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Modeling of negotiations for two and three players.
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Abstract. The paper considers the problem of modeling negotiations for two and three
players. Two tasks have been solved. The first problem is investigated with using the Nash
arbitration scheme. The results of numerical simulation are presented and the dependence of the
negotiation period on the simulation parameters is shown.

The second problem is a simulation for three players with the participation of an arbitrator.
The peculiarity of this scenario is the limited “work” of the arbitrator. The results of numerical
simulation are also presented in this paper.
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Introduction

Negotiations are an integral part of game theory. This is a complex and multifaceted
process. Modeling of negotiations can take place by different methods, for example, using
a scheme of random proposals or the organization of competitions, etc.

An important parameter is informativeness in any form of organization of negotiations.
This is awareness of the behavior of rivals, winnings, fines, which may be known to all
participants or to individuals.Therefore, negotiations can be both with complete and
incomplete information.

Negotiations are divided into two types [1]: positional and rational. Negotiation rules
play an important role in modeling. To resolve the conflict, there is an independent
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participant – an arbitrator. It may be represented by one participant, or it may be an
arbitration committee. The parties to the conflict can also unite to get the maximum
benefit in the conflict. In this regard, the parties to the conflict may be two or more
players. The main mission of the arbitrator is to make a final decision by drawing lots.

The mathematical apparatus for conflict resolution is negotiation theory, and the
optimal solution is equilibrium, namely Nash equilibrium, Pareto equilibrium, Bayes
equilibrium, etc. It depends on the problem statement and the rules of the game.

A sufficient amount of research has been devoted to modeling negotiations with
various scenarios. The basic work for the problem presented in this study is [1]. This
is a fundamental work in which the authors present the main game-theoretic models of
negotiations between two, three or more persons using the Nash arbitration scheme, with
a random proposal, as well as negotiations during the conclusion of transactions, etc.

The work [2] presents a method for finding a strategy that maximizes the probability of
completing commercial negotiations. In this formulation, it is beneficial for all participants
to finish negotiations as soon as possible.

Authors of the paper [3] is devoted to the study of an approach to finding optimal
behavior strategies for each of the participants in the negotiations. The goal here is not
just to increase one’s own benefits, but also to search for joint strategies that maximize
joint benefits in the negotiation process.

The study [4] is devoted to various approaches to trade negotiations. The paper
considers two main issues:

󰯹 how the negotiation policy is agreed, in the absence of a coalition for one side of
the negotiations.

󰯹 within the framework of the fact that the participants will create a coalition, how
the interests of each of the parties to the negotiations are aligned with the overall
result.

Negotiations in a game-theoretic formulation are used in international environmental
policy.

Thus, in [5], relatively simple game models for conflict resolution and resolution of
“climate negotiations” are improved.

The studies [6, 7] are also significant in negotiations, since they consider the influence
and characteristics of participants, as well as the model of group choice.

The goal of this work is to model negotiations using the Nash arbitration scheme. For
the first time this approach was described and proposed in the work [8].
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The following conditions must be met for successful modeling:

󰯹 determining the number of participants in negotiations; ;
󰯹 determining the order of proposals;
󰯹 setting player winnings;
󰯹 determining system of fines;
󰯹 rules of conduct of the arbitrator.

The game is a multi-step zero-sum process. Proposals to the participants come from
the arbitrator, which they can accept or reject. For the second option, the discount rate
is set 󰯹 δ ∈ (0, 1] 󰯹 this is a guarantee of stopping the process, because each time each
participant will lose a share from winning.

It is important to note that in the arbitration scheme, the final choice is up to the
players, not the arbitrator.

The design of the contest is considered in the work [8], The study considers cases of
a game with non-zero and zero sum of winnings.

The task of negotiations for n=2.
So, let (Xi, Yi) дл󰑱 i = 1, 2, . . . K is a sequence of pairs of independent identically

distributed random variables, which can be interpreted at step i as an proposal of the
arbiter to each of the players. As established above, proposal (Xi, Yi) players accept (A)
or reject (R). They may reject because there is hope to get a more profitable proposal
from the arbitrator.

If both players accept proposals at the i-th step, the game is finished with a win for the
first participant with a win equal to (Xi + Yi)/2. If both players reject the i-th proposal,
the negotiations proceed to the next step i + 1. However, the winnings are discounted δ

times. If one of the players accepts the proposal and the other rejects it, the arbitrator
makes a decision in favor of the offended party.

The win is equal to:
min(Xi, Yi), if A−R,

max(Xi, Yi), if R− A,

The process continues until one of the players accepts the proposal or until the last
step of K comes. Both are forced to accept this proposal at the last step.

Let Hk is the value of this game, then k is the number of steps remaining until the
finish of the negotiations, k < K.
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Then the optimality equation has the form:

Hk = E{val Hk(X, Y )}, (1)

where val Hk(x, y) is the value of the matrix game, winning on the step k − 1:

Hk(x, y) =

󰀣 A R

A (x+ y)/2 min(x, y)

R max(x, y) δHk−1

󰀤
(2)

k = 1, 2, 3, . . . K and the boundary condition H0 = 0.

The matrix Hk(x, y) has a single saddle point, which depends on (x, y).
The meaning of the game Hk(x, y):

val Hk(x, y) =

󰀻
󰁁󰁁󰀿

󰁁󰁁󰀽

min(x, y), if δHk−1 ≤ min(x, y)

δHk−1, if min(x, y) ≤ δHk−1 ≤ max(x, y)

max(x, y), if δHk−1 ≥ max(x, y)

(3)

The optimal strategies of the players at the k-th step have the following form:

A−R, if δHk−1 < min(x, y)

R− A, if δHk−1 > max(x, y)

R−R, otherwise.

The task of negotiations for n=3.
Often, in the course of negotiations, the parties discuss not one issue that causes a

conflict (for example, price or volume of supplies), but a whole complex of interrelated
problems.

Consider a non-coalition game of n persons with a non-zero sum. Players {1, 2, . . . , n}
offer projects for the competition that are characterized by a set of parameters {x1, . . . , xn}
from some valid set S in space Rm. The arbitrator reviews the received proposals and
selects one of the projects. In space Rm a random vector a is simulated with probability
distribution µ(x1, . . . , xm). It is known to the contestants. Vector a is the arbiter’s decision.
The winner is the project xk, where k = 1, . . . , n, which is nearest to the point a. The
winner of the contest player k receives a gain hk(x

k) [8].
The decision of the arbitrator a is a random variable. To represent sets of

projects {x1, . . . , xn}, we divide the set of S ⊂ Rm into n subsets of S1, . . . , Sn such
that if a ∈ Sk, then the decision of the arbitrator will be the choice of the project with
the number k. This partition is called the Voronoi’s diagram, which can be constructed
using the Forchune’s procedure.
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Thus, the player’s winnings k can be defined as the average value of his winnings when
the arbiter’s decision falls into the set Sk, i.e.

Hk(x
1, . . . , xn) =

󰁝

Sk

hk(x
k)µ(dx1, . . . , dxn) = hk(xk)µ(Sk), k = 1, . . . , n.

The Nash equilibrium in this game is defined as the profile:
x∗ = (x1, . . . , xn) for which

Hk(x
∗||yk) ≤ Hk(x

∗), ∀yk, k = 1, . . . , n. (4)

Measure µ(S1) can be represented as

µ(S1) =
k+1󰁛

j=0

xij+1󰁝

xij

g(x)dx

󰁝

lij (x)lij (x1)>0,j=1,...,k

g(y)dy. (5)

Wage negotiations for two players
using the Nash Arbitration Scheme

Two players take part in this production: the manager and the professional union. The
purpose of the negotiations is to set a wage for the employee. The task of the manager
is to minimize costs, but the union is trying to make the payment maximum. The union
insists on 100 units, and the manager, for reasons of saving the company’s budget, insists
on 50 units.

In case of rejection of the trade union, a wage is reduced by 10 units relative to the
proposals of the arbitrator. If the manager rejects, then the salary increases by 10 units
relative to the same amount. The game proceeds to the next step, if both reject. The
solution is discounted by δ times.

The arbitrator makes proposals to the players at each step. For this purpose a random
integer a is generated at a given interval. The setting of this parameter depends on the
problem statement (the amount of fines, the amount of winnings, etc.).For the scenario
described above, the interval of the arbiter’s random sentences is a set [40;60]. The given
type of set makes sense taking into account the amount of fines and the type of the
winning function.

Manager’s win functions f1(a) and functions for professional union f2(a) are unimodal
and have the following form:

f1(a) = 75− |a− 100|, f2(a) = 75− |a− 50|

where a 󰯹 arbitrator’s proposal

󰯺Таврический вестник информатики и математики󰯻, 󰎍1 (54)’ 2022
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As described above, players have only two strategies: A 󰯹 accept the arbiter’s proposal
and R 󰯹 reject the proposal. Suppose there are K steps for negotiations. In the case when
there are k steps before the end of negotiations, the optimality equation (2) takes the form:

(H
(1)
k , H

(2)
k ) = Eaval

󰀣
(f1(a), f2(a)) (f1(a+ 10), f2(a+ 10))

(f1(a− 10), f2(a− 10)) (δH
(1)
k−1, δH

(2)
k−1)

󰀤

where a takes values from 40 to 60 with the same probability 1
21

.

One of the important issues in the process of formalizing salary negotiations is the
analysis of the period of negotiations (determining the number of steps). It depends on the
modeling parameters, the definition of thresholds for the discount rate, and the behavior
of all participants in the process. A program was written in C# to conduct numerous
experiments, establish patterns and to analyze the model as a whole.The main questio
is how changes in the modeling parameters (discount coefficient and the arbitrator’s
proposals) affect the time of negotiations. Denote n = K − k󰯹are the last steps of
negotiations.

The text of the program is published in the Internet repository [9].
The Table 1 shows the results of the program.

Modeling of a competition for three players with restrictions
for the arbitrator

Consider a project competition for three persons. The first player wants to minimize
the amount x+ y, the second player wants to maximize x, and the third player wants to
maximize y. The project competition is presented on a plane (in Fig.1).

Let the arbiter “behaves” on the plane randomly with a distribution density function

f(r, θ) =
3(1− r)

π
.

Next, the problem statement will be in the polar coordinate system. Let the polar
axis coincide with the ox axis. The equation of a straight line in polar coordinates has
the form:

r =
P

cos(ϕ− α)
,

where
P =

|C|√
A2 +B2

,

α = arctg

󰀕
B

A

󰀖
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Fig. 1. Competition of three projects on the plane

for a straight line equation of the form: Ax+By + C = 0.
After converting the lines in the Cartesian coordinate system for the polar ones , the

following expression will be obtained:

l1 =

󰀫
r > 0, α = π

4

r > 0, α = 5π
4

l2 : r2(ϕ) =
|x2

1 + y21 − a2|
2
󰁳

(x1 − a)2 + y21cos(ϕ− arctg( y1
x1−a

))
,

l3 : r3(ϕ) =
|x2

1 + y21 − a2|
2
󰁳

x2
1 + (y1 − a)2cos(ϕ− arctg(y1−a

x1
))
.

The equation of a circle in polar coordinates has the following form:

r(ϕ) = R.

If we know the equations of lines and circles in polar coordinates, we can find the
points of intersection of these lines with the circle.

The intersection point of the line l1 with the circle is C1 = (R, π
4
).

The intersection point C2 of the straight line l2 and the circle is found from the
equation:

|x2
1 + y21 − a2|

2
󰁳

(x1 − a)2 + y21cos(ϕ− arctg( y1
x1−a

))
= R.

󰯺Таврический вестник информатики и математики󰯻, 󰎍1 (54)’ 2022
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As a result, the point is C2 = (R,φ1), where

φ1 = arctg(
y1

x1 − a
)− arccos(

x2
1 + y21 − a2

2R
󰁳

(x1 − a)2 + y21
).

The intersection point C3 of the straight line l3 and the circle is found from the
equation:

|x2
1 + y21 − a2|

2
󰁳

x2
1 + (y1 − a)2cos(ϕ− arctg(y1−a

x1
))

= R.

As a result , the point is determined C3 = (R,φ2), where

φ2 = arctg(
y1 − a

x1

) + arccos(
x2
1 + y21 − a2

2R
󰁳

x2
1 + (y1 − a)2

).

The first player’s win can be defined as the mathematical expectation of his win when
the arbiter’s decision falls into the set S1, bounded by the straight lines l2, l3 and the arch
of a circle.

In polar coordinates: x1 = r1cosϕ1, y1 = r1sinϕ1, based on this, we can find the
mathematical expectation of a random variable x+y over the domain S1 using the (4),(5):

H1(r1,ϕ1) = (r1cosϕ1 + r1sinϕ1)[

5π
4
R󵁎

φ2l3

f(r, θ)r dr dϕ+

φ1R󵁎

−3π
4

l2

f(r, θ)r dr dϕ],

where

l2 : r2(ϕ) =
|r21 − a2|

2
󰁳

(r1cosϕ1 − a)2 + r21sin
2ϕ1cos(ϕ− arctg( r1sinϕ1

r1cosϕ1−a
))
,

l3 : r3(ϕ) =
|r21 − a2|

2
󰁳

r21cos
2ϕ1 + (r1sinϕ1 − a)2cos(ϕ− arctg( r1sinϕ1−a

r1cosϕ1
))
,

φ1 = arctg(
r1sinϕ1

r1cosϕ1 − a
)− arccos(

r21 − a2

2R
󰁳

(r1cosϕ1 − a)2 + r21sin
2ϕ1

),

φ2 = arctg(
r1sinϕ1 − a

r1cosϕ1

) + arccos(
r21 − a2

2R
󰁳

r21cos
2ϕ1 + (r1sinϕ1 − a)2

),

f(r, θ) =
3(1− r)

π
,

r 󰯹 this is the Jacobian of the transition to the polar coordinate system.
Minimum of the function H1(r1,ϕ1) is reached at the point (c, c) for the Cartesian

coordinate system, i.e. in polar coordinates it will be the point (c
√
2, 5π

4
). Therefore, when

calculating the winnings of the first player, instead of the radius r1, we will substitute
c
√
2, and instead of the angle ϕ1 - 5π

4
.
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The winnings of the second and third players are also found as the mathematical
expectation of their winnings when the arbiter’s decision falls into the sets S2 and S3,
respectively. Then the winnings of the second player will be located in the area S2, bounded
by the straight lines l1, l2 and the arc of the circle, using the following formula:

H2(a) = a[

φ1l2󵁎

−3π
4

0

f(r, θ)r dr dϕ+

π
4
R󵁎

φ10

f(r, θ)r dr dϕ],

where
l2 : r2(ϕ) =

|r21 − a2|
2
󰁳

(r1cosϕ1 − a)2 + r21sin
2ϕ1cos(ϕ− arctg( r1sinϕ1

r1cosϕ1−a
))
,

φ1 = arctg(
r1sinϕ1

r1cosϕ1 − a
)− arccos(

r21 − a2

2R
󰁳

(r1cosϕ1 − a)2 + r21sin
2ϕ1

).

And the winnings of the third player in the area S3, bounded by the straight lines l1,
l3 and the arc of the circle, we will find using the following formula:

H3(a) = a[

φ2R󵁎

π
4
0

f(r, θ)r dr dϕ+

5π
4
l3󵁎

φ20

f(r, θ)r dr dϕ],

где

l3 : r3(ϕ) =
|r21 − a2|

2
󰁳

r21cos
2ϕ1 + (r1sinϕ1 − a)2cos(ϕ− arctg( r1sinϕ1−a

r1cosϕ1
))
,

φ2 = arctg(
r1sinϕ1 − a

r1cosϕ1

) + arccos(
r21 − a2

2R
󰁳

r21cos
2ϕ1 + (r1sinϕ1 − a)2

).

So, formulas of the winning functions for each of the players were obtained. This game
takes place with a restriction for the referee and in polar coordinates.

To analyze the behavior of all participants in the conflict, that is, the dependence of
the participants’ winnings on the simulation parameters, a program was written in the
C# programming language. The results are presented in Table 2.

󰯺Таврический вестник информатики и математики󰯻, 󰎍1 (54)’ 2022
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Results of numerical simulation of negotiations

δ a n H
(1)
n H

(2)
n

(0;0.77) ∀ 2 32.6191 63.5714

[0.77;0.8) 40 14 33.7113 62.7780
[41;60] 2 32.6191 63.5714

[0.8;0.83) 40,41 25 35.6083 62.0619
[42;60] 2 32.6191 63.5714

[0.83;0.86) [40;42] 27 35.9848 59.3472
[43;60] 2 32.6191 63.5714

[0.86;0.87) [40;43] 31 36.1502 58.7121
[44;60] 2 32.619 63.5714

[0.87;0.89) [41;43] 36 36.5274 57.7465
{40} ∪ [44; 60] 2 32.619 63.5714

[0.89;0.9) [42;44] 44 36.5274 56.2791
[40; 41] ∪ [45; 60] 2 32.619 63.5714

[0.9;0.92) 43,44 44 36.7442 56.2791
[40; 42] ∪ [45; 60] 2 32.619 63.5714

[0.92;0.928] 44,45 52 37.5427 62.4869
[40; 43] ∪ [46; 60] 2 32.619 63.5714

(0.928;0.93) 44,45 17 37.5427 62.4869
[40; 43] ∪ [46; 60] 2 32.619 63.5714

[0.93;0.94] 45 17 33.2288 63.0608
[40; 44] ∪ [46; 60] 2 32.619 63.5714

(0.94;1] ∀ 2 32.619 63.5714

Table 1. Numerical simulation results in wage problem.

R 0.5 0.7 0.8 1
H1 0.0503727054 0.0911212726 0.0662981619 0.2882876400
H2 0.0401099790 0.104202198 0.1297029310 0.1703486206
H3 0.2806785612 0.3602390747 0.42269259804 0.25394445622
c -0.499 -0.479 -0.479 -0.419
a 0.714 0.674 0.668 0.646

Table 2. Dependence of the winning function on the radius of the circle.
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Analyzing the simulation results for wage negotiations in Table 1 we can conclude that
when determining the discount rate from the range δ ∈ (0; 0.77)∪(0.94; 1] negotiations end
at the second step. This process of stopping negotiations does not depend on the values
of the arbitrator’s proposals in this case. It means that these values of this parameter will
be the most “advantageous” in terms of the speed of the end of negotiations.

Negotiations move to the third step and over. However, at the same time, the
parameter values take certain values from defined intervals. In addition, it is possible
to determine the values of parameters at which the achievement of optimal values of
winnings occurs over a relatively long period 󰯹 52 iterations.

For the case n = 3 and with restrictions for the arbiter, the winnings of all players
increase with an increase in the radius, but only slightly.

Conclusions

The basic model for wage (n = 2) negotiations is the Nash arbitration scheme. This
game-theoretic method is based on a modified pie-splitting problem. There is a neutral
arbiter player in the arbitration scheme unlike the classical problem.

A feature of the arbitration scheme negotiation model is its versatility and simplicity
for scenarios with two competitors and the subject of dispute in numerical form. However,
it is impossible to find the duration of negotiations directly. Numerical simulation was
implemented using a computer program to answer this question,. The aim of the numerical
experiments was to determine the effect of changes in the model parameters on the
negotiation period. Intervals are found for model parameters at which negotiations are
lengthy.

Thus, all the most “profitable” solutions to the negotiation problem have been
identified from the point of view of both players.

In the process of modeling for n = 3, the solution is presented using a geometric
interpretation. Interesting results are presented in this scenario, taking into account the
limitation of the “activity” of the arbitrator.
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