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I/ITepaL[I/IOHHbeI METO/, JJId KOHEIHO-3JICMEHTHBIX CXEM BbBICOKOI'O IIOPAJKA.

Hacrs 1.
AHHOTAIINA

N3ydenbl BO3MOXKHOCTH HTEPAIIMOHHOTO AJATOPUTMA st hp—CXeM, TIOIyYaeMbIX TP allpOK-
CUMAaIIU Ha HECTPYKTYPHBIX ceTKaxX JuddepeHIuaIbHbIX YPaBHEHUH ¢ HOMOIIBIO CTAaOUIU3UPO-
BAHHBIX BAPHAHTOB METO/Ia KOHEUHBIX aeMenToB (MK?D). [IpuBeieHbl pe3yIbTaThl YUCIEHHBIX
SKCIIEPUMEHTOB JIjIsI 3324, OIMUChIBAEMBIX cucTeMaMu ypaBHenuit ditnepa u Hapbe-Crokca.

Crp. 32, Tabma. 4, puc. 17, 6uba. 8 Hass.

O.B. Feodoritova, N.D. Novikova, V.T. Zhukov.
An iteration method for high order finite element schemes. Part II

ABSTRACT

An iterative algorithm for the solution of hp—discretization on unstructured grids is studied.
It is applied for solution of Euler and Navier-Stokes equations discretized by stabilized finite
element method (FEM). The results of numerical experiments are presented to show capability
of the algorithm.

CopepxkaHue



1 Bsenenue

Hannas pabora cJy:KUT TpojoJKeHneM mybsukanuu [?], B KOTOpoil mpuBejien
MUTEPAIMOHHOM aJTOPUTM JIJIsT PEITEHNsT PA3HOCTHBIX CXEM BBICOKOTO TOPSIIKA, 1O~
JIly9aeMbIX MpH JUcKpeTudannn JudepeHnnaabHbIX YPaBHEHUI ¢ TOMOIIHIO Me-
TOsa KOHETHBIX 3eMenToB (MKD) minm ero crabmimsmpoBaHHbIX BapuaHTOB. B
TOI 2Ke paboTe 00CYXKJIAIOTCs Pe3yJIbTAThl SKCIEPUMEHTOB 110 PELIeHNI0 KOHEUHO-
9JIEMEHTHBIX cxeM Jijisi ypaHenuit [lyaccona, anuzorponnoit juddysnn, KOHBEK-
nuu-juddysuu; B [?] npuBejieHbl IPUMEPBI HEKOTOPBIX CHIOCODOB 1PEI00YCIIaBIIU-
BaHUS KOHEUHO-3JIEMEHTHBIX CXeM. 3JIeCh MPUBOJIATCA Pe3yJIbTaThl, OTHOCATINECS
K pelleHuio cucrteM ypaBHenuii Jitiepa n Hasbe-CTokca. Konedno-ssiemMmenTHbIe
hp—anmpokcumalny TakKuX ypPaBHEHWUI MPUBOAAT K CHCTEMaM JUHEHHBIX aJred-
panveckux ypaBHEHHUI OUYEeHb OOJIBINION PAa3sMEPHOCTH, TPYIHBIM JJIS TUCJIEHHO-
ro pemenus. [loaroMmy akTyaJbHON ABJsIETC pa3paboTKa aJrOpuTMOB PEIyKIINN
cucrem MKD Bbicokoro npsijika K 3a1a4am 6ojiee poCcTbiM 1 /Ui MeHbIel pas-
MepHocTH. Teoperndeckue acrneKThl Pa3pabOTKU TaKWX aJTOPUTMOB ITPUBEJICHBDI,
Harpumep, B |?].

[esib JaHHOI PAbOTHI COCTOUT B IPAKTUUECKOM M3YUCHHU UTEPAIMOHHOIO Me-
Tojla JUIst hp-cxeM Ha HECTPYKTYPHBIX TPEYTOJbHBIX ceTKax. IIpu arom mpesro-
JIATAeTCs, UTO Ha 3a/IaHHOIl CeTKe cXeMa C JIMHeHHbIME djeMenTamu (p = 1) mo-
»KeT OBbITH pelieHa 3(PPEKTUBHO. DTO eCTECTBEHHOE IIPEJIIIOJIOXKEHNE, TaK KaK [IpH
MCTTOJIb30BAHUH 3JIEMEHTOB BBICOKOTO TOPSIJIKA CETKA MOYKEeT ObITh 3HAUNTEIHHO
OoJiee Tpy0OOIi, YeM B ciydae pacdera ¢ IOMOIIbIO CXeMbl 1IEPBOIO HOpsijKa. Pe-
IIeHNe CUCTEeMbl JJUHEMHBIX ypaBHEHUI, COOTBETCTBYIOINIE cxeMme Mmopsjaka p = 1
Ha Takoil rpyboil cerke, MOXKeT OBITHb IIOJIYUEHO JIMOO IMPsAMBIM METOJIOM, JIHOO
M3BECTHBIMI UTEPAIIMOHHBIMI METOIAMU, HAIIPUMED, MHOTOCETOUHDBIM.

2 Iuckperusarus
2.1 TIlocraHoBKa 3aga4un

Bynem paccMaTpuBaTh CUCTEMbl TUHEHHBIX aJredpandecKuX ypaBHEHU, BOSHUKA-
IOIIFE B MTPOTIECCe PEITeHnsT KPAeBbIX 3a/1a4 JIJIs CTAIMOHAPHBIX YpaBHEHUI Diijie-
pa n Habe-Crokca. Perenune rakux 3aja9 uieTcst yCTaHOBJIEHUEM 110 BPEMEHH,
U CHACTEMbl JIMHCHHBIX YpaBHEHUI BO3HUKAIOT B IpOIecce JUHeapu3alun HesdB-
HOI HeJMHeNHO cxeMbl Ha KaKJIOM BPEeMEeHHOM cJjoe. B pacderax MCIoJb30Ba-
JINCh HECTPYKTYPHBbIE TPEYroJibHbIe CeTKU, MOJyYeHHbIe C IIOMOIIbLIO MeHepaTopa
cerok |?]. duckperusanust ypasrenuit Diiepa u Hasbe-Crokca, ajaropurm pe-
IMIeHWsl CUCTEeM HEJWHEHWHBIX aJreOpanvdecKuX ypaBHEHUI W MporpaMMa Supgns
C** paspaborann JI.C. Kamenenkum, okazaBIMM TaK»Ke TTOMOIIL B obecrede-



Hun nHTEpdeiica MexK 1y ero nporpammMoit u moayiaem ASA F90 pemenus cucrem
JIMHEMHDBIX YpaBHEHUI, peasnu3youM IIPeIJIOKEHHbIIl B ["] 1 U3y4daeMblil 3/1eCh
UTEPAIMOHHBIN aJITOPUTM.

[Tostayto pOpMyJIMPOBKY KOHEUHOMEPHBIX 3a/1a4 JI/Isi ypaBHEHUi Ditiepa u
Hasbe-Crokca MoxHO HaiiTu, Hampumep, B |?|, 31ech i mpocToThl TpUBEIEM
hopMyIMPOBKY IMCKPETHOM 3a/1a91 B CKaJIsApHOM ciaydae. [lycrs B orpannderoi
obaactu Q C R? ¢ rpannneit 99 umercs penenne u(x, y) neppoit Kpaesoit 3a1a4u
JUISL JIMHEHHOTO SJIINIITUYIECKOTNO YPaBHEHMS:

Lu=f, (x,y) € Q, (2.1)
u(x,y) =0, (x,y) € 00, (2.2)

suech f(x,y) — sajgannas yukius. Juckperusanust 3aaa4uu (2.1) — (2.2) uposo-
JINTCST C TIOMOIIBIO METO/1a KOHEUHBIX 3JIEMEHTOB. B KavuecTBe MpPOeKITMOHHBIX Pac-
CMaTPUBAIOTCS CeMelicTBa KOHETHO-3JIEMEHTHBIX MOAITPOCTPAHCTE Vj, MpocTpaH-
cra Cobostesa HY = {v € H(),v = 0 na 9Q}; nopupocrpancrso Vj, cocrout
13 KyCOUHO-MIOJIMHOMUAJBHBIX (byHKIHUi crenenu k > 1 (371ech u jajiee creneHb
noJinHOMa, 0OO3HAUaeTcs depes3 k) Ha Tpuanrysanuu 1), € T, obpamaomuxcs B
HyJIb Ha Tpannie O0f).

CranjaprHasi KOHEYHO-dJIeMEeHTHast (DOPMYJIMPOBKA 3aJladd  HUMEET BUJL:
HalTH PYHKIHIO up € V3 Takylo, 4To

B(uh,vh) = (f, Uh), V vy € Vh, (2.3)

3jech (-, +) — ckajsipuoe npoussejenue B Lo(Q)), B(-, ) — OGusuneitnasi gpopma,

coorBeTcTByMoIMast ypapuenuto (2.1). B gannoit pabore Mbl GyjeM UCIOTH30BATH
cTabMIM3UPOBaHHbIH BapuanT MK, KOTOpBINl TPUBOAUTCA HUXKE B I1.2.3.

2.2 Cerka, ceTouHble (DYHKITAUT

B obnactu €2 cTpouTCs HeCTPYKTYpHas TpeyroJibHas ceTKa, MOJydeHHast Peryisp-
HO#t TpuaHTyJIsmeii obacru. Takas cerka cocrout s [ rpeyrosnbauxos T, ..., T,
KOTOpBIE OyjieM HasbiBaTh dueitkamu, npudem Int TN Int TV = 0 upu i # j, rie
Int TV — BHyTPEHHOCTL TPEYrOJbHUKA, a NX 00beUHEeHNe COBIAJACT CO BCeil 00-
JacThio. TpeyroyibHUKKM MOTYT UMETh OOIIYI0 CTOPOHY, WJIM OOIIYIO BEPITUHY WJIN
He uMeTh 00Iux Touek coBceM. CTOPOHBI TPEYTOJHLHUKOB MOT'YT ObITh KPUBOJIH-
HEHHBIMU JIJIsT O0JIee TOUHOTO ONMUCAHUs T'paHuIl. BBejieM ceTouHble almpoKCHMar-
1un PyHKIMGE u, f, coxpaHsis 3a HUMM IIpexkHue obo3Hadenus. Karkjas sueiika
CETKU PACCMaTPUBACTCS KAK KOHETHBIH 3JIeMeHT 3aJlaHHoro nopsijka k = 1,2, 3, ...
[Topsijlok ajieMenTa MOXKET MEHSATHCs OT sUeifiku K siuefike, HO JIJIsi TPOCTOThI OI'Pa-
HUYIUMCST TTIOCTOSTHHBIM JIJIT BCEX sTUeeK TOPSJIKOM k, KOTODPBIH OyIeM Ha3bIBATH



MOPSIIKOM cxeMbl. s cxeMbl mopsifka k 3HadeHHsT CeTOYHBIX (DYHKIHH 3a/1a-
IOTCSI B BEPIIMHAX TPEYTOJHHUKA, & TAKXKe B HEKOTOPOM YUUCJIE JIOTIOJTHUTETHHBIX
y3JI0B Ha cTOpoHax (pebpax) TPeyroJbHUKA W BHYTPH HErO B 3aBUCHMOCTH OT k.
[Tosinoe unciio ysios cerku B rpeyrosbiuxe Tt ecr M = (k + 1)(k + 2)/2, u3
nnx (k — 1) ysea jexur wa Kaxjoi cropoue n (k — 1)(k — 2)/2 y3na jgexur
BHYTpW TpeyroabarKa. CeTky, COCTOSIIYIO U3 BEPIUH TPEYyrOJhLHUKOB W TOYEK,
Jexanx Ha pebpax, OyJeM Ha3blBaTh OCHOBHOW u obosnavarh Nj (puc. 1 a).
[TosHyi0 ceTKy, BKJIIOYAIONIYIO Y3Jbl ceTKU Np W y3JbI BHYTPU TPEYTOJbHUKOB
obosuauuM My. Ilpu k = 1,2 cerku Ny u M}, conajgator. Ha cerke N, Oyner 3a-
MUCHIBATHCS JTUCKPETHasT cxema, cerka M}y MCrioab3yercs st KyCOIHO-TIIaIKOTO
BOCHOJIHEHUs ceTounbix dynkiuit. [Ipocrpancrso dbynkiuit HY 6yjem alnpok-
CUMHUPOBATH MMPOCTPAHCTBOM V), HEIIPEPBIBHBIX KYCOTHO-TTOJTHHOMHUAJIBHBIX (PYHK-
1uit, Kak B crapjgapTaoM MKD. Oyuknusa w € Vj, anipoKCuMUPYIOIas JIFo0yIo
byuknuio v € H}, B Kax<j10it siueiike sBjisieTcss MHTEPHONAIMOHHBIM TOJMHOMOM
crenieru k mo y3iaam cetku My, .

2.3 Crabuau3upoBanubie cxembl l'asiepkuHa

st SIINNTHYIeCKUX 38184 ¢ JJOMUHUPYIOIIUM KOHBEKTUBHBIM IIEPEHOCOM, a TaK-
»Ke JIIs cucTeM ypaBHenuit Ditiepa u HaBbe-Crokca, 0OBIYHO HCIIOJIB3YIOT METO/IbI
KOHEUHBIX 3jieMenToB [lerpoBa-l'ajepkuna, nin, Kak ux erne Ha3bIBaloT, CTaOWIN-
supoBantbie cxeMbl [ajepkuna |?| umercs u € Vi, rakast, uro jqus V. v € Vj,

B(u,v) + Z (T(Lu - f),ZU)T - (fv ”U), <24>

rjie T — HapaMeTp CXeMbl, CYMMUPOBaHUE IPOBOJIUTCA 110 BCEM sUeifiKaM CeTKH;
unjieke T' o3HadaeT, 4To UHTerpaJs Bulunciderca 1o adeiike T = T, Crabuiuszu-
pyloiuit oneparop L onpejessier Tun Merojga. OrpaHndanMcs JByMsi OIN3KUME
CITyHasIMH, KOTJIA B KadecTBe L BBIOMPAETCst NCXOMHBLI oepaTop L (Galerkin /least
squares, GLS) uau ero kouBekTuBHast 9acTh (streamline upwind /Petrov-Galerkin,
SUPG). Hnst cucrem nuddepeHnuaibHbiX ypaBHEHUH apaMerp T — MaTpHIia,
9JIEMEHTBHI KOTOPOW B KaKJION stueiike onpejiesisiioTcs ee pa3MepaMu u Koagdu-
IueHTaMy ypaBHeHuil B Heil. HazHauenue 3Toro mapamerpa — peryjanpoBaTh Be-
JINUMHY MCKYCCTBEHHOU BA3KOCTH, J0OABJIsIeMOIl B ypaBHEHUS JIJIsl I10JIaBJICHHS

00JIbIINX HEPUINIECKIX OCIMAJLISIIINN.

2.4 ®opmMmpoBaHUE CUCTEMBI JUHEHHBIX yPaBHEHUIT

PaccMmorpum cucremy JIMHEHHBIX ypaBHEHUM, BO3HUKAIOILYIO B PE3yJIbTaTe YUC-
JIEHHOT'O PEIICHUsT CUCTEM HeJIMHEeHHbIX ypaBHeHnuit ditnepa i Hapbe-Crokca:

Au =b. (2.5)



3mecr A — marpuria xectkoct pazmepaoctd N X N, © — BEKTOp HEU3BECTHBIX
U, OTHOCHUTEJbHO KOHEUYHO-3JIEeMEHTHOIo Oasuca B mpocrpancrse V. Koneuno-
9JIEMEHTHBII 6a3uc MOXKeT ObITh BbIOpaH pasHbiMU criocobamu. B jannoit pabore
Oy/lyT PAacCMOTPEHbI JiBa Da3uca— JIarPaHKEB U NEPAPXUICCKU, KaK ITPABUIIO UC-
nosibzyembie B MKS. B narpamxkeBoMm Oaszuce JOKaJIbHbIE Oa3uCcHBbIE (DYHKIHA B
sTueiiKax sBJISIOTCS TTOJMHOMAMM OJIHONW M TOH »Ke cTerneHu k; B MepapXxmiecKom
Oa3uce OHU YIHOPSIJOYEHBI 10 CTEIEeHsIM: JUHEeHHbIe (DYHKITMH, aCCONMNNPOBAHHBIE
C BEpIIMHAMH sTYeeK, TOCJIEeI0BATEIHLHO JOMOJHAIOTCS TOJMHOMAME Bee DoJiee BbI-
COKOI1 CTeIleHH, CBSI3aHHBIMHM CO CTOPOHAMU dA4eek, a Jijisd k > 2 elle U ¢ BHYT-
peHHUMHU y3jaMu B sdefikax. Crermenn ¢BOOOJBI BHYTPH sII€EK WMCKJIIOYAITCS C
nomolipio nporeaypbl "static condensation T.e. cucrema ypauenuii (2.5) ¢Bsi3bI-
BaeT HEU3BECTHBIE, aCCOITUUPOBAHHBIE TOJILKO C y3JIaMU TPUAHTYJIAINH 1 TOUKAMK
Ha pebOpax.

[Tycrs marpuia A u BekTop b JmHeiiHO# cucrembl (2.5) BO3HUKAIOT B PE3yJibTa-
Te KOHEUHO-3JIEMEHTHOH JUCKpeTH3allnl B KaKoM-1u00 bazuce P1. Torma mepexon
B Jpyroit 6asuc Py omucniBaercs sauneitnbiM npeobpasosamuem A = CTAC u
b = CTbh, rne C — marpuna nepexoja or 6azuca ®, x 6asucy Py, T — omepa-
11si TpaHCIOHUPOBaHust. BbiOop Oazuca BjusieT Ha 0OYCJOBJIEHHOCTH JIMHEHHOM
CUCTEMBI M, KaK CJIeJICTBHE, Ha TPYJAHOCTH €e YNCJIeHHOro pemienns. Ecin oaun us
paccMarpuBaeMbIX 0a3UCOB — JIarpaHKeB U UepapXuiecKuit — OyjaeT uMeTh 3aMeT-
HOE TMPEUMYINECTBO, TO MOXKHO JIOO Cpa3y 3aluCchiBaTh CXeMy B TakoMm Oa3zuce,
JnbO Jlesiarh PeodPA3ZOBAHKE MATPUILLI XKECTKOCTH Ha 9TAIlE PEIIeHUs] CUCTEMbI
JIMHEHBIX ypPaBHEHUM, KaK 9TO JeJaJIoCh B HacTosdAIel paboTe.

3 Omnucanve MTEPANMOHHOTO AJTOPUTMA

3.1 OmnwucaHme CETOYHBIX CTPYKTYP: MOAPOOHBIN u rpyObIii ypOBHU

B 1. 2.1 juis cxembl nopsijika k ObLI0 BBEJEHO HOHsITHE OCHOBHOI cerku Nj, Kak
MHOXKECTBa BEPIINH TPEYTOJbHUKOB M TOUEK, JeXKallux Ha pedpax TPUAHTYJIs-
un. Cerky Nj, Oyaem Ha3bIBaTh CETKOM TEPBOro YPOBHSI, nim moapodoHoii. CeTka
BTOPOI'O YPOBHSI, WJIM I'Ppy0asi CeTKa B TEPMUHOJIOIMK MHOI'OCETOYHOI'O METO/Ia,
COJIEPXKUT TOJBKO y3Jibl TpUAHTYsuU. [IpuMep bparMeHTOB CeTOK Ha KaXKJIOM
ypoBHe IoKazaH Ha puc. 1. Ha ceTke mepBoro ypoBHSI Mbl MUMEEM JIBE I'DYIIIIbI
HEM3BECTHBIX. ['pyIina u,. CBsi3aHa ¢ y3JlaMHU TPUAHTYJISIMU, HA30BEM UX C — y3-
gamu. I'pynna uy cBazana ¢ Toukamu Ha pebpax sddeek, Ha30BeM ux [ — ysjaMu.
IIpescraBiennemM BeKTOpa HEM3BECTHBIX U B BUJE (U, 1) HOPOKIAET pasbueHie
ypaBHeHuit (2.5) Ha JiBe TPyNIbl. YpaBHEHUs MepBOi MPYIIbI COOTBETCTBYIOT € —
y3JaM , a ypaBHeHusI BTOpOil — f — y3jiaM, HO MIAOJOHBI KaXKJIOr0 YpPaBHEHUSI
BKJIFOUAIOT y3JIbI 000MX THUIIOB.
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Puc. 1: a, b — dparmMeHTBI CETOK MEPBOTO U BTOPOT0 YPOBHEM

3.2 Omeparopbl Ha Ka>K0il CEeTKE.

Mg cxem nopsiika k < 2 JWCKPETHBINH ONepaTop Ha TOAPOOHON ceTKe ompe-
JIEeJISIeTCST MCXOMHON MaTPHUIeil KeCTKOCTH Aj, , CBA3aHHON ¢ COOTBETCTBYIOIIEH
ousuHeitno#t dopmoit, a npu k > 2 — marTpuieil cucTeMbl, MOJIyYEeHHO! Ioce
TOYHOI'O MCKJIIOYEHUsI HEM3BECTHBIX, aCCOIMUPOBAHHBIX ¢ BHYTPEHHUMK TOUYKAMM
suaeek. B mocseHeM ciydae mpaBasi 9acTh CHCTEMbI ypaBHeHuil (2.5) cuuraercs
peodpPa30BaHHOI COOTBETCTRYIOIIUM 00Pa30M.

Koncrpykiust orieparopa Ha rpyboil cerke 3aBUCUT OT BbIOPAHHOI'O KOHEYHO-
9JIeMeHTHOro Oasnca. Hamomunm, 9ro MBI paccMaTpuBaeM y3JoBoii (larpaHkes)
1 MepapxudecKuil 6asucol. B cooTBeTCcTBHE € IpejcTaBieHneM U B Buje (U, Uf)
Marpuily cucrembl (2.5) 3anuieM B 6J109HO# dhopme:

14cc f4cf

A =
Afe Agy

B cayuae mepapxudeckoro 6a3mca B KadecTBe oreparTopa Ha I'pyboii ceTke ecre-
CTBEHHO BLIOpATL 010K A.e, COOTBETCTBYIONINIl ANMIPOKCUMAIIAN KYCOTHO-THHEH-
HBLIME TIOJHHOMAME B ciydae cramgapraoro MKD (2.3).

[eomeTprveckoit KOHCTPYKIMEH Py MOCTpoeHnr rpyboro omeparopa B ciydae
JlarpakeBoro basuca sijsiercst makpoasiement (M), Makpossiement — 310 11po-
M3BOJILHOE CBSI3HOE MHOXKECTBO S9€EK CETKHU C BBEJEHHOMN cremnmpuKanmeil y3i0B
OCHOBHO# ceTkn, nornasimux B M. Vcnons3yroTes aBa BUIa MaKPOIJIEMEHTOB:

e npocroit M9: obbeiuHeHne BeexX siieeK, UMEIOIUX BbIJICJICHHbIN y3e/1 B Kade-
CTBE OJIHON M3 BEPIINH;

e paciupennnii MY: moobsacth pacuerHoi 00J1acTh, sIBJISIONASCS 00he -
HEHHEM HEKOTOPOI'o YHUC/Ia sideeK. B MOje/bHbIX 3ajadax Takue M moryT



CTPOMTCS BPYUHYIO, HO OOBIUHO Mbl uCHOJBb30BaMu 1porpammy METIS [?]
JUIS JIEKOMIIO3UIIMK BCell 00JIaCTU Ha HelepeceKaoluecs moo0/1acTu, a 3a-
TEeM MPUCOEIUHAJINA K KaXKJI0i 10001aCTU A9eiKK, Y KOTOPLIX OJHa UJIN J[BE
BEPIIMHBI TIOTIAJIU HA IPAHUILY [1000JIaCTH.

Kaxkipiit yzes, npunajyiexkamuii M9, nojgydaer ofHy uU3 CJAEIYIOMUX CIeudu-
Kallilt ¢/T /e, B 3aBUCUMOCTH OT KOTOPOH OIpe/ie/isieTcs: crocodb obpaboTKu y3iia.
Bce yzibl #Ha rpanune MY umeroT crnenuduKanuio ¢ WIK e; K ¢-y3JaM OTHOCUM
Y3JIbl TPUAHTYJISINAN, K e-y3JaM — TOYKH, JeXKalle Ha TpaHuIHbIX pedpax MO.
Bee Bayrpennue y3iabr MO (T.e. y37bl, m1abJI0H KOTOPHIX TTOJHOCTHIO MOTPYXKEH B
M9) umeror ¢ u r creruduKaIo; Kak MPABUIIO, K C—y3J1aM OTHOCHM y3Jibl TPUAH-
TYIAAIAH, K r—y3JIaM — TOYKHW Ha, BHYTPEHHUX peOpax. XoTsd, KOHETHO, YaCTh Y3JI0B
TPUAHTYJIAIUN MOYXKeT OBITH JIo0aBjeHa K IMOJAMHOXKeCTBY r—y370B. Ha puc. 2 mo-
KazaH pocroit M ¢ ykazanmem crenudukainm Beex y30B. CoOTBETCTBYIONNM
obpazoM crenuuIupyoTcs U 3Ha4YeHnsi ceTouHOi pyHKkmuu B M.
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Puc. 2: IIpocToit MD ¢ TunuuHoi crnerudukKalmeii y3joB

AsropuT™m moctpoenusi rpydboro onepaTopa OCHOBAH Ha MPUOJINKEHHOM HCKJIIO-
YeHurn f—KOMIOHEHTHI pernierusi. Paccmorpum otienbabiit M. Ilyers ug, upyq —
JIBa 110CJIE/I0BATE/IbHBIX HPUOJIMKEHUS K PEIIEHUIO UCXO/HOM JIMHEHHON CucTreMbl,
0 = Ug+1 — Up — UCKOMAg TIOIpaBKa. [/ BHYTpEHHUX y3JI0B THIIA C U 7' JAHHOTO
M3 cucrema ypaBHEHMIT OTHOCHUTENHHO TOMPABKU MOYXKET OBITh MPEICTABICHA B
cjejytoiiemM O0JIOUHOM BH/IE:

Oc
ACC AC’I’ AC@ 67, — gC 7 <3 ) 1 )

AT‘C A’I"’I“ Are 56 g’l“

rie g = b — Auy — HeBs3ka. [lepenmmiem 3Ty cucreMy B KOMIaKTHON (bopme



me sme me
rae A)'¢ — marpuna MO. Jlerko BuzjeTh, 4TO 3Ta CHCTEMa ABJIACTCA HeJl00mpe-

Jlesiennoii. Besaunbl 6, MOryT ObITbh MCKJIIOYEHLI TOYHO, [IOCJIE Yero OCTaiorcst
ypaBHEHNS OTHOCUTEJHHO HEM3BECTHBIX O, 1 O:

(Acc _ AcrAr_rlArc)(sc + (Ace - ACTA;TIATB)(SB = 3Gc — ACTA;rlgr- (33)
Jltst MCKJTI0UeHUsT HEN3BECTHBIX 0, MPUMEHUM MPUOJIMKEHHYIO (POPMYyJTy:
0 = W,

e W — 3ajanHas uHTeprojaupyomas marpuna. OHa MOKeT ObITh OIIpejesie-
Ha pazjnmdHbIMEU criocobamu. Hambosiee mpocToit u ucosab3yeMbiii B HACTOSIIEH
pabotre crocod — JimHeliHast UHTEPIOJISIUs BJIOJIb pedep CeTKu.

[Tocsie nckmoUennst rpaHUIHBIX MEPEMEHHBIX 0, IOJYIAeTCsS CHCTEMa YpaBHe-
HUI JIJIsi ¢-TIePEMEHHbBIX, COOTBETCTBYIOIMNX BHYTPEHHUM y3j1am MO.

Age(sc = 9o, (34)
rje
A" = A — Aa A Ave + (Ao — A AL A )W (3.5)

— onepaTop Ha rpy0oiil ceTke, a HEBsI3Ka Ha I'Py00il ceTKe JIaeTcst BhIParKeHueM

-1
9de = Yc — AcrAm« gr -
3.3 OmnepaTopsl UHTEPIOAAIUNA N COOPKH

[Ipepiayas mporeiypa onpeensaT oneparop uarepnosainun P B MY, Koropbiii
CTABUT B COOTBETCTBUE CETOYHON (DYHKIMU (., ONPEICJCHHON B ¢-y3aax M, ce-
TOUHYIO QYHKIUIO § = [Ge, Gr, Je|, OLIPEJIEIEHHYIO BO Beex y3iax M, o dbopmylie:

g = Pg., e P =[I; =A A+ A W), W] T, (3.6)
Oneparop coopku B MO umeer BUI;

R =[I, -A, Al (3.7)

C moMoIbio onepaTopoB WHTEPIOJATNA U COOPKU MOYKHO 3aIUCATH OMEPATOD
Ha rpyboil ceTke B BuUJIE

AL =RA] P, (3.8)
T.e. ypaBHEHUsI Ha rpy0oil ceTke (pOPMHUPYIOTCS € IIOMOIIBIO IPOIEyPhI, Ha3bIBa~

€MOil B MHOT'OCETOYHOM MeTO/Ie TaJIEPKUHCKOI.



[IpuBejieHHbIE BBIIIE OIEPATOPHI ONPE/Ie/ICHBI Ha 11a0JJ0HAX, aCCOINUPOBAHHBIX
¢ KaxKJibiM M. ¥YpaBHenus Ha Bceil 1py0oit ceTke (hopMUPYIOTCs CYMMUPOBaHUEM
o BceM MDD B 001aCTH M UMEIOT BUJIL:

AHéc =4 -

Pesynbprupytorniyo marpuiy Ay MOXKXKHO WHTEPIPETUPOBATH KaK HEKOTOPOE TMPW-
Oamxkenue K gonosnnenuto Ilypa S = A, — Ay AJT} Aye. "Paccrosinue" mexk ity
TOYHBIM U TpuOIMKeHHbIM fonojnenneM [lypa 3aBucut ot pasmepo M u BbI-
oopa unrepnoJiupyoieit marpunbl W. Tounoe ponosnenue Hlypa Oyer mosyue-
Ho, ecim MO coBmajzier co Beeit pacdernoit obsacteio. fcHo, aro pacaer S Tpy-
JIOEMOK |, 11O-BHJIMMOMY, HE HYKEH, KaK 9TO MOKa3aHO C MOMOIIbIO YNCICHHBIX
9KCIIEPUMEHTOB B |?].

Oneparop Ha rpy0oii ceTke B ciiydae mepapxmueckoro dasuca. s
nepapxuyieckoro baszuca oreparop Ha rpy0oii ceTke, Kak U OllepaTopbl MEXKCETOU-
HOT'O TIepexojia, UMeT 0oJiee IPOCTOM BU/I:

Ay = Aee, R=[1,0], P=R =[I,0]".

CriaxkuBaroniag mporeaypa. B crangapTHOM MHOTOCETOUYHOM METOJIe
IpeJIIojaraeTcsd, ITo JJjis Iepexojia Ha Oojiee rpyOyi0 CeTKY HYKHO Ha, TEKY-
meit mospobHoit ceTke obDecnevnTh TJIAJKOCTH HEBA3KH, T.€. MMOraCUTh C IOMO-
B0 JOCTATOYHO IIPOCTOrO UTEPAIMOHHOIO METO/18, BHICOKOUACTOTHBIE KOMIIOHEH-
ThI HEBsI3KU. ByjieM ucoib30BaTh B KaueCcTBe CrUIa KUBAOIIEH MpoIie Iy phl HECKO-
JIbKO pa3judHbIX MeToj10B. OcHoBHbIM Oyjier Osiounblili Meroy, ['aycca-3eiijens,
OCHOBaHHbI Ha JlekoMnosuin obsacru ¢ nomorpio METIS|?], Ho Gyaer ucrnoss-
30BATbCs U IPOCTEAIINI BapuaHT, KOIJIa KaxK/blii OJIOK COBIAJIaeT C IPOCTHIM
MDS. Ha puc. 3 nokazanbl HECKOJLKO OJIOKOB peJjliakKcallid, B OJHOM M3 HUX OT-
MEUeHbI MCKJI0YaeMble Hen3BeCTHbIe (s cxeMbl Topsijika 2). Penakcanmto, 6J10-
KU KOTOPO# yCTpoeHbI TaKuM 00pasom, Oyjem HasbiBarTh 'Todednoit". Ilpn pac-
yeTe KaykJIoro 0OJIOKA COOTBETCTBYIONINE BHYTPEHHUE C— U r—IIepeMeHHbIe OyIyT
OOHOBJIATBHCS OJIHOBpeMeHHO. BapuaHT, Korjia, OOHOBJIAIOTCS TOJIBKO BHYTPEHHHE
r—repeMeHHble, TaK»Ke ObLI UCIOJIb30BaH B pacueTax, HO OKa3aJiCs HeYIaIHbIM.

IIporeiypa criaxkKuBaHusi, T.e. IePexXoJl OT TEKYIIero uTeparuoHHOro IpudIIm-
JKeHusa uy, K 6osee "rmagkomy' 4, MOXKHO 3aIMCATh ¢ MOMOIILIO OIIEPATOPA, CIJIa~
JKUBaHUST S, KOTOPBIA TEKYIILYIO OIMMUOKY £9 = Up — U 3 TMAr0B CTIaXKWBAHWS
npeobpasyer B OommoKy €1 = U — u : €1 = S*ey. Konkpernniit Buj oneparopa S
He BasKeH; MOXKHO, HAIpUMep, IIpeJicTaBaaTh ero B Bujge S = (I — B71A) | te
orepaTop pesiakcaruu B goskeH ObITh OJin30K K A Ha HersiaIKoii 9acTu CIeKTpa.

U repupyroniuit onmeparop. lerajibHoe onucanue ajaropurmMa npuBeieHo Hul-
ke B 3.4. [lonnblit urepupyromuit oneparop M 5TOro ajaropurma MMeeT BHJIL:

M = S"(I — PA; RA;,)S™, (3.9)
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Puc. 3: Cerka B6Jin3u Tesa. Ilpumepst 6Ji0k0oB "TouyeuHoit" penakcaumn

rie (I — PAZ'RA}) — onepatop KOPPeKIY , fi1, fly — YUCJIO IATOB CIVIAXKMBAHUS

JIO ¥ II0CJIe KOpPeKIuK coorBercTBenno. Oneparopbl unrepnosinun P u cbopku
u R onpejiesienbl cBonMu 1abioOHHBIME TIpeJicTaBienusivi (3.6) u (3.7).

Cuekrpasibhbiii pajguyc p(M) oneparopa M onpejesisier CKOpoCTh CX0UMOCTH
ureparuii; pasyMHy TeopeTudeckyio ouenky p(M) Ha HECTPYKTYPHBIX CeTKax
JIaTh MPAKTUYECKH HEBO3MOXKHO, Mbl [IPUBEJEM HEKOTOPbIE IKCIEPUMEHTAJbHbIE
JIAHHBIE O CKOPOCTH CXOJMMOCTH aJIFOPUTMA, TIOJyYCHHbIC B KOHKPETHBLIX Pacue-
Tax.

3.4 Anropurm

IIycrh Ha OCHOBHOI cerke 3aJlaHO UTepaluoHHoe Hpub/nxxkenue ux. Ilepexon K
HOBOI UTEPAIMH Uy, 1 HPOUCXOJUT B TPH TAIA:
1. CryraykuBaHue HEBSI3KH JIO KOPPEKIIUH:
[To u,, BBIUUCISAEM Uy, ¢ TOMOTIBIO f41(> () ITATOB CTITAYKUBAIOIIEH MTPOTIEJTY-
PbL;
2. I'pybocerounast KoppekIiusi:
Boraucnisiem HeBs3ky g = b — Auy, ;
HaxojiuMm ¢ nomoripio oneparopa cOOpKM HEBA3KY ¢, Ha TPpyOOil ceTke;

Pemraem cucreMmy ypaBHEHHI JiJIsI IIOIPABKHU 0. Ha rpyboil ceTke;

11



HaxouMm 0 mompaBKy Ha OCHOBHOI CeTKe MHTEPIOJANnei . ¢ rpyboil ceTKu;
[TpoBoO/ UM KOPPEKIHUIO: Uy = Uy, + 0;

3. Cryta)kuBaHUe HEBSI3KU TOCJIE KOPPEKITHH:

[To Uy, BBIUUCTSIEM Uy, 11 € TTOMOIIBIO fio(> 0) TMArOB criaXKuBatoIedi mpore-
JLYPbl.

HepeXO;L OT Ha4YaJIbHOI'O HpI/I6JH/I)KeHI/IH Uy K Uy, MOXKHO 3allicaThb B BUJE
Uy = M™ug + (I — M™)A™ b, (3.10)

rJie uTepupyomuii oneparop M NpPUBEIEHHOTO BBIIIE aaropuTMa Jad B (3.9).
Ornenka cpejaeil CKOPOCTH CXOJMMOCTH UTEPAINii p PaCCINThIBAIACH 110 POP-

myze: p = (r,,/ro)/™, rae m — HOMep WTepamuu, 1, — HOPMA HEBS3KH HA OC-
n=N

HopHoit cerke, 12, = > (b — Au,,)?. Hauanbnas Hepsska BbIMMCIIACH TTPH
n=1

ug = 0. Vrepanuu npoBoAMINCh JI0 JOCTUKEHUS 3aJaHHOI OTHOCUTEILHON TOY-

HOCTH € : Ty, /7o < €. Cucrema JiJist TONPABKK PEIagach UTEPAIMOHHBIM METOIOM
GMRES [?] ¢ orHOCuTe/IbHOI TOYHOCTBIO .. OObIUHO, €CJiU HE OrOBOPEHO MPO-
tuBHOe, 3ajgaeTca € = 1071 u e, = 107°. TouHOCTH €, — 9TO MapaMeTp, KOTOPbIil
MOKeT BIUATH Ha 3 dekTuBHOCTh MeTona (eM. |?]).

[TpuBenennnrit asroput™m Oymem HasbiBath AS—L u AS—-H B caywae narpanxe-
BOTO ¥ MEPAPXUIECKOTO 0Aa3MCOB COOTBETCTBEHHO.

OTMeTuM, 9TO JaHHBIA AJCOPUTM MOXKHO HCIOJBL30BATH KAK UTEPAIMOHHDIN
AJICOPUTM DEIICHUsS] UCXOJHON CHCTEeMbI (TOTJa YUCJIO UTEparuil m ompejess-
ercsi 3aJIaHHON TOYHOCTHIO M MOXKeT ObITh J0cTarouHo GosbimM). MokHo wc-
10JI30BaTh €r0 KaK 11pe100yC/IaB/InBaTe/Ib CUCTEMbl yPaBHEHUH, 3a/1aBasi HEOOJIb-
moe (DUKCHPOBAHHON UHCIO UTEpalyii, ¥ He KOHTPOJIUPYs AOCTUTAEMYI0 TOU-
HOCTh. B aTom ciyaae mpemobyciapimBaommii oneparop C' onpenessieTcst cooT-
nomenuem O~ = (I — M™)A™!, a oneparop 1peo6yCc/IoBICHHOM CHCTEMBI €CTh
C™1A = (I — M™). Moxuo e TpeGoBaTh BbINoaHenust yeaosus || [ — M™ ||< 1;
st abdexTuBHOCTH HYKHO, uTobbl C' 1A ~ I. MBI KpaTKO 3aTPOHEM BOIPOC O
BO3MOXKHOCTsIX ajroputma AS—L kak mpegodyciaBimBaTes st CUCTEMbI JTHHEHHBIX
ypaBHenuii B . 77,

[lepexonst K OMMCAHUIO UUCACHHBIX SKCIEPUMEHTOB 3aMETHM, UTO TOBOPS 00
oDOpaIeHNN MaTPHUIL WJIK OTTEPATOPOB, MbI OOBITHO MOIPA3YMEBAEM TUCIEHHOE Pe-
IIEHWEe CUCTEMbI YPaBHEHUI, a He HAXOXKJIeHHEe 00paTHOW MaTPHUIIHI.
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