJIOXKEH-
HBIX K pedpaM IapHUPHUKA, TTOPOXKIAET HEKOTOPOE N3THOAHNE MHOTO-
YTOJIbHUKA, KOTOPBIN B UTOTe CTAOUIN3UPYETCs B TIOJIOXKEHUU PABHOBE-
cusi. B nporecce n3rnbanus mapHUPHBIH MHOTOYTOJIBHUK CTPEMUTCS K
KoHMUrYypAUAM C OOJIbIIell MIIOMAIHI0, TO eCTh, €r0 JBU2KEHUs OIlU-
CBIBAIOTCS IPA/MEHTHBIM IIOTOKOM (DYHKIMY ILIOIIA/IH.

IMosoxkenre paBHOBECUS MOKET OKA3aThCs KaK YCTONIMBLIM (T10CTIe
MAaJIOTO IeBeJIeHNs TPAUEHTHBIN TOTOK BO3BPAIAeT MHOTOYTOJIbHUK
B TO K€ MOJIO’KEHUE), TaK U HEYCTOWYMBBIM (I10C/I€ MAJIOTO [IIEBEJICHUSI
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IPAJIMEHTHBIA TOTOK [TEPEMEIAeT MHOTOYTOJILHUK B HEKOTOPOE JPY-
roe nosiokenue pasaosecusi). Vnuekec Mopca nosioxenust papuosecust
(T.e. Pa3MEpPHOCTH MPOCTPAHCTBA MAJIbIX IIEBEJIEHUIT, MOCTE KOTOPHIX
IMIAPHUPHBIA MHOTOYTOJILHUK BO3BPAIIAETCSA B TO YK€ CAMOE TOJIOXKEHNE
PaBHOBECHs1) MOXKHO PACCMATPUBATH KAK HEKOTOPYIO MEPY YCTORIMBO-
CTHU TIOJIOYKEHUST PABHOBECHSI.

Cuteryer OTMETUTD, OHAKO, 9YTO B HAIIEM CJIydae Jjis KOH(pUrypa-
AU C CAMOIEPECeUeHUsIMU (PUBNIECKAS MHTEPTIPETAINS HECKOJIBKO OT-
Jndaercd (4 B HEKOTOPOM CMbIC/IE, OHA, KOHTPUHTYUTHUBHA): JABJICHIE
ra3a B Pa3HBIX 0DJIACTAX, OTPAHUICHHBIX KOH(MUTYPAIIUEH, TPOITOPIHO-
HAJIBHO WHJIEKCY 00xoa. Tak, HanpumMep, B IEHTPAJIbHOM YacTu "3Be3-
bt (cM., HanpuMep, BTopyio KoHdurypauuio Ha puc. 9) nasienue B
JBa pas3a OoJIbINe, YeM B JIYIEBBIX OOJIACTSAX TOM Ke 3BE3.IbI.

Crenytomue onpezenennss GOPMATU3YIOT OMUCAHHBIE OObEKTHI:

Oupegenenne 1. IlapHUPHBIM MHOTOYTOJBHUKOM HA3bIBAETCS
HabOp W3 M TMONOKUTETbHBIX BEIECTBEHHBIX uncen li,ls,...,1l,, pe-
am3yeMbIX B BUJE CTOPOH HEKOTOPOIO MHOTOYTOJIbHUKA.

Omnpenenenne 2. Konduryparueil mapHIpPHOr0 MHOTOYTOJIbHA-
Ka HA3BIBAETCA HAOOP W3 N TOUEK HA ILIOCKOCTH P = (p1,p2,...,Pn),
TaKUX, 9TO |p;, Pi+1| = ;. IIpu amoM mepBbIe JBe TOYKH 3ahUKCHPOBa-
wo: p; = (0,0) u po = ({1,0). Hymepanus cunraercs HuKIAIECKOi, TO
ecTh, HAIPUMED, Po = Pn, Pnil = D1

CoBokynrocTh KOHMUrypanuit ¢ 3apuKCUPOBAHHBIMUA BEPIIMHAME
P1 M D2 €cTh Konduzypayuonnoe npocmparcmeo M(L) mapHUpHO-
r0 MHOrOYrOJIbHUKA (OHO MOMKET OBbITh PACCMOTPEHO KAaK HEKOTOPOE
MIOIMHOYKECTBO eBKJINI0Ba TpocTpancTsa R?"~4). B obmem ciydae
KOH(UTYPAIMOHHOE MTPOCTPAHCTBO SBISETCS IAIKUM MHOrO00Opasu-
€M, pa3MepHOCTb KOTOPOro paBHa n — 3.

Onpenenenue 3. /[a naHHONi KOHMDUTYpAIUn
P = (p1,p2, ..., Pn) MIAPHUPHOTO MHOTOYTOMbHUKA L, re p; = (2, yi),
€€ OPUEHMUPOBAHHAA TAOUG0L OIIPEJIETISeTCS CAeLYIOUM 00pa30oM:

2A(P) = (z1y2 — x2y1) + - .. + (Tuy1 — T1Yn)-

Koudurypanus P Ha3biBaeTcst 6nucanhol, €CJIU BCE €€ BEPIIUHDI
JIe’KaT Ha OJHOU OKPY?KHOCTH.

Teopema, nokazanunas 1. Illreitnepom (cm., nanpumep, B [4]) ria-
cuT, 910 GyHKIUA A JOCTHraeT MaKCUMAJIbHOIO 3HAYCHUS B BBIITYKJIOM
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1 — p2 p 2

Puc. 1: I'nobanpHble MAKCUMyM ¥ MUHUMYM QyHKIAA A.

HOJIOKUTETHLHO OPUEHTUPOBAHHON (TO €CTh OPUEHTHPOBAHHOW MPO-
TUB 9aCOBO¥ CTPEJIKM) BIUCAHHONW KOH(MUIYypaIUU MAPHUPHOIO MHO-
royrombauka L. CrnemoBarenbHo, A JOCTUTAET MUHUMYMA B GHIMALGHL-
nYyxA0U (BBIIYKJIOH OTPUIATEIbHO OPUEHTUPOBAHHOMN ) BIIMCAHHONW KOH-
durypanyuy IMapHUPHOro MHOrOyrojabHuKa L. AHTUBbBIIYK/1asd KOH]pU-
rypaiysi CHMMETPUYHA, BBITTYKJION OTHOCHTENILHO TIPSMOH (p1, p2) (CM.
puc. 1).

Crenyromiast TeopeMa CBs3biBaeT GyHKINIO A U BOUCAHHBIE MHO-
TOYTOJTHLHUKH:

Teopema 1. [2] Kpumuueckue mouku Gynkyuy naowady naioc-
K020 NOAUZOHANDHOZ0 WLAPHUPHOZ0 MHO20Y2ONDHUKG CYMb BNUCLHHDLE
KOHPULYPAUUU.

[IpuBemem npumep, KOTOPBIH OyIeT MUCIOAB30BAH B JaJIbHEHIIEM.

IIpumep 1. Kondueypayuonroe npocmpancmeo munuunozo 4e-
maopexy20avHuKa o0nomepro. Ha nem scmpeuaromes moavko deéa mu-
NG KPUMUYECKUL MOYEK — AOKAADHBLE MAKCUMYMDL U MUHUMYMDL.
Cywecmeyem dea 6uda MUNUYHHLE YEMBLPET3BEHHBLL NONUZOHANOHBLL
WAPHUPHOLL MHOZOY20AbHUKOS:

1. Cymma drur HaubosbULET U HAUMEHDWET CTNOPOHDL UWGPHUPHOZ0
MHOZOY2ONDHUKG MEHLULE CYMMDbL OAUH 06YT 0CMABUWULTCA CTNO-
pon. B amom cayuae xondueypayuonnoe npocmparncmeo M(L)
HeceA3H0. OHO 20MeoOMOPPHO Nape oKpyHcHocmel, U HA HeM CY-
WeCmBYm “emupe Kpumuveckue mouxu. Onu npueedemns, Ha
puc. 2 caesa emecme ¢ ux undexcamu Mopca.
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A(P)>0
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A(P)<0

Puc. 2: /Isa tuma koHGUTypPAIMOHHBIX TTPOCTPAHCTB YeTHIPEX3BEHHBIX
[IAPHUPHBIX MHOTOYTOJILHUKOB BMECTE C KPUTHUYECKUMHU TOUYKAMH.

2. Cymma daun HaUubOAbWET U HAUMEHDWET CIMOPOHBL WAPHUPHOZO
MHO20Y20AbHUKA OOADUWE CYMMDL OAUH 06YLT OCMABWULCA CMO-
pon. B amom caywae xondueypayuonnoe npocmparncmeo M(L)
€6A310. OHO 20MEOMOPPHHO OKPYAHCHOCTNU, U HA HEM CYULLCTNEY-
10m dee Kpumuveckue moywky (cm. puc. 2, cnpasa).

I[eav HACTOSAIIEH PAOOTHI COCTOUT B KJIACCH(DUKAIIAN BCEX BO3MOK-
HBIX HAOOPOB BIMCAHHBIX KOHMUTYDPAIUI MAPHUPHBIX MATUYTOTbHU-
KOB.

2. IITapHupHbIE OATUYTOJbHUKN N OCHOBHasdg TeopeMma. B
JAHHON CTaThe PACCMATPUBAIOTCS TOJBKO MMAPHUPHBIE TATHYTOTHHU-
ku. Pesymbrarsr chOpMyInpoOBaHbL IS MUNUYHOZ0 TTTADHUPHOTO TIsi-
TUYTOJIbHUAKA. DTO O3HAYAET, 9TO BBIMTOJHEH CJIEIYIONmi HAbop yCIo-
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BHU:

Koudwurypanmonnoe npocTpancTBo Iyiagko. YCJIOBUE HErJIa KO-

CTHU ONUCBHIBACTCS HEHYJIEBBIMU JIMHEIHBIMUA YPABHEHUSIMH B IIPO-
n

crpancrse mapamerpos R’ (cum. [1]).

Hwu onna m3 BmcaHHBIX KOHMUTYpAIUil HE SABJISETCS [EHTPAIb-
HOIA.

KpuTnaeckne TOYKHA HEBBIPOXKIEHBI. YCIOBHE HAJUYIHAS BHIPOK-
JIEHHOM KPHUTHYECKOH TOYKHM ONMCHIBACTCS HEHYJIEBBIM AHAJNTH-
9eCKHM yPaBHEHHEM B IIPOCTPAHCTBe mapamerpos R}, koropoe
MOKHO 10J1y4uTh u3 [3], reopema 3.1.

Hu nna xakoit Bunmcammoit koHdpurypamuu P He BBIIOJTHAETCA
0(P) = 0. Ycaorwe §(P) = 0 onmchBaeTcst KOHEUHOH CHCTe-
MO HEHYJIEBBIX AHAJIUTHYECKUX YPABHEHUIN B MPOCTPAHCTBE Ta-
pamerpos R’ . B [3] B npeaoxenun 4.1 JOKa3pIBAETCS, 9TO OHHI
OTIPENIETSAIOT 3aMKHYTOE MHOXKECTBO C IYCTON BHYTPEHHOCTBIO.

Hu B oxmoit Bumcanuo# KOHGUTYpPAIINA HET COBIIAIAIONIAX Bep-
IIHH.

Bce Boimeykasanubie cBoOiicTBa 15 BBINMOIHSOTCS [JIs IAPHUD-
HBIX MHOI'OYTOJIbHUKOB, [IOPOXKAEHHBIX HOAKOH(UTYPALIUAME BCEX
BIMCAHHBIX KOH(MUTYPAIWH MTAPHUPHOTO MHOTOYTOJIHHUKA, L.

Kaxknoe u3 3Tux ycaoBuit "BeikuapBaeT" m3 MHOXKECTBA BCEX IIap-
HUPHBIX TATHYTOJBHUKOB 3aMKHYTOE MHOYXKECTBO C MyCTON BHYTPEHHO-
CTHI0. YCIOBUIT KOHETHOE KOJUIECTBO, CIEI0BATE]IHHO, BCE BMECTE OHI
TakKe "BBIKUALIBAIOT" 3aMKHYTOE MHOXKECTBO C IIyCTOW BHYTPEHHO-
crbio. Takum 0OpaszoM, Olpee/leHHOe HaMU MHOXKECTBO "THIHYHBIX"
IMAPHUPHBIX TATHYTOJIHHUKOB OTKPBITO ¥ BCIOAY TIJIOTHO B MHOYKECTBE
BCEX MIAPHUPHBIX MATHYTOJIHHUKOR.

Mpbr 6yaemM ToTb30BATHCA CEAYIOMNMA (paKTaAMMT:

1.

Koudurypanponsoe npocTpagcTBO THIXYHOIO IIAPHUPHOTO IIsi-
THYLOJIbHUKA — OpPUEHTUpyeMas IIOBEPXHOCTh. Ke pos, onpeelis-
ercs JIMHEHHbIMUA COOTHOLIEHUSIMU MEXK/Iy JJIMHAMKU CTOPOH CJie-
JyronmM obpasom (cM. [6]). Mbr mokaxkem B Hadase §3, 4T0 J0-
CTATOYHO ONPAHUYUTHCS TOJIHKO MIAPHUPHBIMA MATHYTOJIbHUKA-
Mu, pedpa KOTOPBIX YIOPSAA0YEHBI IO yObIBAHUIO: @ > b > ¢ >
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208

d > e > d. IlpocTpaHCTBO BCEX TAKHUX IMIAPHUPHBIX MSATHYTOJb-
HUKOB — 00JIACTD B 4eTbIPEXMEPHOM Hpocrpancrse R, orpanun-
YeHHasl THUIMEpPIIocKocTsaMu b+ c+d+e = a, b = a, ¢ = b,
d =c¢ e =d,d= 0. Jta obsacTh paspe3aHa HA KaMepbl TH-
meprtockoctsiMu @ +b—c—d—e =0, a—b—c+d+e =0,
a—b—c—d+e=0,a—b—ct+d—e =0u a—b+c—d—e = 0. Bayrpu
KaKJI0H KaMepbl BCE IIAPHUPHBIE MHOTOYIOJbHUKU UMEIOT OJIMH
U TOT YK€ TOTOJOTWYECKUN THUI KOH(MUTYPAITHOHHOTO MPOCTPAH-
crBa. Huzke mpuBOIUTCS CIMCOK BCEX TUTIOB KOH(MDUTYPAITHOHHBIX
MPOCTPAHCTB MIAPHUPHBIX MHOTOYTOJILHIKOB ¥ HEPABEHCTBA, 3a-
JIafoIHe COOTBETCTBYIOINIYI0 KAMEPY BHYTPU PACCMATPUBAEMO
obsactu.

(a) xoudurypanuonsoe npocrpaicrso — cdepa
a—b—c—d+e>0.

(b) KoHUTYpAIMOHHOE TIPOCTPAHCTBO — TOP
a—b—c—d+e<0mn
a—b—c+d—e>0.

(¢) KoHdUIYypALMOHHOE LIPOCTPAHCTBO — OBEPXHOCTH POJA JIBA
a—b—c+d+e>0,
a—b—c+d—e<0mn
a—b+c—d—e>0.

(d) koudurypanmonnoe IpPOCTPAHCTBO — TMapa TOPOB
a—b—c+d+e<0.

(e) KoHUrYpAIMOHHOE IPOCTPAHCTBO — IOBEPXHOCTH POJIA TPU
a+b—c—d—e>0mn
a—b+c—d—e<0.

(f) xondurypamnuoHHOE MIPOCTPAHCTBO — IOBEPXHOCTDb POJIA Ue-
TBIpE
a+b—c—d—e<0.

2. Teopema /1. Po66umca—B. Bapdonomeesa maer HEKOTOPYIO OIEH-

Ky CBEPXY /I KOJMIECTBA BIMCAHHBIX KOH(UTYpaIyii nIapaup-
HOI'O MHOIOYIOJIbHUKA (CM., Haupumep, [5]). B wacruocru, y us-
TU3BEHHOTO IMAPHUPHOTO MHOTOYTOJILHIUKA, MOXKET OBITH He 0oJiee
YeTLIPHA/IIATY BIUCAHHBIX KOHMUTypanuii (¢ y4eroM OpueHTa-
uu).
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3. Iockompky KOH(MDUTYPAIMOHHOE MIPOCTPAHCTBO MIAPHUPHOIO IIsi-
TUYI'OJIbHUKA — JIByMepHad II0BEPXHOCTb, KPUTUYECKUE TOUYKU
Ha HEM ObIBAIOT TPEX TUIIOB: JIOKAJIbHBIE MaKCUMyMbl (MHIEKC
Mopca paBeH 2, ycToOiiuuBble PAaBHOBECHbBIE KOH(MDUIYDAIHH ), JIO-
KasibHble MuHuMyMbl (uHzekc Mopca pasen 0, HeycroiiuuBbie
paBHOBeCHbIe KOHMUIYpaluu) u ceiioBbie Touku (ungekc Mopca
paBeH 1, HEyCTOYMBbIE PABHOBECHbIE KOH(DUIYDALIUY).

4. Ha xkoH(UIypanuoHHOM IPOCTPAHCTBE MIAPHUPHOTO MHOIOYIOJIb-
HUKa CYyIIECTBYET HENPEPbIBHAS WHBOJIONUS Y, MEPEBOIAIIAA
KOH(MDUIYDPAINIO B CAMMETPUYHYIO eif OTHOCHTEIHHO MPAMOit (p1p2).
Ora MHBOJIONUS [EPEBOUT BIUCAHHBIE KOH(MUTIYDALUU BO BIIU-
cannbie, npudeM A(y(P)) = —A(P), a 10CKOJIbKY Pa3MepPHOCTb
upocrpascTsa pasua aym, umeem m(y(P)) = 2—m(P). To ecrb,
9Ta MHBOJIIONUS TIEPEBONT JIOKATBHBIE MAKCAMYMBI B JIOKAJIHHbIE
MUHUMYMBI, & CEJJIOBbIE TOYKU — B CeIOBbIe. Takum oOpa3oM,
KOJINYECTBO JIOKAJHHBIX MAKCUMYMOB Co HA KOH(MUTYPAIIMOHHOM
IPOCTPAHCTBE PABHO KOJIMYECTBY JIOKAJbHBIX MHUHHEMYMOB Cg, &
KOJIMYECTBO CEJJIOBBIX TOYEK €] YETHO.

5. U3 teopun Mopca u3BectHO, 910 00111€€ YUCIO KPUTHUIECKUX TO-
4YeK Ha JBYMEPHOW MOBEPXHOCTH POJA ¢ HE MOXKET ObITb Me-
mee 2g + 2. Kpome toro, Ham mouamoburcs pasenctBo Mopca:
cop—c1+co=2—2g.

Takum 0Opa3oM, HA KOHMUTYPAIMOHHOM MPOCTPAHCTBE MIAPHUP-
HOTO MHOTOYTOJIbHWKA MOXKET ObLIh HE MeHee 2g + 2, rae g — pof
KOH(UTYPAIMOHHOTO MPOCTPAHCTBA, U HE 0OJIee YeTHIPHAIIATH KPU-
THIeCKuX TOoYeK. Kpome Toro, m3 pasencrBa Mopca ciemyer, 9TO
co+c1+co =2 —2g9+ 2¢y, U, TOCKOJIBKY €] — YETHOE YUCII0, 00-
1ee KOJUIECTBO KPUTHIECKUX TOYEK CPABHUMO C 2g — 2 10O MOJYJIIO
9eThIpe.

OCHOBHO Pe3yIbTAT ITON CTAThU — KJIACCU(PUKAIUSA BCEX BO3MOK-
HBIX HAOOPOB KPUTHYECKHUX TOYEK TUITHIHOIO IMAPHUPHOTO IATHYOJTb-
HUKA, [PUBE/EHHAs B TeopeMe . Mbl JIOKaxKeM, 94T0 y TUIUYHBIX [1ap-
HUPHBIX MSITUYTOJIBHUKOB HUKAKUE IPyTHe HAOOPHI KPUTHIECKUX TO-
Y€K, KPOME€ YKa3aHHBIX B Hell, He BcTpedaoTcsa. OmHaKO HE YIaIoCh
JIOKA3aTh CyIIECTBOBAHKE JIBYX THIIOB MIAPHUPHBIX MHOTOYTOJBHUKOB
U3 MPUBEJEHHBIX B TEOPEME: UMEIOIIUX YeThIPHAMIATH KPUTHICCKUX
TOYEK HA [MOBEPXHOCTHU POJA JIBA U ABEHAIIATH KDUTUIECKUX TOYEK HA
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nape TopoB. OCHOBHAS TPYAHOCTD JOKA3ATEIbCTBA UX CYIIECTBOBAHUS
COCTOUT B TOM, 4TO, KAK OTMedeHO elle B crarbe B.Bapdosomeesa [7],
KOJIMYECTBO KPUTHYECKUX TOUEK HA KOH(UTYDPAIMOHHOM MPOCTPAH-
CTBE OYE€Hb UYBCTBUTEIHHO K U3MEHEHWIO JIJINH IMaPHUPHOTNO MHOTO-
yrombauKa. K ocraibHbIM THIAM KOH(DUTYPAIMOHHBIX MPOCTPAHCTH
ObLTN HANJEHBl TPUMEDDI IIAPHUPHBIX MATUYTOTBHUKOB, UX DEATU3Y-
forpe. Bece OHU IPUBEIEHBI HUXKE BMECTE C MX BIMCAHHBIMU KOHMUry-
paLusIMu.

Teopema 2. Ilycmv L — munuunoili wapruphoil NATMUY20ALHUK
(a,b,c,d, e), npuwem ezo pebpa ynopadouenss no daune: a > b > ¢ >
d>e.

1. ITyemv a—b—c—d+e > 0. Tozda xongueypayuorroe npocmpat-
cmeo P — chepa, u ma nem ecmov poero dee KpUMuUYecKkue mowku
Pynxyuu A: odun marxcumym (8uinyKaias KonPuaypayus), 00un
MUHUMYM (GHMUBBINYKAGH KOHPuUYpayus), cm. puc. 3.1;

2. Ilyemva—b—c—d+e<0ua—-b—c+d—e > 0. Toeda
KoHPuaypayuontoe npocmpancmeo P — mop, u na Hem ecmo
PO6HO uembipe Kpumuveckue moukyu gynkyuu A: odun marcu-
mym (8vinyKsan KonPuaypayus), 00un MUHUMYM (GHMUBHNYK-
Aas Konduaypayus), dee cedaosve mowku, cm. puc. 3.2;

3 IIyemv a —b—c+d+e >0, a—b—c+d—e < 0 u
a—b+4+c—d—e > 0. Toeda rKonpueypayuoHHoEe TPOCMPaH-
ecmeo P — moseprrocmy poda d6a, u Ha Hem ecmb He boaee
wemupradyamu kpumuseckur moyex. Ocmaemcs omEpvimvLM
BOMPOC 0 CYUWLCNBOBAHUY ULAPHUPHOZO MHO20YZOALHUKA IMO20
MUNG ¢ POSHO ULEMBLPHAIUGMBIO BNUCAHHBMU KOHPUYPAYUAMU.
Bosmootchol, caedyrouwue 6apuaHmoL:

o [Illecmsv xpumuyeckur mouex Gynwkyuu A: 0dun maxcumym
(6vinyraas KonPueypayus), 00uH MUHUMYM (GHMUBHINYK-
A48 KORPUYPAYUA), Hembipe Ce0A08ble MOYKU, CM. DUC. 4;

o Jlecams Kpumuueckur moyex Gyrnkuuy A: 06a mMaxcumyma
(6LINYKAGA U CAMONEPECERANOULAACA KOHPULYPAYLUA), 064 MU-
HUMYMA (AGHMUBHINYKAGA U CAMOTEPECEKAOUWAACA KOHPU-
2YPALUA), WECTND CEONOBBLL TNOYUEE, CM. PUC. b;

o Yemwmpraduamsd Kpumuveckur movex @Gynryuu A: mpu
MAKCUMYMG (BUINYKAGA U 06€ CAMOTEPECEKAIOULUACH KOH-
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Pueypayuu), mpu murumyma (anmuswnykaas u dee ca-
MOTEPECERANULUACH KONPULYPAUUY), B0CEMB CENOEBLT TO-
yex.

4. Ilyemv a—b—c+d+e < 0. Tozda xonguaypayuorroe npocmpar-
cmeo P — napa mopos, u na nem mooicem boimsv we boaee dee-
Haduamu Kpumuueckuxr mouex. Ocmaemes omrpsmovLM 60NPOC
0 CYWECMBOBAHUY WAPHUPHOL0 MHOZOY20ALHUKA IMO20 TMUNG C
POBHO 06eHAdUAMBIO BNUCAHHHMY KOHPUYPaAUUAMY. Bodmooic-
bl CAEDYIOULUE BAPUAHTIVOL:

e Bocemdv xpumuueckur mouex gynryuu A: d6a marcumyma
(8VINYKAGA U CAMONEPECEKANULAACH KOHPULYPAUUY,), 064 MU~
HUMYMA (GHMUBHINYKAGA U CAMONEPECEKAOUAACA KOHPU-
2YPALUL), Hembpe ceoA06ble TNOUKY, CM. puc. 6;

e Jlsenaduyams kpumuneckur mouek Pynrxyuu A: mpu mak-
CuUMYMa (BLNYKAGA U 08€ CAMONEPECEKAOULUACH KOHPU2Y-
PAYUL), MPU MUHUMYME (6BINYKAGH U 08E CAMONEPECEKAIO-
WuACA KOHPUYpayun), wecms cedroevT movex.

5 Iyemv a +b—c—d—e >0ua—b+c—d—e < 0. Toeda
KoHPuzypayuoHHoe npocmparcmeo P — noseprocmo poda mpu,
U HG HeM Mmodcem Obmb He 6oaee 08eHaUAMU KPUMUNECKUT
mouex. Boamootchv caedyrousue 8apuaHmoL:

e Bocemdv xpumuueckuxr mouex Gyrnkuuu A: 00un marcumym
(6vinyraas KonPueypayus), 00un MUHUMYM (GHMUGHLTIYK-
AAA KOHPULYPAUUA), WeCTb Ce0N08bLT MOYEK, M. Puc. T;

e Jlsenaduyamos xpumuneckus movek Pynryuu A: dea marcu-
MYME (BUNYKAGA U CAMONEPECEKAOULUECH KOHPUYPAUUL),
084 MUHUMYMG (GHMUBHINYKAGA U CAMONEPECEKAIOULAACH
Konguaypayuu), 6ocemvb CeOA06ULT MoOueK, cm. puc. 8.

6. ITycmv a +b—c—d — e < 0. Toeda kondueypayuorHoe npo-
cmparwemeo P — noseprocmo poda wemwipe,u Ha HeM MOdHCEM
oMb He boaee weMmuPHAIUAMU KPUMuUeckus movex. Bosmoc-
HOL CACOYIOULUE BAPUAHML:

o Jlecams kpumuveckux movex Gynryuu A: 0durn Maxcumym
(6vinyraas KonPueypayus), 00uH MUHUMYM (GHIMUGHLTIYK-
AR KOHPULYPAUUA), BOCEMb CEONOBLIL TNOYEE, CM. puc. 9;
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m(P)=2 m(P)=2 m(P)=1

Puc. 3: Bnucammble KOH(DHIypamuu MAPHAPHOTO MATHYTOIHHAKA,
(1;0.26;0.25;0.25;0.25) (koudurypanuonHoe mpocrpancTBo — cdepa)
u mapuupHoro Mmuoroyrosbuuka (1;0.35;0.35;0.35;0.01) (koudurypa-
LUMOHHOE IIPOCTPAHCTBO — TOP).

o Yemvpraduyams Kpumuveckur mover gynkyuyu A: dea max-
cumyma (6unyKias u 36e30000pasnas Konpuaypayuu), dea
MUHUMYME (GHMUBHNYKAGA U 36€30000pa3Has KoHPuypa-
yuu), decamv cedaoeulr mouex, cm. puc. 10.

Hwxe MBI mpuBOIMM HafIeHHbIE TPUMEPHI MATHYTOJLHUKOB. Ha
puc. 3-10 u300pakeHbl UX KpUTHIECKHE KOHburypauu. Brnucanubie
KOH(UTYpAIUH U300paKEHbl MACIITAOUPOBAHHO — B IEHCTBUTEIHHO-
CTH PAJAWYChl X OMUCAHHBIX OKPYKHOCTeH pasnumanbl. Kaxmnas n306-
paxkennasi KOH(MUIYPaIHs BCTPEYALTCS HA COOTBETCTBYIONEM KOH(MU-
IyPaLMOHHOM [IPOCTPAHCTBE B ape ¢ KOHduUrypanueit, CiMMerpuaHoit
et OTHOCUTEIBHO MPAMON (p1 pg). Iox xax ot kouduryparmeit ykasan
ee nuagexkc Mopca. Unmekc kKoudurypannu, CAMMETPUYIHOM €, BhIauc-
nsercs o hopmyne m(y(P)) = 2 —m(P). Crpenkoit orMedeHo peGpo
p1p2.
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m(P)=2 m(P)=1

m(P)=1

Puc. 4: Buucannbie koudurypanuu mapHUPHOrO naruyroabauka (1;
0.9; 0.9; 0.45; 0.4) (koHMUrypPAIMOHHOE IPOCTPAHCTBO — HOBEPXHOCTD
poza zisa).

m(P)=1 m(P)=1 m(P)=1 m(P)=2

m(P)=2

Puc. 5: Bnucannble KOHMHUIypalluM INMApHUPHOTO NATHYTOILHHUKA,
(1;0.98; 0.98;0.499; 0.499) (komHbUrYypaIMOHHOE MPOCTPAHCTBO — II0-
BEPXHOCTH POJIA JIBA).

m(P)=2 m(P)=1 m(P)=0

m(P)=1

Puc. 6: Buucannbie kondurypanuu mapHupHoro naruyroiabauka (1;
1; 1; 0.1; 0.07) (koudurypanuonHoe POCTPAHCTBO — I1aPa TOPOB).

Tpyabl CIIMUPAH. 2012. Bein. 2(21). ISSN 2078-9181 (ney.), ISSN 2078-9599 (oHnaiiH) 213
SPIIRAS Proceedings. 2012. Issue 2(21). ISSN 2078-9181 (print), ISSN 2078-9599 (online)
www.proceedings.spiiras.nw.ru



Ll

Puc. 7: Broucamubie koHUrypanuu IMApHUPHOTO MSTUYTOJHHUKA,
(1;0.98;0.5;0.5;0.5) (koHUTrypanMOHHOE HPOCTPAHCTBO — MOBEPXHOCTH

poza Tpu).

L1 s
o O

Puc. 8: Bnucamuble KOHMHUTypaluy INMAPHUPHOTO MATHYTOILHUKA,
(1;0.98;0.97;0.5;0.5) (xoHbUTrypaAIMOHHOE TIPOCTPAHCTBO — IOBEPX-
HOCTH POJIA TPH).
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Leiba

Puc. 9: Brmcamnblie KOH(MWUTYpamun TMAPHAPHOTO MATHYTOIHHAKA,
(1;1;0.8;0.8;0.8) (koHbUTrYpaAIMOHHOE TPOCTPAHCTBO — MOBEPXHOCTH
pOJia YeThIpe).

m(P)= m(P)=1
m(P)=1 m(P)=1 m(P)=1 m(P)=1

Puc. 10: Brumcannbie koHdUrypammm MAPHAPHOTO TSITHYTOTbHUKA
(1;0.9;0.8;0.8;0.7) (korbuUrypamnuoHHoe MPOCTPAHCTBO — MOBEPXHOCTH
pOJia YeThIpe).
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Puc. 11: P u P’ ornuyaiorcs Ha HepecTaHoOBKY.

3. [loka3aTesibcTBO OCHOBHOI TeopeMbl. IIpexkae Bcero moka-
K€M, 9TO HaM JIOCTATOYHO PACCMATPUBATH TOJIBKO IMAPHUPHBIE IATH-
YTOJIbHUKY € YHOPSJIOYEHHBIME 110 JJIMHE Pebpamu.

IIycts aBa MApPHUPHBIX MHOTOYTOMBHUKA L1 U Lo OTIMYAIOTCS HA
TIePEeCTAaHOBKY, TO €CTh, L.y = 0 Lo, TAe 0 — 3JIeMEeHT CUMMETPUIECKO
rpynmsl S,. CymiecrByer ecrecTBeHHasi OUEKIIUs (, ME¥K]y BIHCAH-
ubiMu Kouduryparuavu y Ly u L. Ona ycrpoena creayronmm 06-
pazom. Ilyctp nama Brnmcanuas KoHUrypaius P HIIapHAPHOIO MHO-
rOyroJIbHUKA, L M HEKOTOpast MepecTaHoBKa o € Sy,. YT0ObI TOSyInuThH
©o(P), BO3bMEM OKDYKHOCTh TOTO K€ pajmyca, 4ro y P, u Gymem
"BoIKIaABIBATE" HA HEll pebpa L B Hy>KHOM MOPSIKE U C TOI YKe OpH-
enTaiueit, aro onu uMmeor B P. ITocKOMbKy TeHTpaIbHble YIJIbL
PaBHBI COOTBETCTBYIOIIMM yrylaM B P, y HAC MOXydYduTCH 3aMKHYTast
BIWCAHHAs JIOMaHasi. J1o u Oymer ¢, (P) (B KauecTBe TpUMepa CM.
puc. 11).

VYrBepxpaenne 1. [3] Buexyua p, corpansem undexc Mopca,
3navenue Gynryuu A, paduyc r u KOAUNECTNBO NOAOHCUMEALHO OPU-
EHMUPOBAHHBIT pebep €.

Ham momamoburcst ciaempytoiee yrBepK/IeHHe:

YrBepxkaenue 2. I[lycmo L — munuunoil wapHupHsil namu-
yeonvruk. Homep xamepon, komopotd npunadsescum L u wucao s1o-
KaAbHOLT MaKcumymos dynryuu A na M(L) odnosnauno onpedeasrom
YUCAO BCET NOKANDHOLL MUHUMYMOSB U CEON0BBLE KPUMUNECKULT MOYEK
dynryuu A na M(L).

Jloka3zaTeabcTBO.

B camom neste, mycTh KOHMDUTYPAITMOHHOE TTPOCTPAHCTBO MIAPHUP-
HOTO TSATUYTOJbHUKA SBJISETCH IBYMEDPHOM MOBEPXHOCTHIO C 9UCIAMU
Bertu By, $1 m P2, n MycTh HA HEM €CTb Cy JIOKAJBHBIX MAKCHMY-
MoB ¢yukuun A. Torma Ha 3T10M KOH(MUIYPALMOHHOM IIPOCTPAHCTBE
CYIIIECTBYET POBHO ¢y = Co JIOKATBHBIX MUHUMYMOB (byHKINN A (3€p-

216 Tpyabl CIIMUPAH. 2012. Bein. 2(21). ISSN 2078-9181 (ney.), ISSN 2078-9599 (oHnaiiH)
SPIIRAS Proceedings. 2012. Issue 2(21). ISSN 2078-9181 (print), ISSN 2078-9599 (online)
www.proceedings.spiiras.nw.ru



KAJIbHBIX OTPAazKEHUI MAKCUMYMOB), & KOJMYECTBO CEIJIOBBIX TOYEK C1
BbIUKCIAETCH U3 pasencrsa Mopca:

co —c1+ca = Po— B1+ Ba.

VYTBepxKaeHne J0Ka3aHO.

Takzke 3amMeTuM, 9TO, TOCKOJBKY 00IIIee KOJIMIeCTBO KPUTHIECKUX
TOYEK He IIPEBOCXOAUT YeTbIPHA/IIIATH, UMeeM

deo — Bo + B1 — B2 < 14,

TO €CTh,

14+ By — 1 + B2
CQS 4 .

Takum 006pa3oM, KOTUIECTBO JIOKAJTHHBIX MAKCHUMYMOB JJIS KaXKIOTO
73 TOMOJIOTMYECKUX TUTIOB KOH(MUTY PAITMOHHOTO TPOCTPAHCTBA, HE TIpe-
BOCXOJIUT CJIEAYIOMNX 3HAYEHUN:

Ne 1 2 3 4 5 6
o 1 1 1 2 1 1
51 0 2 4 4 6 8
B 111 2 11
marcy 4 3 3 4 2 2

Kpowme Toro, 3amernm, 910 Ha KOH(MHUTYPAIMOHHOM IIPOCTPAHCTBE
tuna 4 — nape TOPOB — JIOJ2KHO ObITh XOTs Obl JBA JOKAJIbHBIX MAaK-
cuMmyMma (TI0 OJHOMY HA KAyKIOM TODE).

Jis nanpHEHmuX pacCyKACHUN HaM TOHAI00ATCS HECKOIBKO HO-
BbIX 0003HaueHuit. [IycTs P — Brimcannas KOHGUTYpaIys IAPHAPHOTO
naruyroabuanka L. Torma obo3HAUNM:

O — UeHTD ONUCAHHON OKOJO P OKpPYKHOCTH.

; — nonoBuHa yraa mexy Op; u Op;11. Yrod Bcerja onpeesis-
€TCsl KaK MOJIOKUTEJIbHBIN, HE YINTHIBAsT OPUEHTAIINHN.

Brucannyio koudurypanuio P HA30BEM yeHMPasbHOU, €CaU OTHO
u3 ee pebep mpoxoaut depe3 O. [I1s HENeHTPaIbHONH KOHMUTYpaun
0603HaYUM Yepe3 €; opueHTanuio pedpa (p;Pi+1) OTHOCUTEIBHO TOUKH
O, 10 ecrb,

e ¢, = 1, ecin TPEYTOJIBHUK
(pi, pi+1,O) OPHEHTUPOBAH MOJIOXKUTEIHHO;
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e ¢; = —1, ec&im TPEYTOJIBHUK
(pi, pi+1,O) OPUEHTUPOBAH OTPULIATE/IBHO.

Ecnu €; = 1, 6ynem roBopurb, 4ro pedbpo (p;, Pit1) OPUEHMUPO-
BAHO NOAOHCUMENbHO, €CH 2Ke £; = —1, ByzeM ropopurb, 9T0 pedbpo
(i, Dit1) ODUEHMUPOBAHO OMPUBATEALHO.

Tak>ke I8 HEIEHTPAJIHHON BNUCAHHONW KOH(pUTrypamuu P, momo-
JKAM

d(P) = ZEi tgay.
i=1

IIycrs mamo HEKOTOpPOE TOAMHOKECTBO BepinuH M KoHUrypannn
P. CoesuauM 3T1 BEPIITUHBL OTPE3KAMHE 110 [UKJLY B MOPSIIKE, COOTBET-
cTByIomeM nx Hymepanun B P. TTonyuusinyocs KOH(GUTYPAIHIO HEKO-
TOPOrO IMAPHUPHOTO MHOTOYTOJHHUKA OyIeM HA3bIBATH NoJKOHEPULY-
payuet; kKoudurypamun P, COOTBETCTBYOMEH TOIMHOXKECTBY BEpIIHH
M.

[Iycrs man mapaUpHbIT MHOrOyroibHuK L. Ero ussubanuem mazo-
BEM TJIAJKOE OTOOPasKeHWe WHTEPBAJIA BEIECTBEHHONW TPSAMON B KOH-
durypanmonnoe npocrpanctso M (L).

Crenyrommast TeopeMa, TOKa3aHHas B [8], JaeT omucaHne BCeX BO3-
MOXKHBIX TOYEK JIOKATBHOIO MakCuMyMa (DyHKIUU A:

Teopema 3. [8] [Iycmv P — enucannas kondueypayus munu-
H020 WLAPHUPHO20 MHO20Y20AbHUKa. Mo cuumaem, wmo das Kouduay-
payuu P eepro ; = 1 npu 1 < i < e(P). Ecau orce smo ne mak,
npumenum ¥ P nodrodawyro nepecmarosky pebep p, (cm. ymeep-
otcdenue 1), max, wmobv 6 o, (P) ykazannoe ycaogue GbNONHAAOCD.
Tozda P sasasemcs moukol A0KAABHOZ0 MAKCUMYMAE GYHKUUY OPUEH-
MuposarHoti naow,adu A mozda u moavko mozda, ¥020a OHG ABAAECMCH
Konuzypayuet 001020 U3 CACOYIOUWUT YEMBLPET TMUNOG:

1. P — swnykaas xondueypayus (Puc. 12.1).

2. P cocmoum MoAbKO U3 OMPUUAMEALHO OPUEHMUPOSAHHDBIL Pe-
bep, u npu smom Kaxrcove dea pebpa nepecexaromes (Puc. 6.2).

3. Odnospemenno evinosnens, mpu yeaosus (Puc. 12.8):

o xaoicdvle 06 OMPUUGMEALHO OPUEHTNUPOBAHHBLT PedPaA ne-
pecexarmca;
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Puc. 12: Makcumymsr dynkimm A.

® NONOIHCUMENLHO OPUEHUPOSAHHDBIE DPEOPA He NEPEceKarom
dpye dpyea;

® HU 00HO NONOAHCUMENLHO OPUEHMUPOSAHHOE PebPO He nepe-
ceKaem ompuyaMmesdbHo 0PUEHMUPOBAHHOE PEOPO.

4. Odnospemento evinoanenv, wemupe ycaosus (Puc. 12.4):

e 0(P)>0;

e L00vie 0684 OMPUYAMEALHO OPUEHTNUPOBAHHHLL Pebpa nepe-
cexarom opyz dpyea;

® TNONOAHCUMENDHO OPUEHTMUPOBAHHDLE pe6pa HE nepecexarnm
dpye dpyea;

® PO6HO 00HO NOAOHCUMENBHO OPUEHMUPOBAHHOE PEOPO Nnepe-
Cexaem ompuyamenvbHo OpUEeHMUPOBaAHHbLE pe6pa.

Takyke HAM TOHAJIOONTCS CIIEAYIONIEe YTBEPIKICHTE:

YrBepxkaeune 3. Ilycme enucannaa xongueypayua P wap-
HUPHOZ0 MHO20Y20AbHUKG L A6aaemca mowkol A0KANDHO MAKCUMYMA
dynryuu A. Ilycmov das nexomopwix i u j pebpo l;j opuenmuposaro
N0AOKHCUMENLHO,  pebpo |; — ompuyamenvro (m. e. g; <0, ¢; > 0),
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Puc. 13: He nepecekaroruecs [1JIMHHOE OTPUIIATETHHO OPUEHTUPOBAH-
HOE ¥ KOPOTKOE MOJIOKUTETLHO OPUEHTUPOBAHHOE pebpa (opMupyror
MTOIKOH(DUTY PAITHIO—MUHUMY M.

Puc. 14: Tlepecexarompecss KOpOTKOE OTPUIATETHHO OPUEHTHPOBAH-
HOE W [IJINHHOE TOJIOXKUTETFHO OPUEHTHPOBAHHOE pebpa (hOpMUPYIOT
MTOIKOH(DUTY PAITUIO—MUHUMY M.
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U IMu pebpa He A6Anmes cocednumu, mo ecmsw |i — j| > 1. B ma-
KoM cayuae pebpa l; u l; nepecexaromes moada u moavko moeada, xkozda
l; > Zj.

JdokazaTesbcTBO. Bynem 10Ka3bIBaTh OT MPOTUBHOTO.

1. Ilycrs xoudwurypamma P — makenvyM, €; < 0, €; > 0, pebpa
(pi,pi+1) 7 (pj,pj+1) He mepecekatorcs, u [; > ;. Pacemorpum
JeTHIPEX3BEHHY0 HOOKOHMHUrypamuio @ = (Pi, Dit1,Pj,Pj+1)-
Ona MoxkeT ObIThb JMO0 AHTUBBIILY KJIOH KOH(pUrypalueii, 1ubo ca-
MOTIEPECEKAIOIIENCsT KOH(MUTYpaIneil ¢ MOJOKUTEIHHOM TLIOIIa-
1bi0 (cM. puc. 13). O6e 311 KoHdUrypanuu ABagAI0TC JTOKAIbHBI-
mu MuHuMyMamu (cM. npumep 1). Bygem usrubars P rak, 9T06bI
HOﬂKOH(bHpraHHH (p17p27 <oy Dis P+l - 7pn) u (pi+1apj+27 RN
JIBUTAJIMCh KAK eMHbIE XKeCTKUe KOHCTPYKIiwn. Takoe n3rubanue
P(t) namensier muoniaah KoHbUrypamun P ciaeayommm obpa-
30M:

A(P(t)) = A(Q(Y)) + const,

rie Q(t) — mexkoropoe usrubanue kouburypanuu Q. ITockonbky
() siBJSeTCs JOKAJbHBIM MHHUMYMOM, TO JiIo0oe ee u3rubanue
YBEJIMYUBALT €€ TIOMAIb. TakuM 00pa3oM, CyIIeCTBYeT M3rnda-
HUe, YBeIUIWBaloIIee MIomaas P, u, caeaoBaTenbHo, P He aB-
JISTETCST MAKCHUMYMOM.

2. Ilycrs xkondwurypamua P — makenmyM, €; < 0, €5 > 0, pebpa
(pi,pi+1) 7 (pj,pj+1) mepecekatores u l; < lj. Paccmorpum we-
TBIPEX3BEHHYI0 HOAKOHHUrypanuio Q = (D;, Pi+1,Pj,Pj+1). OHA
SABJISIETCS CAMOIIEPeCceKaloneiics KoH(MuUrypamuei ¢ moi02KuTe b
HOIl momaapio (cM. puc. 14). dra KoHGUTYpAIUA — JIOKATb-
BBl MuHUMYM (CcM. npumep 1), u jo6oe ee u3rubGaHue yBeau-
quBaer ee mwiomaab. CHoBa, Oyaem u3rudbarh KoHbUryparuio P,
3adUKCHPOBAB MOTKOHMUIYPAUL (P1, D2, - - -, Dis PDj1s---,Pn) A
(Pit1,Pj425---,p1). Ilo Tem 2xe mpuIHHAM MBI 0Ty IUM H3THOA-
HUe, YBeIWUWBAIOIIee MIoMmaas P, u, caemoBarenbHo, P He aB-
JIeTC MAKCHMYMOM.

VTBep:KaeHne J10Ka3aHO.

W3 yrBepxkaenus ciaemyer, 9To eciu P — BrmcanHas KOHMUTYDa-
oud, ABIAIONIAACA MaKCHUMYMOM THIIA 4:, TO IIOJIOZKHUTEJIBbHO OPHUEHTH-
pOBaHHOE PebPO, IEPECEKATOIIEe BCE OTPHUIATETIHLHO OPUEHTHPOBAHHDBIE
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a) b) c) d) Py e) f)

P, /1
)

> P, P,
= LNIVA N
2

4(P)>0

Py

Pi 6(P)>0

Puc. 15: Makcumymbl pyakiun A y OaTHYrOJIbHUKOB.

pebpa, — camoe JIuHHOE PEOPO MAPHUPHOTO MHOIOYTOJIbHHUKA. B ca-
MOM Jlesie, OHO JJINHHee JI000r0 TepeceKaroliero ero oTpHuiaTe hHoO
OPMEHTHUPOBAHHOTO pebpa, a 3To Bce pebpa, KpoMe COCeTHWX C HUM.
Jloka3aThb, 9TO OHO TaKzKe JIJINHHEe COCeTHNX C HUM pebep, MOKHO, Tie-
pecraBuB Mectamu peGpa B MHOroyroJbHuke (cM. yreepxKuaenue 1). B
TO JKe BPeMsl BCE OCTATbHBIE TIOIOKUTETHHO OPUEHTHPOBAHHBIE Pebpa
KOpod4e JII0O60ro OTPHUIATEIbHO OPUEHTHPOBAHHOIO pebpa KoHpurypa-
IIUH.

W3 Bcero BbINIECKA3aHHOTO CJIEYET, YTO CYIIECTBYET BCEro 6 KOM-
OMHATOPHBIX THUIIOB JIOKATBHBIX MAKCUMYMOB IMAPHAPHOTO MATHYTOThb-
nuka. Bce onm npusenenst Ha puc. 15. Tunelt @ u b — BbimyKIbIe
koHdurypamnuu. OHU ABISIOTCA ADCONIOTHBIMUA MAKCUMYMaMH OPHUEH-
TUPOBAHHOW TIJIOMIAIN, W POBHO OIHA M3 HUX CYIIECTBYET y KAXKIOTO
MMIAPHUPHOTO MATHYTOIbHUKA. OCTAIbHBIE Y€THIPE TUTIA ABJISIOTCS JIO-
KAJIbHBIMU MAKCHMYyMaMH.

YrBepxkaenue 4. Jlokasvnve marxcumymv, mune e u f He
BCPEUAIOMCA Y WAPHUPHBLT NAMUY20A4bHUK08 muna 1 u 2.

dokazaTesbcTBo. Jlokakem, 9T0 €Cin y MAPHAPHOTO ISATHYTOJIb-
HuKa (a,b, c,d, ) cymecTByer BOUCaHHas KOH(MDUTYDAIWMS THTA € W
f, TO y mapHUpHOro YerbipexyrojbHuka (a,b,c,d) cymecrByer Biu-
CAHHAsT CAMOIIEPECEKAOMIAICST KOH(MUTYPAITHs.

IIycry nana koudurypanus tuna f. "Paspexem" ee B Bepumne
P1 ¥ HAYHEM YBEJIUYUBATH PAJIUYC OKPYKHOCTH, B KOTOPYIO BIIUCAHA
KOH(UTYpAIHs, OCTABJIsIS BEPIIUHLI HA HEH W COXpPAHSASA MJINHBI pe-
6ep. B Kakoii-T0 MOMEHT PaInyC OKPY>KHOCTU CTAHET PABHBIM PATUYCY
OKPY2KHOCTH, OIMCAHHON OKOJIO TPEyroJbHUKA CO cTOpoHamu (a, b, c¢).
B sror momeHT BepiimHBI p; M p4 COBIAAYyT. 1o 3TOro Haiimercs mo-
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Py
Py P

Puc. 16: Pagnyc OKpy>KHOCTH U3MEHSIETCS, B TO BPEMs KAK BEPIIHHBI
ocTaroTcd Ha Heil.) (KOHGMUIyPAIUOHHOE IPOCTPAHCTBO — HOBEPXHOCTD
poza derbipe)

MEHT, B KOTOPBIi COBIAJIA BEPIIUHLI P1 U Ps.

Teneps mycrs mama koudwuryparus tumna e. "Paspexem'ee B Bep-
IIMHE P ¥ HAYHEM YMEHbINATH PAIMYC OKPY?KHOCTH, B KOTOPYO BIIH-
cana KOHMUIrypalus, ocTaB/iss BepumuHbl Ha Hell (cMm. puc 16). dro
MOXKHO [I€JIaTh, TIOKA, JUAMETP OKPYYKHOCTH HE MEHBITE IJINHBI MAKCH-
MaJIbHOTO pedpa. Eciin 70 3TOro BEepIuHbI p; U ps HA pa3y HE COBIAJIH,
TO TIOCJIE TOTO, KaK JHaMeTp OKPYKHOCTH CTaJl PABEH a, a pebpo a cTa-
JIO TMAMETPOM, HAYHEM YBEJUIMBATH PAIAYC OKPYZKHOCTH, OCTABJISS
BePIMUHBI HA Heit TAKUM 00pa3oM, 9TO0OBI pedbpo a CTaJIO0 MOT0KUATETHHO
opuenTupoBanHbiM. CHOBA, PAHO MJIM NO3/HO BEPLIMHBLI P M P4y COB-
MaJIyT, 8 3HAUWT, JO 3TOTO B KAKOW-TO MOMEHT COBIAJIA BEPITUHBI P U
Ps-

Takum 06pa3oM, B 060X Cydasx MbI TMOJTYYUIA BIHCAHHYIO Ca-
MOIIEPECEKAIOILYIOCA KOH(DUTYPAIMIO MAPHAPHOTO YEeThIPEXYTOMbHH-
Ka (a,b,c,d). Ona Moxer cymecTBoBaTh JHIIb Korga a +d < b+ c
(cm. mpumep 1). DTO HEPABEHCTBO HECOBMECTUMO C HEPABEHCTBOM
a—b—c+d—e >0, KoToOpoe BBLIMOJHACTCS IJIA MAPHUPHBIX MHOTO-
YIOJIbBHUKOB THHA 1 1 2.

VYTBepxKaeHne I0Ka3aHO.

Yr1BepxkaeHUueE 5. JokasvHble MAKCUMYMDBL TUNG C U d HE MO2YM
ObUMb Y WAPHUPHLT NAMUY20AbHUKOS muna 1, 2, 8 u 4.

JokazareabcTBO. 3aMeTUM, YTO TOCKOJIBKY B KOH(PUTYPAIAAX
TUma ¢ ¥ d pedbpo a CTATUBAET MEHBINYIO AYTY, I€M CyMMa HyT, CTATH-
BaeMbIX pebpamu e u d, TO JiJisk HUX BepHO a < €+ d. 9TO HEPABEHCTBO
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HECOBMECTHUMO C HEPABEHCTBOM a — b+ ¢ — d — e > 0, KOTOpPOE BepHO
JIJIsl MIAPHAPHBIX MHOIOYTOJIbHUKOB Tuia 1, 2, 3 u 4.
YTBep:KaeHne T0Ka3aHO.

Takum 06pa3oM, y MIAPHUPHBIX MHOTOYTOJBHUKOB THma 1 u 2 HET
MAaKCHMYMOB OPHEHTHPOBAHHON IJIOMIAIH, KPOME II00aIbHbIX.

O6benuHuM Bce BBIECKA3aHHOE B TaOJIUILy, TJ€ [0 TOPU30HTAJIH
TIepevncaeHbl BCe TUITHI MMAPHUPHBIX MATHYTOJIBHUKOB, TIO BEPTUKAJIN
— THTBI JIOKAJbHBIX MAKCUMYMOB UX IJIOIIA/H, a B g4eiiKax yKa3aHa
BO3MOXKHOCTH HAJIMYNAA MAKCUMYyMa JTAHHOT'O TUIIa Y COOTBETCTBYIOIIE-
'O MHOI'OYT'OJIbHUKA:

N1 2 3 4 5 6
anwmb + + + + + +
c - - - - + +
d - - - — + +
e - - + 4+ - -
f - -+ + - -

Ora Tabmuna BKyne ¢ uHOpPMALUEH O MAKCHMAJILHOM BO3MOXK-
HOM KOJINYECTBE JIOKAJIbHBIX MAKCUMYMOB Ha KOH(DUTYPAITMOHHOM TTPO-
CTPAHCTBE KAXKJIOTO THUTA JAeT Teopemy 1.

4. 3akaoveHune. Pabora mocBsIeHa KIacCH(PUKAIAA BO3MOXK-
HbIX HAOOPOB BIMCAHHBIX KOH(MUIYPAIUI MAPHUPHBIX MATUYTOIbHU-
koB. st 9TOro mcmosib3oBanbl pedynbrar B.B. Bapdomomeesa o To-
MTOJIOTUYECKOH KiTacCu(DUKAINN KOHMUTYPAITMOHHBIX MMPOCTPAHCTB THU-
MAYHBIX MTAPHUPHBIX MATHYTOJIHHUKOB, Teopema /1. Pooounca—B. Bap-
dosomeeBa TAOIIAs OIEHKY CBEPXY JJIs KOJUIECTBA BIUCAHHBIX KOH-
durypanuit mapHIPHOrO MHOTOYTOIBHUAKA, & TAKXKE PE3YIbTATHI aBTO-
pa, cBA3aHHbBIE CO CBOMCTBAME (DYHKIMHM OPHUEHTUPOBAHHON ILIOIIAIH,
KPUTHYIECKUMU TOYKAMHU KOTOPOIl SIBJISIFOTCSI BIUCAHHBIE KOHMUTYpPa-
AU TIIAPHUPHBIX MHOTOYTOJBHUKOB.

B teopeme 1 mpuBeeHa moydeHHAS KIACCH(DUKAIIS BO3ZMOKHBIX
HaOOpPOB BIWCAHHBIX KOHMUTYpAIUil MAPHUPHBIX TATHYTOJIbHUKOB.
Ora kiaaccuduKalus BKIIOYAET B ceOsd ONMHHAIATH TUIOB MAPHUD-
HBIX HATUYTrOJbHUKOB. K neBaTu u3 3rux tunos xa puc. 3-10 upusee-
HBI TIPUMEPBHI MMAPHUPHBIX MATHYTOJIHHUKOB, UX peasusytomnme. OmaHa-
KO WM3-3a YyBCTBUTEJHLHOCTH BIMCAHHBIX KOH(MUTYpAIUH K M3MEHEHU-
M JJIUH CTOPOH MATUYTOJIbHUKOB [IJTsl IBYX THUIOB IMAPHUPHBIX MTSATH-
YTOJIbHUKOB — HMEIOIIEr0 Y€THIPHAIATH BIUCAHHBIX KOH(MUTYpaIuit
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U MOBEPXHOCTb POJA /IBA B Ka4eCTBe KOH(MUI'YDPAIMOHHOIO [IPOCTPAH-
CIBa U MMEIOLIEro JIBeHa/lllaTh KPUTUYECKUX TOYEK U llapy TOPOB B
KaIeCTBe KOHMUTYPAIIMOHHOIO TPOCTPAHCTBA — HE YIAJOCh HU HAWTH
NIPUMeEPBI, HA JaXKe JI0Ka3aTh UX CYIIEeCTBOBAHMUE.

Takum 06pa3om, CyIeCTBOBAHNE MAPHUPHBIX MATHYTOJTBHAKOB STUX
JBYX THUIIOB OCTaeTCH OTKPLITHIM BOIIPOCOM.
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PE®EPAT

Kyxosa A.M. Bnucanusle KoOHpUrypauy HIApHUPHOTO NATUYTOJIbHUKA.
MpbI u3yvyaeM IrapHUPHBIE MHOTOTOJIBHUKY L ¢ mByMsi GUKCHUPOBAHHBIMEA
BePIIMHAMY U UX U3rMbaHUs HA IIOCKOCTH C Pa3PELIEHHBIMU CaMoliepecede-
ausgmu. HedopmasibHO, MIapHUPHBIN MHOTOYTOJIBHIK MOYKHO ITOHUMATh KaK
uabop u3 n xkecTtkux pebep, COeMHEHHDBIX 110 IUKJLY HIAPHUPAMU, BPAIIEHUs
KOTOPBIX 00ECTIEUNBAIOT M3rNOAHUS MAPHUPHOTO MHOTOYTOJIHHUKA.

Mur onpesiesisieM fjis KaxK,10¥ KOH(MUTypaluy NIAPHUPHOT'O MHOTOYT'0JIb-
HUKa HEKOTOPYIO hyHKImIo sHeprun (DyHKIMIO opuenmuposarnot naousadu
A(P) xoudurypamun P) m m3ygaeM PAaBHOBECHBIE COCTOAHUSA NIAPHAPHOTO
MHOT'OI'OJIbHUKA.

EcrecTBeHHOE MaTeMATHIECKOE OIMCAHUE /IS 3TON (PU3UTIECKO CUTya-
uuu gaer reopusa Mopca. @yukiua A B obmem ciydae saBisercsd QyHKImen
Mopca Ha KoHUrypannoHHOM npocTpascTse M (L) MapHUPHOTO MeXaHM3-
ma L. Tanexc Mopca kpurnaeckoil Touku (PABHOBECHOTO COCTOSTHUS) MOXKHO
TIOHUMATh KaK HEKOTOPYIO MEPY YCTONYMBOCTH PABHOBECHOTO COCTOSTHWSI.

W3BectHOo, 9TO paBHOBECHBbIE KOH(DUTYypanuu GyHKIMU A ABIAIOTCS BIIU-
CaHHBIMH KOH(UIypanusMu IAPHUPHOTO MHOTOYTOJIbHUKA (T. €. KoHpUry-
paImsiM7, BCE BEPITUHBI KOTOPBIX JIEXKAT Ha OAHOI OKpyKHOCTH). CymecTBy-
er dopmyna s HaxOXKIeHUd uHAeKca Mopca mpou3BOJIbHON KPUTHIECKON
Toukn A. Kpome Toro, cymectByer KiaaccuduKaIms BCEX BO3MOXKHBIX JIO-
KaJIbHBIX MAaKCUMyMOB A.

B pannHoil pabore Mbl aeM IOJIHBIM CIIMCOK BCEX BO3MOXKHBIX HAaDOPOB
BIIMCAHHBIX KOH(MUTYpPAIFil TUITHIHOTO MAPHUPHOTO MSATHYTOJILHIKA.
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SUMMARY

Zhukova A. Sets of cyclic configurations of a pentagonal linkage.

We study polygonal linkages L with two fixed vertices and their flexes
on a plane with allowed self-intersections. Informally, polygonal linkage can
be understood as n rigid bars, connected by links in a cycle. Rotations of
these links provide flexes of the whole linkage.

We determine for every configuration of a polygonal linkage a certain
energy function (a signed area A(P) of a configuration P) and study equilibrium
configurations of a polygonal linkage.

The natural mathematical framework for this physical situation is the
Morse theory. The function A(P) is generically a Morse function on the
configuration space M(L) of a linkage L. The Morse index of a critical
point (equilibrium shape) can be understood as some measure of stability of
an equilibrium shape.

It is known, that the equilibrium shapes of A are the cyclic configurations
of a polygonal linkage (i.e. the configurations which have all vertices lie on
a circle). There exist a formula for Morse index of a critical point of A.
Additionally, there is a classification of all possible maxima of A.

In this framework, we give a list of all possible sets of cyclic configurations
a typical pentagonal linkage.
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