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In the present paper the Weierstrass multipliers are generalized and the 
theorem of convergence of corresponding infinite products is proved. Representa-
tions of Blaschke type functions are established through Weierstrass type 
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1. The Weierstrass and Blaschke type infinite products play an important 

role in the theory of classes factorization of functions, meromorphic in various 
domains. In [1] it is shown, that quite wide classes of such products have identical 
structure. Let  : 1D z z   be a unit disc, and { : Im 0}G z z   be the bottom 
half-plane. Denote 
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In [1] it is established, that for elementary factors ( )lb  ( ) ( , )lb z   ( 1,2,3l  ) 
of Blaschke–Djrbashyan type infinite products, where ( 1, )   , the following 
integral representations are true: 
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where integrals are taken along any contours laying inside the disc D and passing 
through points 1 and ( ) ( )

0 0 ( , )l lb b z  ( 1,2,3)l  , and not passing through the 
beginning of coordinates at z  .  

In [2], [3] it is proved, that if the sequence of complex numbers 
 1nZ z D   satisfies the condition 
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   ,       ( 1, )   ,                           (4) 

then the infinite product 
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converges absolutely and uniformly inside D and represents an analytical function 
with zeros Z . 

In [4], [5] and [6] it is proved, that if the sequence of complex numbers  
 1nZ z G   satisfies the condition 
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converges absolutely and uniformly inside G  and represents an analytical function 
with zeros Z . In [1] the following way of construction of new Blaschke–Djrba-
shyan type functions is shown. Denote by   a class of analytic functions inside 

the unit disc D, for which (0) 1  , and the integrals 
1

( )z t dt
t


  , 0 1z  , taken 

along contours, laying inside the disc D, connecting the points 1 and z and not 
passing through zero, converge. For    introduce the functions 
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where ,z D   when 1l  , and ,z G   when 2l  , connecting the points 1 and 
( ) ( )
0 0 ( , )l lb b z  ( 1,2,3)l   and not passing through zero at z  . Obviously, in (8) 

instead of functions ( )
0 ( , )lb z  one may take other functions, analytic in D or G.  

2. The function  
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is called the Weierstrass primary multiplier. Let 1{ }k    be a sequence of 

complex numbers, and the series 
1

kk

k
z

k
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  converges at z   . Consider the entire 

function 
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If 1k   for 1,2,...,k q , and 0k   for 1, 2,...k q q   , then 
( ) ( , )E z E z q  . 

T h eo r e m 1 .  Let 1k q   be the least integer, at which k  is not equal to 
1 and the sequence   is bounded: , 1,2,...k M k    Then  

1) at 1
2

z   the inequality 1log ( ) 2 qE z M z
  holds; 

2) if for the sequence 1{ }nZ z   of complex numbers the series 
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in each bounded part of the plane, the zeros of which coincide with Z , converges 
absolutely and uniformly to an entire function.  

Proof.  We assume that 11
2( 1)

z
q

 


. Then 

 
1 1

1
1 2

1
log ( ) ... 2

1 11

q q
qkk

q q
k q

z zME z z M z
k q q z


 
 

 
 

 
     

   . 

Since 1 11
2( 1) 2q

 


, the statement 1) of Theorem 1 is proved. 

For the proof of the statement 2) note that at 1 1
2 2 nz r z   the following 

inequalities are valid: 
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therefore, the product (9) converges absolutely and uniformly. 
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Applying  term  by  term  integration  over  the  contours,  laying  inside  the 
disc  D  and connecting the points 1 and z ( 1z r  ), we obtain  
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Thus, if  1z r  , then 
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Now, the statement of Theorem 2 follows from (8), (10) and the uniqueness 
theorem of analytical functions. 

Example 1. Let p  be natural number and ( ) (1 ) pt t   . Then 
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From inequalities (14), (15), (16) the convergence conditions (4), (6) of 
infinite products (5), (7) follow immediately. 

Example 4. The case of analytic function   with  singularity in a point 1z   

is of interest. Let 
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the condition (17) holds, but none of conditions (6) is satisfied. 
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