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ON SOME CLASSES OF RANDOM VARIABLES

ON CYCLES OF PERMUTATIONS
UDC 519.2
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ABSTRACT. In this paper the case of a nonuniform distribution on the set S, of all
permutations of degree n is investigated.
Bibliography: 7 titles.

§1. Introduction

Limit distributions of random variables depending on the number of cycles of a
certain length in a permutation of degree n as n — co have been studied by various
authors. Gong&arov [1] showed that the general number of cycles of a random permuta-
tion of degree n is asymptotically normal if all permutations are equiprobable. In later
work (see, for example, [2]-[5]), on the one hand, more general random variables were
considered (arbitrary linear combinations of numbers of cycles of a specific length), and
on the other hand, the requirement that all permutations be equiprobable was removed.

In the present work we also study the case of a nonuniform distribution on the set S,
of all permutations of degree n. Suppose {m,, . .., m,} is a finite set of natural numbers,
each of which is greater than one and is not divisible by any of the others. For a > 3 we
assume that these numbers are relatively prime. From S, we extract the following sets:
8" is the collection of all permutations of degree n whose cycle lengths are not multiples
of any of the numbers m,, ..., m,; S is the collection of all permutations of degree n
for which, on the contrary, the length of every cycle is a multiple of one of the numbers
my, ..., m,; S,(m, B) is the collection of permutations of degree n whose cycle lengths
are equal to 8 modulo m. Below we assume that on each of these sets a permutation is
assigned a uniform distribution. Suppose af?, a® and af> are the numbers of cycles of
length k in a random permutation from SV, S and S,(m, B8) respectively.

Let
ek’ (1)

S
1 1 2
g = 3 qa’, B =
k=1 1

T

where ¢, is a real number and s = s(n) is a function taking on positive integer values. We
assume that also s » 00 as n — . For ¢, = ¢, = - - - = ¢, = 1 the variable £ (£@,
respectively) is equal to the number of all cycles in a random permutation from SV
(52) whose lengths do not exceed s.
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Further, let

& (m, B)= ,a

k=1
In §2 we provide expressions for the generating functions of the variables £ and £@.
In §3 we prove asymptotic normality of £ and £@ for s = O(n'~*), a > 0, and under

certain restrictions on the sequence {c.}. In §4 limit distributions are found for the
variable §,(m, B) with 8 = m and B = m/2 and various relations between » and m.

§2. Generating functions of the variables £ and ¢

Suppose that on the sets S, i = 1, 2, we are given a uniform probability distribution.
The number of permutations from S having k, unit cycles, . . ., k, cycles of length s is

denoted by M,f")(kl, ..., k). The number of permutations from S, with cyclic structure
(ky, ..., k,) is denoted by M, (k,, ..., k,). The exponential generating function of the
numbers M, (k,, . . ., k,) has the form (see, for example, [6], Chapter 4, §2, formula (3a))
oo & ©o k
2 ﬁznT— M (kl’ 99 o0y n)xlxz --'xnn:exp{g xkik—]’ (2)
n=0 k=1,

where X denotes summation over all possible collections of nonnegative numbers

ky, ..., k, for which k, + 2k, + - - - +nk, = n. Let
(L) (x15 x29 RN} xS) = 2 Ml(ll) (kls k2y vy kS) xflx’ LRI xfsi (3)
(6) (M) P
F(xy, %gy ..., X5, 2) = 2 fas(xy, Xoy ..., X)) —, i=1, 2. @

nl
=0

The function F{(x,, ..., x, z) can be obtained from (2) if we set x,, =0 (k =
L2 ...; i=1...,a) and let x; =1 for j >s, j# km. The function
F®(x,, ..., x, z) can be obtained from (2) if we set x, =0 (j #km, k=1,2,...;
i=1,...,a)and x, = 1(km; >s).

For simplicity of presentation we carry out a detailed derivation of the generating
functions for a = 2. In this case

S

(1) _
Fs' (xy, %oy « .., Xs, 2) = €Xp {s_"
b=

Zk 00* A
Xk"“"—}“ 2 T}’

k

1 k==s+1

) < * Ed
g % **

FO (2, %5 ooy X, 2) = exp{D K=+ > ,

~ k k

k=1 k=s+1
b
where >, * denotes summation over all values of k in the interval [a, b] which are not
 k=a

multiples of either m, or m, (in the general case, none of the numbers m,, ..., m,);

b
>':*+ |on the contrary, denotes summation over all values of k from [a, b] which are
k=a '

multiples of either m, or m, (in the general case, at least one of m,, . .., m,). We form an
expression for FP(x,, . .., x,, z):
S
(2) . A P z
Fs¥ (%1, Xgy ..., X, 2) = €Xp 2 (xp— 1) +2

k=1
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Suppose m is the greatest common divisor of m; and m,, m, = mm,, m, = mm, and
M = mm,m,. Then

o}o‘" £ ©rmy . STMe ; M
kjl k :1 my ;:'l rms r--‘l rM
e )y — L —my - L —
Sl 2m) — —ln (1 —2m) o oI (1= 2),
Finally we obtain
(2)( /; 1 —2M - P ‘l
Fo¥ (xq, Xoy + o0y X5, 2) = — — exp['S‘ (e —1D =L, ()
| )™ (1 — )™ = ¢
Analogously
M — =
© (o [ WA S (R0 g Ll
Fg' (xg, X5, .., X5, 2) = — l T exp ;\_ll(xk——l) s 6)

Now it is easy to obtain the generating functions for the variables £ and £® defined
in (1). We denote these generating functions by g¥2(x), i = 1, 2. It is clear that

;
gd (x) = ) A o )

where M® = fO(1, 1, ..., 1) is the cardinality of the set S{”. From (4) it is evident that

(’)(x) is equal to the ratio of the coefficients of z” in the expansion in powers of z of the
function GO(x, z) = FO(x*, ..., x% z) and GX(1, 2), i = 1, 2. Taking account of (5)
and (6), we have

gl)(xa 2) =

—_m)™ (1—2m )m
M

expiS‘ (x k~1)—} )

k=1

M
Wx,2)= / 12" exp SV’ (x‘k—l)i : ®)
1’ m!)i k

(1 _ zm,)mz (1 o

For arbitrary a, quite analogously we obtain the following expressions for G and
G@:
D (x, 2 a)
S

fyis..df ()t ,m Pp.0ily /M . . 5
h T gy ] exp{E (xk_l)fk—}, ©

t=1i1<i,<...<it k=1

G® (x, z; a)

e (ol (= Dimymitit M (S‘\** ‘k 2k
=0 T a=2" ) exp R —DE 0

=1 ;<ip<...<if k=1

where m* "% is the least common multiple of the numbers m , . . ., m; M = m'? e,
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§3. Asymptotic normality of the variables £(*’ and £ ®
Let

*

& ]aﬁa

S . ¢
* "k 2
a’szz T’ dS=
k=1

M«

1

THEOREM 1. Suppose the following conditions are satisfied as n — oo:

1) s —» o0, where s < Cn'~* C a constant, a > 0.

2) d? - oo.

3) ¢,/ d, > 0 as s — oo uniformly with respect to k.

Then the distribution of the random variable 8V = (¢V — a,)/d, converges to a normal
(0, 1) distribution.

PROOF. Suppose 4{)(¢) is the characteristic function of the variable 8. It can easily
be expressed in terms of the generating function g{)(x):

Agl,) (t) — e——itas /dg gizl)s (e”/ds)_ (1 1)
As already noted, g{?)(x) is equal to the ratio of the coefficients of z” in the expansion in
powers of z of the functions GP(x, z; a) and G{)(1, z; a). We proceed with the study of
the asymptotics of these coefficients for x = e#/%. We denote them by 4, and B,

respectively.
We show that as n — o

Ps (1)

n~ 9 ‘f‘(m ) (12)
where p is a constant, I'(§) is the gamma function,
§ " 3
() =exp{Ps(2)), Pi(a)= 3 (" 1),
k=1 ’ (13)
o 1 1 al
SR TP E Ry
=1 ¢ (<iy

(recall that m" "% and M denote the least common multiples of the numbers

m;,...,m and m, ..., m, respectively). It is easy to show that 0 < § < 1. Indeed, 6M
is the number of integers in (1, M) which cannot be divided by any of the numbers
my,...,m,

We write A4, according to the Cauchy formula:

~(1) .
1 ¢ Gg'(x, 2 0)
Ay == J 27 e,
2ni 2"
%

The function GP(x, z; a) can be represented in the following form:
M

@nza=1 Ma—ah* e, 19
k=1

where ¢ is a primitive Mth root of unity, and B, are integers with 8, = —6M. Let

M-1 B
K(z)= [T (1 —2*%
k=1
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it is clear that R(z) is a rational function with integer coefficients. In this notation

- 4
An:-Q—J‘T; S(l oy R(z)%dz.
=Y
Over the contour of integration y we take a circumference of variable radius », > 1 with
M cuts along the radial rays from z = {* to z = r,{*. The points {*, k = 1,..., M, can
be included in the contour of integration, since the singularities of the integrand are
determined by the powers of the binomials (1 — z{ ~¥)A/M_and 8,/M > -1 for all k,
which will be shown below. The circuit of the contour is taken counterclockwise. The
function being integrated is M-valued. We choose that branch for which, when 0 < z <
1, both (1 — z)~% and [R(z)]'/™ take on positive values. We represent A, in the form of a

sum of M + | integrals:

A.=1L+1L+ ... +1, (15)

where

n+1 Z,

1 GM(x. z; a)
|
l2\=r,
and 7, is the result of integration along both edges of the kth cut.
First consider I,,, the integral along the lower and upper edges of the cut on the real
line (from 1 to r,). Since (1 — z)7° > 0 for 0 < z < 1 (on the strength of the choice of
the branch of the function under the integral), for z > 1 we have

(1 . Z)_é — (Z . 1)-6e—i63rg(1~2).

In passing from the point 1 — ¢ to the point 1 + ¢ on the upper edge of a cut, the
argument of the function under the integral decreases by =, while in passing from this
point on the lower edge of the cut, also to the point 1 + ¢, the argument increases by .
Therefore

1 .
_ b _1y=6 =it ym 9s @)
Iy= 2m_S z— 1" R (2)] T dz
g 6 it m 9@
o [0 R @M T de
1
(&) O @5 ()
= MS (v — )P RN = dy.
xn U
n
Analogously it can be shown that
in (5,7) Lk
sin(§,m) o 5.6 s (2)
li= =22 {12 (R 22 g,
rn§k i
where
Br Mo i\ Bi
5,3:?, Re(z)= T[] (01— k=1,2, ...; M—1.

i=1,i%k
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We proceed with estimation of these integrals.

1. In I,, we set 7, = 1 + ¢,, &, = 2°"' + 1)ln n/n, and make the change of variable
y =1+ u/n. Then

~ du.

; 11/ E
o [11047) M)

1

u
u® <1 - —)
n

ant o
It is easy to see that
M

= IR (1 + o(1)).

[=(+ )]

The function ¢,(1 + u/n) can be represented in the following form:

(PS(IJF %) — s (1) + (1 +co)—z~:cps(1)[l + Gl

where

(p;(l~f»—(1)) u ; u
_—— = <0<l —<Ze,.
n ¢ (1) n ST s
Since by the hypothesis of the theorem the variables ¢, /d, vanish uniformly with
respect to k and s = o(n), for x = /% we have
‘k

(Ide)~1, |5t —1|~t|-2|<th, k=12, ...,

S
where A, — 0 as s — co. Therefore

exp {P; (1 4+ w)} « Py (1l + o)
exp {Pg (1)}

anl‘\<\8n

S (% — 1) (1 + @)t

k=1

< eq exp{ths (1 + &n)* Ins + tAs Ins} - £hgs

genexp{\Ps(l —{—O))l—l-lps(l)'} :

1+ en)s

~_~

»|§

1+2fhg

~ tse,hs €Xp {2fAs In 8} = fephss =o(n "), a>0.

Consequently, as n — o

ne,

O IR (1) § utesdu

Iy~

(16)

~ yM sin 8x A [RMIVM @ (1)
RO EE g, ()T (1 —8) = LRI 20

2. In each of the [, k=1,..., M — 1, we make the change of variable z =
¢%(1 + v/n). Then
R a(e+et 2]
1 k 1M ‘ s(
| 1] <= j" (1) |[Rk (c"+<:"—”—)} ‘ z
nn n, n
0

(1 . _:_)nﬂ do.
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Clearly |[R,({* + {*v/n)]'/M| is a bounded quantity. As in step 1, it can be shown that
as n— oo

Ps (c’* + ¢t ) = s (CY[1 + o(1)].

n

Thus we obtain

"en T(146 k
T C8 (1461 9 (2%) |
llklg'nTGIhPs(;k)l j vrevdy~T . n1+6ks ’
[
where 7T is a constant. Hence
o B | T
] <] LB 0L T

| @ (D] A%

where 7* is a constant.
As in the derivation of (15), we have

| o ) |
| @5 (1]

and therefore the asymptotics of I, /I, depends on the quantity § + §,. Whena = 2 it is
evident from (7) that the variables 8, = §, M can take on only the following values:
m,+ my,+ 1, m — 1, my, — 1, -1, whence M + B, > 0 and § + §, > 0. In the case
a = 3 it is also easy to establish that § + §, > Ofor k = 1,..., M — 1. For arbitrary a
and m,, ..., m, the proof presents certain difficulties. However, in the case where
m,, ..., m, are relatively prime, it is easy to see that B, (k # M) can take on only the
values

<exp{| Po(Z)| + [ Po(1)]) <exp{2frsIns)< ™™,

* (my—1) (my,—1) ... (m;,—1), r<a,
while at the same time
M =(m,—1) (my—1) ... (m:—1),
ie, M + B, > 0and § + §, > 0. Thus, as n — oo,
Ie=o(Inm)), k=1,2, ..., M—1. a7

3. Finally, we estimate I, the integral over the circumference. For |z] = 1 + ¢, we
have

2a-1 _,a-1

M =— 2,
01—V RE| <@+ e, |es(@)] <s”
(as in the derivation of (16)). Therefore

[Io] < (2 + e e (1 4 £n) s

a-1
sa-1[ (2°71-+ 1)lnn 772 - 28142, 1 . 1
<3 [ n =0 n1‘2“~s j2a-1 =0 PRCIN

S

n (Inn
where 8’ is a positive number. Hence as n — o

Li=o0(|Ix])- (8)
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From (15)—(18) we obtain

[R ()] Mg, (1)
T (8) n*™®

~

n ’

ie., (12) with p = VR(1) .

Quite analogously it can be proved that as n — oo

Bn ~ [R(l)]I/M

19
T (6) nt™0 (15

Now we return to the characteristic function (11):

) ~itag/ds Ay ., as e 1, ileyld
fy=e — ~exp{—it— — P —
0 5 p[ LT3R )
= exp zt + Esj' il 5" te + T (s) LT
s kil 2d§ l (s - {_ E- K (S)} ’

where

S l [oe] ck m 1
T(s)=2‘.- S (z‘ ——> —.
panll k s dg m!
Under the assumptions of the theorem, we have

3 S l 2

<2 — g = 283As,.

=~ 2 kd: s
k=1

ITOI<S = |4

k=) m=3

‘
al <3

since |¢,/d,| < A,, where A, — 0 as s — . Consequently, as n — o
AP (t) > €1

The theorem is proved.
We go on to investigate the random variable £?, given on S (see (1)). Let

s c N
* ok k 2
b3k K=

k=1 k=1

THEOREM 2. Suppose that as n — oo

1) s — oo, with s < Cn'~%, C a constant, a > 0,

2) hs2 — 00,

3) ¢,/ h, — 0 as s — oo uniformly with respect to k.

Then the distribution of the random variable 8 = (¢ — b)/k, is asymptotically
normal with parameters (0, 1).

PROOF. The characteristic function of the variable 8 is
AR (1) — ¢7ts/hs g (gitine)

The function g'?(x) is equal to the ratio of the coefficients of z” in the expansion in
powers of z of the functions G®(x, z; a) and GP(1, z; a) defined in (10).
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We note that if the numbers m,, . . ., m, have a greatest common divisor m > 1, then
G®(x, z; a) is in fact a function of x and v = z™. Thus the problem reduces to an
investigation of the coefficients of v”, p = n/m, in the expansion in powers of v of the
functions

a —lyi;... taq /b it UM
H¢nmm:[n [ o= ]
=1 < <<y
s/m
xexp{ "(xfml— 1)—]
=1
and H,(1, v; a), where m~""""" = Lem.(m, /m, ..., m /m), M =lcm(m,, ..., m,),
and X" denotes summation only over numbers which are multiples of at least one of

my/m,...,m;/m.
We denote these coefficients by C, and D, respectively. Exactly as in the proof of (12)

and (19), it can be established that for x = ¢”/* we have
R*pg (1) / R*

where R* is a constant, 0 < 6* < 1 and

s/ ’nu Cm v’
ws(v):—exp[jg (x ’—-1);7J.

=1
Consequently,
C s/m” 4
AP (1)=& 22 _exp ~—Lt—~-+—$‘ — ™" 1.
Dp hg = ml

It is easy to see that AP(1) - e~ "/? as n — o0. The theorem is proved.
§4. Limit distributions of §,(m, B)

Consider S,(m, B), the collection of permutations of degree n which have cycle lengths
equal to 8 modulo m. If C,,(m, B) is the number of permutations in S,(m, 8) with k
cycles and

Ca(x; 1, B) = S) Cus m, B) 2%,
k=0

then
00 tn
E‘l Cn(x; m, p) — = exattimp) (20)
n!
n=ago
where
x j+B
a(t;m ) =3 —L-
= mj -+ f

With the help of the mth root of unity we can write

m 2npki 2nki

aliim )= -5 " In(l—tem); @b
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here we have in mind the principal value of the logarithm. The total number of
permutations in S,(m, B) can be expressed as follows:

C.(m, p)=C.(1; m, B). (22)

On S,(m, B) we assign a uniform probability distribution and consider the random
variable £, (m, B), equal to the number of cycles in a randomly chosen permutation. The
generating function of this variable can be written as follows:

P, (x; m, B) =Ca(x; m, B)/Ca(m, B). (23

We will consider two cases: 1) 8 =m; 2) 8= m/2, m even. The case m = 2 was
investigated in [5].
From (20) and (21) we have

x+n_
Cn(x; mym)=n!| m , m|n, (24)
n/m
en/m .
(x: m\ _ 1N x/m x/m+4j—1 ml|. 25
¢ (x, " 2) " i_z—«]) (Qn/mﬁj i ’ 2‘n @)

Taking (22) and (23) into account, from these formulas we can easily obtain expressions
for the generating functions of £,(m, m) and §,(m, m/2). Below an important role will be
played by the following

LEMMA. The following asymptotic representations are valid for the functions C,(x; m, m)
and C,(x; m,m/2) as n — o
n!

Ca(x;m,m)= —————5 (1 +0o(1)), mn, (26)
() )
Cn (x; m, ’—;—) = ——ﬂf;z— (1+o(l)), %In, 27

1
m
) )
m [ \m
where T'(y) is the gamma-function and o(l) is a variable which vanishes uniformly with

respect to x in[l — 8,1 + 8),6 > 0.

Proor. Using Stirling’s formula for the gamma-function, as £ — co we can obtain the
following estimates:

y+k—1\ 1 28
(T ) = o @8
y\ _ =Dy
(k)— T (2— ) B (I +o(1), (29)

which are uniform with respecttoy in[l — 8,1 + 8,8 > 0.
(26) follows directly from (28). Therefore it remains to prove (27). We choose a
number v, 0 < v < %, and separate the sum in (25) into three parts:

1 m
. = -S 30
!C,,(x,m,2) Si+ S, + Ss, (30)
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where

[in!m)¥] x/m (x/m) + j— 1
Sy = ’
1= 3 @mm—ﬂ( j )

=0
and S, and S; are the corresponding sums from [(n/m)’] + 1 to 2n/m — [(n/my’] — 1
and from 2n/m — [(n/m)’1to 2n/m.
Applying (28), we find that

1 [(n/m)V] ‘x/m

S, = T 5 (k)u+mm,

( k=0
m

22x/m -1

Sy = e (L0 (1) 3D
L EE”

as n — oo uniformly with respect to x.
Using (29), we obtain

(= 1P ggm) (/) — 1) L ( — x/m

s 3 (e

From this we deduce the estimate

1
SI = S3 N O (W) ) (32)

which is uniform with respect to x.
In turn, we separate the sum S, into two sums Si" and S{? with limits of summation
from [(n/m)’] + 1ton/m — 1 and from n/m to 2n/m — [(n/m)’] — 1 respectively.
With the help of (28) and (29) we obtain

X JC_ l
lS(l)I - m m 1+ o (1) (n/gz‘)—l |
2 = T i r(o x 9\ 1+(x/m) 21 jl—(x/m) )
m T m ) (;{{) i=ln/mVI+1
2T
|S®) m_ m 1+ o0(1) n/m 1
? = X X n \1-(x/m) 2 plrix/my °
r (—> r (2 - _) (_) k=[(n/m)V]+1
m m m

From these inequalities it follows that S = S;- O((n/m)~*/™) and S = S,-
o(n/m)y=>/m), i.e.

1
Sz:TS:;.O(W)’ n~->OC:, (33)

uniformly with respect to x in the indicated region. The validity of (27) now follows from
(30)—(33). The lemma is proved.
Setting x = 1 in (26) and (27) and taking account of (22), we obtain
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COROLLARY 1. As n — o the following asymptotic formulas hold:

c _ n!
w (m, m) I' (1/m) (n/myt-@/m) (L+o(l). mn,
(2/m)-1
c, _ n! 2 m

From the lemma, Corollary 1 and (23) we obtain

COROLLARY 2. As n — o, for the generating functions of the random variables £¢,(m, m)
and &, (m, m/2) the asymptotic representations

; ' (1/m) [ n\®-W/m
Py (: m, my = DUm) (1
n (X5 m, m) T (x/m) (m) (1+o(1)), mln, .
P (x; m, m/2) — —(/m_ 4_n)(x—1>/m .
(x; m, m/2) T (x/m) (m (1 + o(1)), 2 |n, 5)

hold uniformly for all x,1 — 6 < x <1+ 6,8 > 0.
We can now find limit distributions for the random variable &,(m, m/2).

THEOREM 3. Suppose m = m(n) is a function whose values are the even natural numbers,
with m/2|n.

a) If m™'In(n/m) > A < oo as n— oo, then the random variable £,(m, m/2) in the
limit has a Poisson distribution with parameter \.

b) If m~! In(n/m) — oo as n — o, then the random variable

&, (m, m/2) = (g,,(m, m/Q)_milnr%) (_1_ In i)»vz

m m

has an asymptotically normal distribution with parameters (0, 1).
Exactly the same assertions also hold for the random wvariable §,(m, m) under the
condition that m = m(n) takes on natural values and m|n.

Proor. Consider M, (t; m, m/2), the moment-generating function of the random
variable £,(m, m/2). From (35) it follows that as n — oo

L(et ~1)
T'(1 m
Ma (t; m, m/2) = —il—/ﬂ(‘i?) (1 +o(1)),
I {—é)\
()
uniformly for all £, -6’ <t < §’, 8’ > 0. Hence in case a) it follows that

lim M, (¢; m, m/2) = Mty
n—-o

for every fixed ¢ in [-8’, 8’]. Since the right side of the last equality contains the
moment-generating function of a Poisson distribution with parameter A, the validity of
part a) of the theorem follows from Curtiss’ theorem (see [7]).
From (35) it is easy to obtain an asymptotic representation for the moment-generating
function of the variable & (m, m/2):
. L (tie_yy
M, (t; m, m/2) — eto —I(l‘—/&(“_”)m (14 o(1)),
(L)
m

uniform with respect to ¢ € [—8’, §’) as n — oo; here 2 = m ™! In(n/m).
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From this representation it follows that

lim My, (¢; m, m/2) =e"/*

n—oo

for every fixed ¢ in [-8', §'}.

The validity of part b) of Theorem 3 now follows from the above-mentioned theorem
of Curtiss.

The proof of the corresponding assertions of the theorem with regard to the random
variable §,(m, m) is carried out in exactly the same way, using (34). Theorem 3 is proved.
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