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Abstract. A linear parabolic equation with nonlocal boundary conditions of the Bitsadze-
Samarsky type is considered. The existence and uniqueness theorem of the periodic solution is
proved.
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Nonlocal eliptic boundary value problems have been considered since the 30s of
the XXth century in the work of T. Carleman. In the 50B60s of the XXth century,
the abstract nonlocal dliptic problems were studied by M. I. Vishik, F. Browder, etc.
Nonlocal parabolic problems in a bounded cylinder were considered mainly in the cases
of parabolic delay diEerential equations, parabolic integrobdiEerential equations, and
parabolic operatorbdiEerential equations. In this paper, we consider a parabolic equation
with nonlocal boundary conditions of the Bitsadze-Samarsky type, cf. [1]. T he peculiarity
of these nonlocal conditions is that they are set using shifts in spatial variables in a
bounded domain. A method for studying eliptic boundary value problems with such
nonlocal conditions was developed in the 80-90s, see [2P4]. In this paper, the timeb
periodic solutions of a linear parabolic equation with nonlocal boundary conditions are
investigated. The proofs are given for a model example. However the method is suitable
for the general case of nonlocal boundary conditions of this type.

In therectangular parallelepiped " + = (0, T)! (0,2)! (0, 1) we consider the parabolic

equation
I
Few(t, x) * i (A (L) w(tx)) = £(6,x) (LX) # " 1), (1)

=12
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with nonlocal boundary conditions
& w(t,x1,0) = w(t,x;,1)=0 (0<t<T;08 x:$ 2),
g/b W(t, X)[x,=0 = "1W(t,X)[x,=1, (0<t<T;0< X< 1), (2
O W(t, X) k=2 = "aW(t,X)|x,=1 (0<t< T;0< x5 < 1).
Heref # Lo(" 1), the functions A; # C' (R®) are 1Eperiodic in x; and THperiodic in t.
Moreover, Ajj(t,X) = A;ji(t,x) (i,j = 1,2), and there exists ¢; > 0 such that
! ! .
Aij(t,X)4#% %c 4P &LXx)# T 3
ij=12 i=1,2

TimeEperiodic solution of (1)E(2) must satisfy the condition
w(0,x) = w(T,Xx) X=X,X)#Q=(0,2! (0,12). (4

We consider our problem in Sobolev space L,(0, T; W2(Q)), thisisthe set of functions
u# L(" T) such that Liu# Lo(" T)- Let

L2(0, T; W3, (Q)) == {w# L»(0, T; W,(Q)) : wsatishes (2)}. (5

In this paper we consider the spaces of realbvalued functions. We debne the operator
A:L2(0,T; W} (Q)" L0, T; W, *(Q)) by the formula
&
! N
(Aw,v) = A (t,x)!w(t, x) Tiv(t, x) dx dt & # L,(0, T; W(Q)).

Wij#n, ;
We introduce the unbounded operator !y : Lo(" 1) * D(!y) " Lo(" ) with the domain

D('e) := {w# L2(0,T;W3(Q)) : 1ew # Lo(" 1), w(0,x) = w(T,x)}. (6)

Debnition 1. Thefunction w # W, iscalled the generalized solution of problem (1), (2),
(4) if it satisbes the operator equation

hw+ Aw = f, w# W, (7)
where W, := D(!) + Lo(0, T; W3, (Q)).

Note that nonlocal conditions bind the values of the unknown function on some parts
of boundary with its values on shifts of these parts into domain " 1. The above shifts
are generated by a certain diEerence operator. Properties of such diEerence operators
in the spaces L»(Q) and W}(Q) were studied earlier, see [3, 4]. In this paper we use
the above results to formulate the properties of diEerence operators acting in diEerent
function spaces Rg : Lo(" 1) ' Lo(" 1) and Rq : L,(0, T; WX(Q)) " L2(0, T; W3, (Q)).
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