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Boolean valued analysis is applied to deriving operator versions of the classical Farkas Lemma in the
theory of simultaneous linear inequalities.
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1. Agenda

The Farkas Lemma, also known as the Farkas Mink owski Lemma, plays a key role in
linear programming and the relevant areas of optimization [1]. The aim of this article is
to demonstrate how Boolean valued analysis [2] may be applied to simultaneous linear
inequalities with operators. This particular theme is another illustration of the deep and
powerful technique of ¥astrati ed validity¢, which is characteristic of Boolean valued analysis.
We only outline the main scheme of proof and announcethe main results. The complete
exposition will appear elsewhere.

2. Environmen t

Assumethat X is areal vector space,Y is a Kantorovich space alsoknown asa complete
vector lattice or a complete Rieszspace.Let B := B(Y) bethe baseof Y, i. e., the complete
Booleanalgebrasof positive projectionsin Y; and let m(Y) be the universalcompletion of Y .
Denote by L(X;Y) the spaceof linear operators from X to Y. In caseX is furnished with
someY -seminormon X, by L(M(X:;Y) we meanthe space of dominated operators from X
toY.Asusual,fT 6 yg:= fx2 X jTx6 ygandker(T) = TiY(0) for T: X ! Y.

3. Inequalities: explicit dominance
The following are well known:
(1): (9X) XA =B $ ker(A) Y2ker(B);
(2):1 If W is orderedby W+ and A(X)j W+ = W: | A(X) = W, then

(9X>0)XA=B$ fA6 0g%fB 6 Og:
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Boolean models and simultaneousinequalities 45

4. Farkas: explicit dominance

The following are equivalert:
(1) Given b 2 B, the operator inequality bBx 6 0 is a consequenceof the simultaneous

X
B=  ®&Ax
k=1

5. Farkas: hidden dominance

Lemma 1. Let X be a vector spaceover somesub eld R of the reals R. Assumethat f
and g are R-linear functionals on X ; in symbols, f;g2 X# := L(X;R).

For the inclusionfg 6 0g % ff 6 0Ogto hold it is necessaryand su cien t that there be
®2 R, satisfying g = ®f .

C Sufficiency is obvious.

Necessity: The caseof f = O is trivial. If f 6 0 then there is somex 2 X such that
f(x) 2 R and f (x) > 0. Denote the imagef (X) of X underf by Rg. Put h:= g+fil i e,
h 2 R’g is the only solution for h£f = g. By hypothesis, h is a positive R-linear functional
on Ry. By the Bigard Theorem [3, p. 108] h can be extendedto a positive homomorphism
h: R! R, sinceRoj R+ = Ry j Ro = R. Each positive automorphism of R is multiplication
by a positive real. As the sougtt ® we may take h(1). B

6. Reals: explicit dominance

Lemma 2. Let X be an R-seminormedvector spaceover somesub eld R of R. Assume

X2 := LM(X;R).

For the inclusion
W

fg6 0g% ffx 6 Og
k=1

X
g=  &fy:

k=1

7. Origins

Cohen's nal solution of the problem of the cardinality of the cortinuum within ZFC gave
rise to the Boolean valued models
Scott forecastedin 1969[4]:

We must ask whether there is any interest in thesenonstandad models aside from the
independene proof; that is, do they have any mathematial interest? The answer must
be yes, but we cannot yet give a really good argument.
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Takeuti coined the term ¥Bamlean valued analysisg, for applications of the models to
analysis[5].

8. Boolean valued univ erse
Let B be a complete Boolean algebra. Given an ordinal ®, put
n o]
VB = xj(92® x:dom(x)! B& dom(x) %V ®

The Boolean valua universe V(® is
V(B .= [ VSR
®20n
with On the classof all ordinals. The truth value [' ] 2 B is assignedto ead formula ' of
ZFC relativized to V(®),

9. Descending and ascending

Given' , a formula of ZFC, and y, a menber of VB; put A. = A. @y = fxj" (x5 y)a.
The desent A: # of a classA: is

n (0]
A#t= tjit2VB & (t y)]=

If t 2 A #, then it is said that t satises ' (¢ y) inside V(B). The desent x# of x 2 V(B) s
de ned as n o]
x#t= tjt2Vv® & t2x]=

i. e.x#= A¢x#. The classxt# is a set. If x is a nonempty setinside V(B) then

Qz2xAMNOt2x)' OI=T @1:

The as@nt functor acts in the opposite direction.

10. The reals within
There is an object R inside V(®) modeling R, i. e.,
[R is the reals] =
Let R# be the descem of the carrier jRj of the algebraic system
R = (jRj;+; ¢0,1,6)
inside V(®) . Implemert the descen of the structures on jRj to R # as follows:

X+y=z$ [x+y=2z]= ;
xy=2z$% [xy=2z]= ;
X6y$ [x6vy]= ;
X=y$ [["x=y]=
(x;y;z2 R# , 2 R):
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Gordon Theorem. R# with the descendedstructures is a universally complete vector
lattice with baseB(R #) isomorphicto B.

C Pr oof of Th%prem 1.
2! @Q:1fB= Ezl ®Ak for somepositive ®y;:::;®y in Orth (m(Y)) while bAx 6 0
forb2 B and x 2 X, then

X X
bBx=b ®&Ax= ®bAX 6 0
k=1 k=1

since orthomorphisms commute and projections are orthomorphisms of m(Y).

(1)! (2): Considerthe separatedBoolean valued universeV(®) over the baseB of Y. By
the Gordon Theoremthe ascent Y" of Y is R, the realsinside V(B).

Using the canonical embedding, we seethat X" is an R -seminormedvector spaceover
the standard name R" of the reals R. Moreover, R" is a sub eld and sublattice of R = Y"
inside V(B),

inside VB.
De ne the nite sequence

asthe ascen of (f1;:::;fn). In other words, the truth valuesare as follows:
[f (xX") = Axx]= ; [o(x")=Bx]=
forall x 2 X andk:= 1;:::;N.
Put

Therefore,
[Aix 6 O ]" ¢¢er [Anx6 O']6 [Bx6 O']:

In other words,

[(Bk:=1;:::;N))f(x")6 0'] = [fer (x")6 0°]6 [g(x") 6 0°]:
k:=1;:5N

Using Lemma 2 inside V(B) and appealing to the maximum principle of Boolean valued

analysis,we infer that there is a nite sequence®:f1";:::;N"g! R, insideV(®) satisfying
nn R #
X X
(8x 2 X")g(x) = K)fk(x) =
k=1"

orthomorphism of m(Y). Moreover,

X
B = ®Ak;
k=1

which completesthe proof. B
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11. Counterexample: no dominance

Lemma 1, describingthe consequencesf a singleinequality, doesnot restrict the classof
functionals under consideration. The analogousversion of the Farkas Lemma simply fails for
two simultaneous inequalities in general.Indeed, the inclusion ff = 0g%2fg 6 0g equivalert
to the inclusionff = 0g ¥2fg = Og doesnot imply that f and g are proportional in the caseof
an arbitrary sub eld of R. It su ces to look at R over the rationals Q, take somediscortin uous
Q-linear functional on Q and the identit y automorphism of Q. This givesgroundsfor the next
result.

12. Reconstruction: no dominance

Theorem 2. Take A and B in L(X;Y). The following are equivalen:
(1) (9®2 Orth(m(Y))) B = ®A;
(2) There is a projection { 2 B sud that

f{bB6 0g%f{bA6 Og f {bB6 0g¥%f {bA> Og

for all b2 B.

C Booleanvalued analysisreducesthe claim to the scalar case.Applying Lemma 1 twice
and writing down the truth values,completethe proof. B

13. Interv al operators

Let X be a vector lattice. An interval operator T' from X to Y is an order interval [T; T]
in LV(X;Y), with T6 T.

The interval equationB' = XA' hasa weak interval solution [6] provided that (9X)(9A 2
A')9B 2 B') B = XA.

Given an interval operator T' and x 2 X, put

Pri(x)= Tx+ | TX;:
Call T' is adaptel in caseT j T is the sum of nitely many disjoint addends, and put

» (x) = jxforall x2 X.

14. Interv al equations

Theorem 3. Let X be a vector lattice, and let Y be a Kantorovich space.Assumethat

spaceof order bounded operators L (") (X;Y).
The following are equivalert:
(1) The interval equation
X
B'=  ®&AL
k=1

(2) For all b2 B we have
fbB > 0g ¥ fbA] 6 Og\ ¢¢¢\ fbAY 6 Og;
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15. Inhomogeneous inequalities
Theorem 4. Let X beaY -seminormedspace,with Y a Kantorovich space.Assumegiven

following are equivalent:
(1) For all b2 B the operator inhomogeneousinequality bBx 6 bv is a consequenceof

X X
B = ®&Ak;, V> ®Uy:
k=1 k=1

16. Inhomogeneous matrix inequalities

In applications we encourier inhomogeneousmatrix inequalities over various nite-
dimensional spaceq7].

Theorem 5. Let X beareal Y-seminormedspace,with Y a Kantorovich space.Assume
that A 2 LM (X:YS),A2 LM(X;YS),u2 Yiandv 2 Y™, wheres andt are somenaturals.

The following are equivalert:

(1) For all b2 B the inhomogeneousoperator inequality bBx 6 bv is a consequemceof
the consistert inhomogeneoudnequality bAx 6 by, i. e.,fbB 6 bwy % fbA 6 bug.

(2) There is somes £ t matrix with entries positive orthomorphisms of m(Y) such that
B = XA and Xu 6 v for the correspnding linear operator X 2 L. (YS;Y?!).

17. Complex scalars
Theorem 6. Let X be a complex Y -seminormedspace,with Y a Kantorovich space.

from X into the complexi cation Y¢ := Y - iY of Y. The following are equivalent:
(1) Forall b2 B and x 2 X the inhomogeneousnequality bjiBxj 6 bvis a consequencef

(2) There are complex orthomorphismscy;:::;cny 2 Orth(m(Y)¢) satisfying
X X
B = CkAk; V> JCkJUk:
k=1 k=1

18. Theorem of the alternativ e
Theorem 7. Let X be a Y-seminormedreal vector space,with Y a Kantorovich space.

Then one and only one of the following holds:
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(1) There arex 2 X and b;b°2 B sud that b°6 band

19. All is number

The above results, although curiousto someextent, are nothing more than simpleillustrations
of the powerful technique of model theory sheddingnew light at the Pythagoran Thesis. The
theory of the reals enriches mathematics, demonstrating the lib erating role of logic.
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