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O TOYHOCTHU YCJIOBUI TEOPEMEI ®EJEPEPA

© |B. M. MAKAPOB/, A. H. IOJKOPHITOB

B teopeme Penepepa oneHuUBaETCH ‘MACCHBHOCTL’ MHOXKECTBA KpUTHYE-
CKUX 3HAYEeHU t-TUIAJKOTOo oToOpaxkeHus, ageiictByiomero u3 R™ B R™ —
BBISICHSIETCSI, DX KAKUX D 9TO MHOXKECTBO HMMEeT HyJIEBYIO P-MEPHYIO Me-
py Xaycmopda. TounocTh ycmoBus, CBA3BIBAIOLUIETO BEJIUYUHBL M, N, t, P,
OblIa yCTAaHOBJIEHA paHee B ciaydae n > m. B pabore crpoutcs mpumep,
[IOKA3bIBAIOIINI, 9TO U mpu n < m ycuoBue Teopemsl Pemepepa Takxke
TOYHO.

§1. Beepenue

Berogy mamee r,m,n € N, u, kak o6brano, C"(G; R™) — MHOXKeCTBO 7-TJIa]I-
KUX OTODparkKeHwit w3 OTKPBITOrO moaMHOKecTBa (G mpocTpancTsa R B mpo-
crpancTBo R”,

B Teopeme @esepepa omeHNBACTCS MACCHBHOCTL OOpPA30B dacTell KpuTude-
CKOI'0 MHOKECTBA 7'-IVIQJIKOT0 0TOOparkenus F', COOTBETCTBYIONINX PA3IMIHBIM
3HaUeHnAM panra ero marpurbl Axobu F'(z). Teopema dbopmynupyercs cie-
aytonmM obpasom (cum. [1], |2, mm. 3.4.1-3.4.4)]):

Teopema 1. IIycmvre N, F € C"(R™;R") uw dani=0,1,..., 7 < min{m,n}
nycmo
N; = {z € R |rank F'(z) = i}.
Tozda
NP(F(M)) =0,

ede i, — waycdophosa mepa pasmeprocmu p, a p =i+ %

B paborax [3-5] ara reopema Oblia pacupocrpaneHa Ha 0ToOpazKkeHust J1pob-
HOIT TytajkocTu. Hamomuum, aro npu Heresiom t > 1 orobpaxenue F: G — R"
HazbiBaeTcs t-riuajgkum, ecan F € CT(G;R™), rue r = [t] — uesnas 4actb 4uc-
Jia, t, a BCe MpOU3BOJHBbIE f MOPSJIKA T €r0 KOOPAMHATHBIX (DYHKIIUN YI0BJIe-
TBOPSIOT yCI0BUIO JIumimuiia ¢ nmokasarejieM « = t — 7 Ha, KaXKJOM KOMITaKT-
oM noamuoxkectse K obmactu saganus: |f(z') — f(2”)| < L||2’ — 2" ||* nna

Kmouesvie cro6a: orodpaxKeHus JPOOHON IJIaJKOCTH, UX KPUTUYIECKHE TOYKHA U KPUTUYIe-
CKUe 3HAUEeHWs; Mepa M Pa3MepHOCTh Xaycmopda.
119



120 B. M. MAKAPOB, A. H. IIOAKOPBITOB

mobbix o', 2" uz K. Koadpdunpenr L Gyjem HaszblBaTh KOHCTAHTOM JIniiu-
a. COBOKYITHOCTh BCEX TaKUX OTOOPaXKeHUil 0003HAYALTCH Jlajiee CUMBOJIOM

CHG;R").
Teopema 1’. ITycmovt > 1, F € CHR™;R") udasi=0,1,...,i < min{m,n}
nycmo
N; = {z € R |rank F'(z) = i}.
Tozda
Np(F(M)) =0,

ede , — waycdopdosa mepa pasmeprocmu p, a p =i +

B [2] mokazano, 94TO IIpu HATYPATBLHOM 7" TAPAMETD P, BOOOIIE TOBOPS, YMEHb-
[IIUTh HENb3s U YTBEPKICHWE TeOpeMbl 1 TOYHO B CIETYIONIAE CMBICTE: IS
JIIOOBIX M, T, 2> m u § < M CyIIeCTBYeT r-rjaajikoe orobpaxenue F', s ko-
roporo dimg (F(N;))=p u, cregosarensro, piq(F(N;)) =00 npu Beex q<p.

[Ipu BBeseHMN OTOOpaXKEHUil TPOOHON TVIAKOCTHU MOC/IEIHUN PE3YIbTAT, KAK
u Teopema 1’| nomyckaer cienyiomee yrounenue (cMm. [6]): mpu sobbix m,
n = m, t > 1 cymecrByer takoe t-ryiagkoe orobpaxkenume F: R™ — R™
aro dimy(F(N;) = ¢+ 2= npu i = 0,1,...,m — 1 u, ciegosaTensHo,
1tq(F(N;)) = 400 npu Beex g < i+ 2L,

[TpuBeaduuble pe3y/abrarbl 0 TouHocTu TeopeM 1 m 17 orHocaTcs K ciydaro
m < n. lIpu m > n ux yrBepXK/ieHNd B HEKOTOPBHIX CJIydasdX MOTYT OKA3aTh-
cd TpuBMAJbHBIME. 1akK Oyzer, ecjim OTODpaKeHWe HEeIOCTATOYHO IJIAJIKOE U
p =i+ " { > p. IIpu 5TOM YCJIOBHE HHKAKIE KOHTPIPHMEDPHI HEBO3MOKHBI
IIPOCTO B CHJIy TOrO, YTO IIPH P > 7 Mepa [i, ODpalaercda B HyJb Ha BCEX
mogmuoKecTBax R™. [losromy B mambHefnieM, roBOpst 0 KOHTPIPAMEPAX, MBI
Bysem mpejmoJiaraTb, 910 p = ¢ + mt_ L < n.

Bompoc o Tounoctu yciopmit Teopembl 1/ mpum m < m paccMOTpeH B pa-
borax [4] u [5], HO B HEX COOTBETCTBYIOIIHE KOHTPIPUMEDPHI (IPU HEKOTOPBIX
JIOTIOJTHUTE/TIbHBIX OTPAHUIEHUX ) MOCTPOEHBI JIUIIb [Tl CAyYIas p = M, KOTJa
mepa Xaycaopda i, MoxKeT OBITh 3aMeneHna Mepoii Jlebera. Tounocts ycmoBuit
TeopeMbl 1’ mpu p < n B 3THX paboTax He obCyxKaaercd. Ileap Hamei 3aMeTKn
— BOCIIOJIHUTH 9TOT TPOOET.

§2. ObozHaueHusi n onpegeneHns

Kpurnueckoit Toukoit riajikoro orobpaxkenusi F': G — R™ nasbiBaercs To4-
ka xg € G, B KoTOpO#i panr muddepennuana oTobpakenus (MHbIME CJIOBAMHU,
panr marpunpl F'(z9)) e makcumasen, To ecth menbie min{m,n}. Muoxe-
CTBO BCeX TaKMX TOYEK, obo3nauaemoe ganee N wmm rounee N (F), HasbiBaercs
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KPUTHIECKUM MHOXKECTBOM 0oTobparkenust F. 3HaueHust orobpaxkenusi F' B kpu-
TUYECKMX TOYKAX HA3BIBAIOTCS €r0 KPUTUIECKUMU 3HAYEHUSIMU, 00PA30BaHHOE
MU MHOXKeCTBO 0bo3Hadaercs cumBoiom KC(F).

I[Ipm m,n > 1 kpuruveckoe MHOXKECTBO ‘pacciamBaercs’ Ha dactu N;, ¢ =
0,1,... < min{m,n}, B Toukax KOTOpbIX panr mMarpuipl F'(r) nocrosuen u
paBeH :

N; = N;(F) = {z € G|rank(F'(z)) = i}.
F-06pa3bl 3TUX MHOYKECTB O6OBH8H&IOTCH nastee cuvBoamu fC; (F):

Ki(F) = F(N).

CumBon Cy, e 0 < a < %, 0003HaYAET MHOXKECTBO KAHTOPOBA THIIA, [IPU
[OCTPOEHUU KOTOPOIO HCIOJIBb3YeTCs CxKarue ocHoBHOro cermenta [0, 1] me c

K03 burmerTOM %, KaK B KJIACCUYIECKOM Cjydae, a ¢ Koddpduimenrom a: Ha
a a I
[IEPBOM IIIAre MBI IIOJIy9aeM CEerMeHTbI A((] ) = [0,a] u Ag ) = [1—a, 1] paunoit a

(CeI‘MeHTbI nepBoro paHFa), Ha BTOPOM IHIare BO3HUKAIOT CErMEHTHI BTOPOTO
panra Aéo), A(a) u A%), Agci), oIy daeMble U3 Aéa) u Aga) [IpYA TOMOTETHIHOM
0TOOPaXKEeHUN [0, 1] na s1ru orpesku. Janbueiiniee 10cTpoeHNE HIPOUCXOAUT 110
WHYKIWH.

Kpome MHOXKECTB KaHTOPOBA THUIIA, HAM ITOTPEOYEMCsl CXOJHOE MHOYXKECTBO,
3aMeHsionee MuHoxKecTBO C, LIipy @ = %, KOTOpO€e MbI OyjteM 0003Ha9aTh Cy . OHO
MOZKET 6bITb MMOJIy9€HO C IMOMOIIbIO ITOCTPOCHUSA, aHAJIOTUIHOI'O OIMCAHHOMY,
C TeM OTJIMYMEM, 9YTO Ha KazKJ0M HIare roMoTeThd IMPOU3BOJUTCA HE C OJHUM
n TeM ke Ko duimenToM a, a ¢ KodhdurmenTaMu, BO3PACTAIONIAMI K %
Bosiee moapobuO 3T0 11OCTPOEHNE MOXKHO OMUCaTh (HyMepys CErMEHThI DAHIOB
1,2,... TaK e, KaK ¥ BbIIIE) CJAELYIONUM 00PA30M.

Cuauasa u3 orpeska [0,1] Mbl yransem unrepsan 0, = (I,2). Barem us
JIBYX OCTAIOIIIXCS CeTMeHTOB Ao, A1 TEPBOT0 paHTa yAAIIIOTCS EHTPATbHBIE
UHTEPBAJBI 0y, 0] (MHTEPBAJIBI MEPBOTO DAHTA) JJIHHBI 1—12, nocsie vero B [0, 1]
ocraiorcsa 4 cermenTa Broporo pasra Agg, Aot, Ao, A11 1 Tak gajee. s uH-
JTEKCAITNN CeTMEHTOB U MHTEPBAJIOB k-T0 PAHTa MBI HCIOIb3YeM JTBOUIHBIE CJIO-
Ba jymHbl k, “OykBbl” kKoTopbix paBubl 0 wiu 1. Ha k-om miare 3 ofuHAKOBBIX
o JijInHe CerMeHTOB A, k-TO paHra ymaJsdioTCs MEeHTPATbHBIE HHTEPBAIBI Jg
TOr'O K€ paHra AJIUHON’

2—k
dpy = —= 1
T k+ D)k +2) (1)
Tak Kak cymMma JJIMH 9TUX WHTEPBAJIOB PABHA m = k:+—1 - %4_2, TO J10

k-ro mara u3 [0, 1] okaxKyTcst yAaJ€HHBIMU UHTEPBAJIbI C OOIIel IIUHOl

b (Y G )1y
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[Tosromy MHOKECTBO S}, 00pa30BaHHOE CErMEHTaMU paHra k, uMeer Mepy k%rl’

—k
a JIINHA KaK/I0T0 TAKOr'O CEIMEeHTa PABHA ]3—“ ITo oupenenennto muoKeCTBO C,
Ipe/cTaBiisgeT coboil mepecedenne MHOXKeCTB Sy, (1asee |e| — amHa JBOUIHOTO
CJI0BA €):

(;:: rw S%:: r} LJ Zx&
k=1 k=1 |e|=k

XaycmopdoBy Mepy pasMepHOCTH p MbI 0003HaHaeM CHMBOJIOM [ip, & Xay-
cropdoBy pasmepHocTh MHOKecTBa A — cumBosiom dimp(A). I3BectHOo, 9TO

ecn p = dimpg(Cy), TO @ = 277 u 0 < pp(Cq) < +00. exaproBsl mpousse/e-
HUS OTPE3KOB U MHOXKECTB KAHTOPOBA, TUIIA, KAK M CAMH 9TU MHOMKECTBA, Oy/1eM
HA3BIBATL CTAHJAPTHLIME MHOMKECTBaAMHU. XaycaopdoBa pasMepHOCTb P TaKO-
ro MHOXKECTBa paBHa CyMMe XayCaop(hOBBIX Pa3MepHOCTEl COMHOKUTENEl, a
ero Mepa [l LOJIOKUTeIbHA U KoHedHa. J0Ka3are/abCTBa 9TUX yTBEPK IeHUi
MOXKHO HaiiTu, Haupumep, B [7].

Haxonen, npu ¢t > 1 cumson C'0(G;R™) obo3nadaer Kiace 0TOOPasKeHMIt,
Bxogamumx B C¥(G;R™) upu Beex s < t:

CUGR") = [ C*(G:R™).
1<s<t
§3. OcHoBHble yTBEPXKAEHUS

Harm mienTpaibHBIN pe3yIbTaT ecTh CaeIyIollee YTBepXKIeHue.

m—1i

Teopema 2. Ilyemvt>1, m>n>i>20up=1i+
makoe omobpasicenue F xaacca Ct=O(R™; R™), wmo KC;(F) ecmv cmandapmmoe
MHOACECTNBO, TaYcOOPPHo6a PASMEPHOCTNG KOMOPO2O PAGHA P, MAK 4INO

0 < pp(Ki(F)) < +o0.

< n. Cywecmsyem

Hesnaunrenbnas mopudukanus gemmbl 1 (em. gemmy 1) u nokazarenbcrsa
TEOPEeMbI 2, MPUBOIUMBIX HUKE, MO3BOJIZET yOEIUTHCA B CIIPABEIIUBOCTH U
CJICZIYIONIIErO YTBEPZKIeHUA.

m—1i

Teopema 2. ITycemvt >1, m>n>1>0up=1+ — < n. Cywecmey-
em maxoe omobpasicenue F xaacca CH(R™;R™), wmo K;(F) codeporcum wom-
naxmmvie nodmmoscecmea X1, Xo, ..., zaycdopposv. pasmeprnocmu qi,qa,. . .
KOMOPOIT MEHDUWLE Dy CINPEMANCH K P U

0 < pig,;(Xj) < +00 das ecex nomepos j.

Buecre ¢ reopemoii 1’ reopema 2’ ieudr pasencrso dimpy (K;(F)) = p.
JloKa3are/IbCTBO TEOPEMBL 2 OCHOBAHO Ha CJIE/YIOIIel KJII0YeBOil JTeMMe.
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Jlemma 1. Ilpu t>1 cywecmesyem makoti npocmoti nymo y € C’t_o([(), 1;R™),
wmo e2o kKpumuueckoe mmuoocecmso N () cosnadaem ¢ Cy., a mmoorcecmeo K(7)
wpumuueckus snavenuti — ¢ Cp X ++- X Cp =CJ! npub=2""":

N =Cs, K(v) =0 (2)

[IpuBeném 10Ka3aTEIBCTBO TEOPEMBI 2, OMUPAIOIIEecs Ha 3Ty jgemmy. Joka-
3aTEJbCTBY MPEIOILIEM CJIEIYIONee 3aMeIaHTE.

3ameuanue. 3 cymecTBoBaHUS KOHTPIPUMEPOB, UJLIIOCTPUPYIONIUX TOY-
HOCTL ycaoBmii Teopem 1 m 1° B caywae ¢ = 0, BBITEKaeT CyIeCTBOBAHUE
AHAJIOIUIHBIX KOHTPIPUMEDOB s NpOu3BO/IbHBIX ¢ (i < min{m,n}). Tou-
Hee rOBOpH, €CJI CyIIecTByeT Takoe orTobpaxkemme f € CH(R™4R") wro

00pa3 Hy/IEBOIO CJIOH €ro KPUTHYECKOI'0 MHOKECTBA, MMEEeT PAa3MEpPHOCTDH 7ot
TO ecTh dimgy (ICO( f )) = ", TO B KauecTBe HCKOMOTrO OTOOPayKeHUs MOMKHO
B34Th orobpaxkenne F' = idp: ® f, meficTBytormee cieayonmmM 06pa3om:
F(xy,...,xm) = (3}'1,...,wi,f($i+1,...,$m)).
OueBuyno, jja F' cripaBejjIuBbl PaBEHCTBA
N;(F)=R"'x No(f) nu Ki(F)=R"x Ko(f).
U3 nocnenero pasenctsa (mockobky dimpg(RY x A) = i + dimy(A) as

Jr060ro Gopesesckoro muoxecrsa A, cM. |7, 8]) BbiTekaer, uro

dimp (K;(F)) = dimpg (R* x Ko(f)) =i + mt_Z

Taxkum 06pa3oM, UCCielysd TOYHOCTL ycaoBuit Teopem 1, 17, Mbl MozKeMm orpa-
HOYUTHCS caydaeM m > n, ¢ = 0.

[Tepexomst K JOKA3aTEIBCTBY TEOPEMBI 2, HAIIOMHUM, 9TO MbI OYJIEM ITPOBO-
JUTh ero Jiist ciydas ¢ =0 u p = < n.

Joka3zaresibcTBO Teopembl 2. OTMeTUM CHaYa/IA CBA3b MEXK /Ty MHOXKECTBA~

1
vmu Cp u Cg, tiie b = 27" u B = bw (mo ycnosuio m < nt, u nosromy
nt
B =2"m < %) Herpynuo ybemurbest, 9ro Toukn MuOkecTBa Cg (M TOIBKO
OHI/I) opejacTaBUMbl B BUJIE

1 -
— E g;8*, rme Bce yucaa €; papabl 0 mwn 1.

B o

Amnasiornynoe npejcrasieHue cupasejmso g Touek us Cp. ITosarom a30us
b )
YKa3aHHYIO CyMMY Ha, OJIOKHU 10 1M CJIAra€MbIX, Mbl MOYXKEM 3allUCATh €€ B BUJIE
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(navee ¢ = - %)

m
%g Bluj, toe ui,...,Upm € Cp.
i=1
CrietoBaTeIbHO, BCEBO3MOXKHbBIE CYMMBlI TAKOIO BHJA 3allOIHSIOT MHOXKECT-
Bo Cg (npu B = 3 oum sanomusor orpesox [0, 1]), To ects

Cg = {%Zﬁjuj ‘ul,...,um Gcb}.
j=1

OTCIO,Z[& BBITEKaET PAaBEHCTBO

m
cg:{%ZWU]»‘UI,...,Umec;;}. (3)
j=1
IIycts v — myTh, 0 Koropom rosopurcs B jemme 1: N(y) = C, u v(Cy) = CJ.
Bynem caurarh, 9TO OH MPOJO/IZKEH HA BCIO BEMIECTBEHHYIO OCh ¢ COXPAHEHUEM
[JIQIKOCTH U 0e3 IOABJIEeHNs HOBBIX KPUTHYeCKuX ToveK. Ompenenmm Termephb
nckomoe orobpazkernne F': R"™ — R"™ papercTtBoM

F(z) = %Zﬁj'y(ajj), rage = (x1,...,Ty,) € R™.
j=1

Orobpazkenne F ummeer Ty Ke INIaJKOCTh, YTO W <Y, TO €CTh IIPUHAJIEKUT
kraccy C*~Y. Kax jerko mposeputh, ero marpura Sxo6m F’(x) cocrour mus
CTOJIONOB, TPOMOPIMOHATLHEIM BeKTOpaMm ' (x1), ..., 7 (2y). Ucnonssys 3ro,
nerpyano ybeaursest, aro No(F) = (N(y))™ = €. Tak xax v(Cy) = CJ}, s,
nonarast Uj = y(z;), noaydaem u3 (3)

Ko(F) = F(C™) = {%i Bin(;) ( T1y. e L € c*} —cp.
j=1

Ocraérca 3aMeTuTh, 4TO
dimH(]Co(F)) = ndimH (Cﬁ) = ndimH(CQ_n_t) = n—t =Dp.
m n
Takum obpazom, orobparkerune F mckomoe. ]

3ameuanme. B ciyuae m < n Mbl mMeeM BO3MOXKHOCTH OYEBHUIHBIM 00pa-
30M BJIOKHUTH B R™ crangapTHOE MHOXKECTBO, 0OPA30BAHHOE 1M COMHOXKUTEJIs-
Mu, Oarogapss 9eMy MOCTPOEHWE KOHTPIPUMEPA 10 CPABHEHUIO CO CIIYIaeM
m > M MOXKET ObITh YIPOIINEHO: HAM JIOCTATOYHO OIPAHUYUTHCH OIHOMEDPHBIM
BapUAHTOM JieMMbl 1, Korga v — (byHKnus (OHOMEDHBIN ITyTh), U HOJOKHUTH
F(z) = (v(z1),...,7(xm),0,...,0) (4uci10 HyIEBLIX KOOPAUHAT PABHO 1 —M).
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§4. [lokasaTenbcteo nemmbl 1

[Tpexkae 9eMm mepexoauTh K JI0Ka3aTeIbCTBY JOIMOJHAM 0003HAYeHUs, CBS-
sanbble ¢ MHOXKecTBaMu Cy u Cp. [yiHY TIPOMBBOBHOTO JBOWYHOIO CJIOBA, €
(ero 6yksbr pasabl ) wiu 1), T0 ectb uncao Oyks B HEM, Oyjem 0003HAYATH
cumBosiom |e]. Cumsosiom & 0603HAYMM MHOKECTBO BCeX k-OyKBEHHBIX JIBO-
UYHBIX CJI0B. VHIEKC, HEMOCPEICTBEHHO C/IeAyIONmil B JieKCuKOrpaduaeckoit
YIOPA0YEHHOCTH 33 UHJEKCOM € € &, OyaeM 0b03HaYaTh CUMBOJIOM €.

[Mocrpoenne muoxkects Cy u Cpy npoucxoaut eaunoobpasno (cm. §2). Cermen-
ThI, OJIyYaeMble TIPH WX MOCTPOCHUH HA K-OM IIIAre, Ha3bIBAIOTCS CErMEeHTaMK
k-ro panra. Onu obosnauatorcs cumBosamu A, u A, coorBercrsenHo (¢ € &),

u ™Mbl mosiaraeM A. = [ac, be], A, = [ac, b:]. Kak omucano B §2, cerment A
k-ro pamra cofaepxuT JBa cermenta panra k + 1 — Ay (eswiit) m Aoy (mpa-
BBIil), & MEXK/Iy HIUMI, CHMMETPHIHO OTHOCHTE/THHO CepeiHbl A, DACIOIOKEH
urTepBast k-ro panra d.. [Ipu Takoil HHIEKCAIUE CEMMEHTOB JIeKCUKOTpadude-
CKOM YIOPSIOUEHHOCTH UHJIEKCOB COOTBETCTBYET €CTECTBEHHAs YIIOPSIOYEH-
HOCTb CEerMeHTOB: cermenT A, pacnosiozxken jesee cermenta A, (COOTBETCTBEH-
no A, — nesee A).

B masnbreiiem mbl Beera Oymem paccMaTpuBast JIUIIb 3AMKHY ThI€ i-MEPHBIE
KyObI ¢ pédpamu, mapaJsiebHbBIMUA 0CIM Koopauaar. KpaiiHuMu TodYkamu ujiu,
TOYHEe, HAYAJIbHON U KOHEYHOU Toukamu Kyba, OygeM Ha3bIBATH TE €ro Bep-
OINHBI, KOOPAWHATHI KOTOPBIX MMEIOT MHUHHUMAJIbHBIC (COOTBeTCTBeHHO MaKCH-
MaJIbHbIE) BO3MOXKHbIE 3HaueHus. VIx pa3uoctsb (auaronasnb kyba), OUeBHIHO,
pasua (h,...,h), rue h — aymna pebpa Kyba.

Bgegém Tenepn n-mepuble Kyonl Q: = Q¢ ¢, = 551 X - X ﬁjn, [IPEJICTaB-
nstrornye coboii mpousseienus cerMeHToB 1-ro panra Ag = [0,b], Ay = [1-b, 1],
BOBHUKAIOMUX TIpu mocTpoennn MHOKeCTBa Cp. [10CKOTBKY aHAIOTHIHBIE Cer-
MEHTBI, BO3HUKAIOIIUE IIpHU ToCTpoeHun Cy, 0003HAYAIOTCS CUMBOJIAMU A, BO3-
HUKaeT COOTBETCTBUE MEXKIy HuME u Kybamu Q. (¢ € &,).

Kyb6u1 Q: (¢ € &,) 6yaem Ha3bIBaTH Kybamu mepBoro yposHs. Vx uncio (kak
U 9UC/I0 CEIMEHTOB paHra n) pasHo 2", a jmusbl pébep pasabl b. HavanbHas
1 KOHedHas TOUKH Kyba (). obo3madarorcsa cumBoaamu A, u B..

PaccmorpuMm romorerndnbiil 00pa3 eIMHUIHONO Ky0a MPH CKATUH C KO-
dburmentom b, To ecth Ky6 QF = [0,6]", rae cumBoa 0 0Go3HATAET ABOMIHOE
CJIOBO JITMHBI N, BCe OYKBBI KOTOPOro — Hysim. B HéM comepxkurcs 2™ obpazos
KyboB 1-ro yposusa. CoBMmeniasg Ky6 (5 ¢ HOMOIIBIO CABHIOB Ha BEKTOPHI Ay
¢ Kybamu (Q, IepBOrO ypOBHS, MBI HOIyuHM 227 06pa3oB COAEpIKAIUXCA B
HEM KyOOB (ITOJIydeHHBIX CKaTweM KyDOB [epBOrO ypOBHsI). DTH KyObl Ha30-
BéM Kybamu BTOporo yposusa. Oum umeror Bug A, + bQ. (6,0 € &), u MbI
Oymem 0003HAYATD UX (Jye. Bce OHM ABIAIOTCA IPOU3BEACHUSIME 71 CECMEHTOB
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Ealo& (1,00 = 0,1) BrOpOro panra (mpuué™m o M € HPEACTABIAIOT COBOI
COOTBETCTBEHHO HAOOPBI IEPBBIX W BTOPBIX OYKB MHJIEKCOB COMHOZKUTEJIE).
[ToBTopsist mporeypy, Mbl TOCTPOUM KyObl 3-10, 4-10 U T.J. yPOBHEIl.

Ky6 k-ro ypoeus umeer Bug A + bk_lQﬁ, e A — ero HavdaJibHAsT TOYKA.
O1H KyOBI CyTh He UTO MHOE, KaK JeKApPTOBBLI MPOU3BEIECHUS CETMEHTOB paH-
ra k, BOBHEKAIONINX TpU MOCTpoeHnn MuoxkecTBa Cp. amma pebpa kyba k-ro
ypoBHs pasra b¥, a unmcio Taknx ky6o — 2™F. Mmmekcsl KyGaM k-ro ypOBH
MBI Oy/IeM TPUMHACHIBATH UHAYKTUBHO, PYKOBOJICTBYICH aHAJOTHEN ¢ HyMepa-
el CerMeHTOB; KpafiHre TOYKYM MMEIOT Te YK€ WHIEKCHI, UTO U COepIKAIIIe
ux Kybbl. Kybsl 1-ro ypoBHs yxke cHabxkenbl unjgekcamu. Cauras, ato k > 1 u
KyObI (k—1)-ro ypoBHS yKe “3aHyMepOBaHbl”, IPUIAIIEM HHICKCHI KyOaM k-ro
YPOBHSI. 3aMETUM, UTO €CJIN A,, — BO3HHKAIOMIHIL mpu noctpoennu Cp CerMeHT
panra nk u w = o€, rae o € Ey 1), € € &, TO, KAK HETPY/HO MPOBEPUTD,

zw = aa + bn(k_l)zm
TO eCTb
G = Gy + 0"* VG, b, =a, + 0" F Vb, =G, + bk
B coorBercrBum ¢ 3Tum onpeenum (), IpU W = 0€ PABEHCTBOM

Qas = Acr + bk_lQea

HOJIyqa.SI KaK CJjie/ICTBHE
Aye = Ay + YA, B,. = A, + b 1B, = A,. + bPe, (4)

rne Age, Ap m A — HadaJIbHBIE TOYKU COOTBETCTBYIOMMX KYyOOB, Bye — KO-
HeuHas TOYKa Kyba Qye, a e = (1,...,1) € R™. Ilo nocrpoernio Qy: C Q-

CorniacHo BBeJEHHBIM 00O3HAYEHUSIM MexJy cermeHtamu A, = [ay,b,| n
HEIOCPE/ICTBEHHO CJIEJYIONMM 38 HUM CerMeHTOM A, = [ayr, by]| aexur un-
repBas (by,ay), AymHa KOTOPOro ganaee obosnadaercs cuMBosom f,. 3ame-
TUM, 9TO WHTEPBAJIbI, PA3/IE/IIONINe CerMEHThI JAHHOIO PAHTa, UMEIOT MEHb-
1€ PaHIH.

Ecm |w| = |o'| = nk, u ungexc w’' HEMOCPeACTBEHHO Ciieiyer 3a w, TO
KyObr @, u @, a Takke ux Bepmmnbl By, u A, Oy/1emM Ha3bIBATH COCEAHUMHA.

Ecmu w = oe u |o| = n(k — 1), |¢e| = n, npuuém € # 1, rae 1 — cioso, Bee
OYKBbBI KOTOPOro — eauHupl, 70 w' = o’ n oba kyba Q,, Q. cojep:karcs B
Kybe Q.

OTMeTnM, HAKOHEI, 9TO, KAK HETPYIHO yOeIuThCs, IepeceueHne MHOKECTB
U, es,, @uw ectb ne uto unoe, kax Cy':

N Ua-a

k=1 we&in

’
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JdokazareabcTBo jeMMbl 1. [Ipumep:xkuBasick 0003HAYEHN, BBEIEHHBIX B
HadaJsie 3Toro naparpada, 0yjaem crpouts Tpedyemblii myTh v. OH coBCeM mpo-
CTO MEHAETCA Ha MHTEPBaJIaX, BOSHUKAIOIINX IIPU IIOCTPOCHUN MHOXKECTBa C*:
KOIJIa, apr'yMeHT % BO3PACTAeT Ha MPOMEXKYTKE MEXK]Ly COCEJHUMU CerMeHTa-
vu Ac; u Ay npu |e] = [€'] = n, 3nadenns y(u) npoGeraioT 0AHO 3BEHO —
[PAMOJIMHERHBIA OTPE30K, COeIMHAONINI KOHETHYIO TOUKY Kyba (e ¢ Hada/ b
HOI TOUYKOW Ky0a Q.. DTO yCjIoBHE, PACIPOCTPAHEHHOE Ha BCE MHTEPBAJIbBI,
OTHO3HAYHO OIlIpezesideT HOCUTE/Ib IIyTH. Hepr,Z[HO BUAETH, 9TO IIPpU 3TOM

’Y(AO'E) C QO’E?

eciu el = nulo| = nj (j = 0,1,...). [Ipexcrasrenne o kpusoit ([0, 1]),
MMeroIeil caMOmoso0HyI0 CTPYKTYDY, B JABYMEpHOM ciydae (n = 2) MOXKHO
[OJIyIUTh U3 PUCYHKA 1, HA KOTOPOM H300pasKeHbl 3BeHbsl, BOSHUKAIOIIHE I0-
cJle TEpBBIX TPEX IIAroB MOCTPOEHUs (OHU JIeKAT BHE KBAJPATOB TPETHEro
yPOBHs1). 3BEHO HAMOOJIBINEI JJIMHBI, COEIUHSIONIee KOHEUHYIO TOUYKY KBaJIpa-

(dii.ll '-f:"ll

o o

Puc. 1

Ta Qo1 = Ag X A1 ¢ HaYaJIbHON TOYKOM KBagpara Q19 = A1 X Ag, COOTBeT-
CTBYeT 3HAYEHWSIM [TyTH Ha WHTEPBAJIE ) = (%, %); nBa 60/1€€ KOPOTKUX 3BEHQ,
(coemmusiomue kBaaparsl Qoo = Ao X Ag ¢ Qo1 = Ag X A1 m Q19 = A1 X Ay
¢ Q11 = Ay X Ay) COOTBETCTBYET 3HAYEHMSIM IyTH HA MHTEPBagax Og u 07.
BBeHbH, COOTBeTCTByIOH_[I/Ie 3HAYECHUAM nyrn Ha MHTEpPBaJIaX BTOPOIrO M Tpe-
THErO0 PAHIOB, COAEPXKATCA B KBaJpaTax IEPBOr0 ypoBH#. B kBajparax Tpe-
ThEro ypOBHH COAEP2KaTCA 3BEHbA, BOZHUKAIOIINUE IIPU ,Z[aﬂbHeI‘;IL[II/IX Irarax m

COOTBETCTBYIOIINE 3HAYEHUAM IIYyTHU Ha WUHTEPBaJIaX 06JIBIINX PaHTOB.
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OcHoBHAsT TPYIHOCTH B PEAJN3AIINN TAKOTO TIOCTPOEHUS — 0DECIEINTh HY 7K-
HYIO [VI3JIKOCTh 11y TH 7. ITo TexHnyeckum coobpazkenusiM yi06HO cHavaJa CTpo-
UTH HE CaM 3TOT TyTh, & €ro MPOU3BOAHYT0. [Ij1st 9TOT0 HaM MOTPEedyeTCsT BCIO-
moraresbhas dyukius § € C°°(R), yaosaersopsiomas yCaoBusm

1
/H(u)duzl, O(u) >0 mpu 0 <wu<1wub(u)=0sue (0,1).
0

Ilepexoas HEMOCPEACTBEHHO K IMOCTPOCHUIO, OIPEIETNM BEKTOP-(YHKIIN
©1,0,,. .. k1acca C°(R; R") papercrsamu (HamomuuM, uto 1 = 1,...,1 € &,,
a {, — JNJWHA WHTEpBaJa, PA3JE/IMIOIero CErMEHT C MHIEKCOM W M HEmOCPEe-
CTBEHHO CJICIYIOIIHIi 33 HUM):

— b,
Orw =Y > ie(“Tef)(Aml B,
|0’|:n(k—1) |5‘:ﬁ’
e#1
- bk—l Z Z %9(%@'5)(148/ . Be)-
|o|=n(k—1) |e|=n, oe o€
e#l

ITocseree paBeHCTBO CIPABEJINBO, IIOCKOIBKY M3 COOOPAKEHUIT IOZ00UST SC-
HO (cMm. (4)), uTo

Ager — Bye = ¥ "1 (Ay — B.) upu miobuix o € Enho1y 1 €&y, e# L

Hac 6yzer nunrepecoBarsb cymma, psijia

_ 1 /u—0b

doouw = o1+ 0 Y Y (=) (4 — Bo), (6)

k>1 E>1 lo|=n(k—1) |e|=n, °¢ o€

e#£1

obo3HavaeMast B JaiabHeiiinem O, a Ha 3aK/JII0UYNTEIBHOM ITAIE JJOKA3ATETbCTBA
— NepBOOOPA3HBIA /1151 HEE Ty Th f; O(v) dv, KoTOpBIit, Kak Mbl yOeauMmest, npu
u € [0, 1] coBuajaer ¢ HCKOMBIM.

Ormernm BaxkHbI dakT: npu k > 1 kaxkas GyHkust O paBHA HYJIO BHE
cermentoB panra n(k — 1) u na cermentax panra nk (a caegoBaTebHO, U HA
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cermenTax 00sbmux panros). Takum obpasom,

O} TOXKIECTBEHHO PABHA HYJIIO

(7)
Ha CerMEHTaX BCeX paHros, kpome n(k —1).

Orcroma cienyer, uro dbyskuuu O, a BMECTe ¢ HUMH ¥ YaCTUYHBIE CYyMMBbI
psaa (6) obpamarorcs B HyJb Ha CECMEHTaX paHra nk, U CJe0BaTeIbHO, BCe
9TU CyMMBI PaBHBI HYJIIO HA MHOXKeCTBe Cy.

BameTum TakKe, YTO KazKJI0€ U3 CJIaraeMbIX B IpaBoii yactu paBeHcrsa (5)
OTJIMYHO OT HyJIS JIMIIb HA CBOEM HHTEpBAJIe, M II0TOMY OHH “HONAPHO JH3b-
IOHKTHBI”, TO eCTh B Kax0ii Touke u3 [0,1] \ Cx TOIBKO OJHO U3 CJlaraeMbIX
[IPUHEMAeT HeHyJIeBOe 3HAUeHHe (IIPU 9TOM KOOpPANHATHbIE (DYyHKIUH myTel O
He MEHSIOT 3HaKa Ha MHTEPBAJIaX, JOHOJHATEIbHBIX K Cy). VI3 9TOr0 CBOMCTBA
wieHOB pgja (6) BeITEKAeT, 9TO KaK OH, TaK ¥ BCE PsJIbl, MOJIYIAIOIMECT U3
HEro mo4aeHHbIM JuddepeHnupoBanmeM, I0TOYeIHO cxoaarces. Kpome Toro,
npu u € [0,1] ero cymma ©(u) ornmuna or Hyasd BHe MHOKecTBa Cy, a Ha
cam6M sToM MHOXKecTBe (kak u BHe [0, 1]) oma obpamtaerca B Hyab. Y6eaum-
s, 9TO IMyTh © HMeeT JOCTATOYHYIO IVIAJKOCTh, a MMEHHO, BXOAUT B KJIACC
C(t—l)—O_

Ouenum cHavaia ciaaraeMbie npoanddepenimpoBanHoro psaaa (6) B Touke
U € (bye, per) mpu |o| = n(k — 1), |e|] = n, e # 1. dcno, uro gua k > 1 u
JI060r0 HATYPAJIBHOTO 4 CIIPABEJJINBO PABEHCTBO

k—1
(i) B b N
Oy (w) = (le )it ‘9()( lye )(AE' - Be),
7 TIO3TOMY
; bk—l
lo ()| < ooy GV 8)

e C; = max,,e[o, 1] ‘9(’) (w)|. ockonbky |oe| = nk, panr unrepsana (b, Gge’)
MeHblIle nk, Tak 9TO Jis ero JIUHBL £, cOrmacHo paBeHcTsy (1) cupaseiusa
OIIEHKA CHU3Y

2—nk
Eaa 2 W; (9)
7 TIO3TOMY
109 (u)|| < b51(6(nk)22™) ! C; v/m.

ITo yciosuio b = 27™ u, ciaegosarebHo,
H@l(j) (U)H _ 0(2—nt(k—1) (k22nk)i+1) _ O(k2(i+1)2—nk(t—i—1)) (&)

(mocrosinnast B O-41eHe MOXKET 3aBUCETH OT N, | U t, HO HE OT k).
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Bynem cuurars noka, uro r = [t] < t. I3 onenkn (8') BugHo, uro npu i < r
u 06bix u € [0,1] u k € N cupase/yinBo HepaBeHCTBO

H@](CZ) (u)H < 0k2r2—n(t—r)k’

e koHcranTa C' He zapucur or k. ITockosbky t > 1, u3 Hero cieayer
(r — 1)-rnagkocrs dyukunu O Ha R.

Y6eaumes renepn, uro © € C*71(R;R™) npu mobom s u3 unrepsana (r,t).
J1s1 9TOTO OIIEHEM pa3HOCTD @,ir_l)(u) — @,(:_1)(1)) npu u, v € [0, 1]. CoryacHo
HepaBeHCTBY Jlarpanxka

0w = 8V @)] < max|& )| lu vl

Ucnonw3ys cuagana (8) ¢ i = 7, a 3arem (9), Mbl IPU TPOM3BOIBHBIX Kk U
nekoropom C' (He 3aBucdamem ot k) noaydaem

160 w)| < 2, v < arg-nbtguie,
(éas)r_H loe
Bwmecte ¢ mpeapIaymmM HEpaBEHCTBOM 9TO JAET HAM:

Ck |u—vl

H@I(CT_D(U) _ @](Cr—l)(v)H < onk(i—r) ?

(10)
[Iposepum, aro dyHKIMN el J1 -

, N YAOBJIETBOPAIOT yCI0BUIO JInmmmna ¢ 1o

KazarejieM o = S — T, KOHTPOupys Koucrauty Jlunmmuna. [is aToro mpesimo-
JIOPKUM CHAdaJa, 9YTO TOYKHU U,V MPUHAIIEKAT OJHOMY U TOMY K€ JONOJIHU-
TesibHOMY MHTEpBasy. Ecau ero panr Benuk (6osbme, uem nk), to Ok na HéM
obpalnaercs B Hy/lb, TaK 9TO jiyis eBoit vactu B (10) cupaseyusa tobast onen-

u—v
Ka. Ecau ke paHr WHTEpBaJia HE MPEBOCXOAUT Nk, TO, MOCKOJBKY | 7 | < 1,
og

u3 (10) BbITEKaer, 4To

C k2 <|u—v|

H@](;«_n(u) _ @(r—l)(v)H < g (o

)ag CLylu — v, (11)

Ed

2s
rae Ly = (6n2)am. [TocjieHee HEPABEHCTBO CLPABEJIMBO, TaK KaK CO-
riacuo (9)

k2r k2r o . k2(r+a)
2nk(t—r)€a < an(t_T) (G(nk) 2 ) = (6” ) = Lk

onk(t—r—a)

(r=1)

Takum 06pazoMm, Ha II000M JOMOJTHATEIHLHOM HHTEpBaje MIPOU3BOLHasd O

yI0BJIETBOpsieT ycaosuio Jlummuia ¢ nokasarenrem « u koucrauatoit C'Ly. fcHo,
uTo HepaseHcTBo (11) ocTaéres cupaBejIMBBIM M DU COBIAJEHUU OJHON 13
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TOYEK U,V C KOHIOM MHTepBaJ/a, rjie BeKTop-pyHKIus O 1 Bce eé npousBoji-
Hble 00palaloTCs B Hy/lb. PaccMarpupasi BMECTe C IPOM3BOJILHBIMU TOYKAMU
u,v € [0,1] \ Cx s1€2KaIIME MEXK/ly HUMK KOHLbI O0BEMJIIONINX X UHTEPBAJIOB
1 ucnosib3ys Hepasenctso (11) mHeTpyHO yOeguThCs, YTO MPU YIABOCHUH KOH-
craHThl JIUImmma OHO ClIpaBeIMBO U Jijist IPOU3BOJIBHBIX U, v € [0, 1]:

H@l(:_l)(u) - 9;(:_1)(71)“ < 26Lk\u —o|  wmpu w,v € [0,1].

Tax xaKk psag Y peq Li cxopures (nockombky Ly = O(k?$27"k(=9)) ‘pre t > s),
BexTOp-byEKma O (cymma pamsa (6)) Bxomur B Kmace CT 179 1o ecth B
kmace C*~1, a BBy mpomssombHOCTH S (5 < t) u B Kmace C¢—D=0,

Ecim t > 1 — mesnoe 4uciio, ToO aHAJIOMMIHBIM 00Pa30M MPOBEPSAETCS BKJIIO-
genme © € C72 npu mobom o < 1, aro m Tpebyercst. Takum oGpasoMm,
nepBoobpazueli st © myrh v BxoauT B Kitacc CP0. @uxcupyst ero pasen-
creom ¥(0) = 0, ybeaumes, 9T0 OH yJJOBJIETBOPSIET BCEM YCJIOBHUSIM JIEMMBI.

Kak mbr ormeuasu, O(u) # 0 upu u € [0,1] \ Cx u O(u) = 0 npu ocrainb-
ueix 4 € R. TTosromy cnpasesymso nepsoe u3 paBeHCTB (2), n HAM OCTAETCS
yOenuThCs B CIPABEIINBOCTH BTOPOI'O M3 HUX, TO €CTh yOeIUTHCs, 9TO IMPHU U
u3 C, rouxu y(u) 3amonusior Cp'.

Hauném c BblYMCIEHUS 3HAYEHUN HEKOTOPLIX MHTErPa/oB 0T ©, B CBA3U C
YeM OTMETHM IIPOCTOE PABEHCTBO [IJIsl UCIOJIB3YeMOM HaMmu (GyHKIuU 6§, npu-
MeHsIeMOe Jlajiee 0e3 ClielrallbHbIX CChLIOK: 1npu ¢ € R, £ >0

1 p(L—c¢ _1C+é u—c B / _
Z/ ( 7 )du_z/ﬂ( 7 )du-/@(v)dv—l.
R c 0

[Tycrb, Kak U BbIIE, £ — MHJIEKC, CJICAYIOIIMUIT 38 UHJIEKCOM € = €1 ...E, B
nekcurorpaduaeckoit ymopsmogerroctn, 1 0 =0...0, 1 =1,...,1 € &,.
IIpexze Beero naiiném uurerpan [; ©(u)du no unrepsaty 0, = (£,3). On
Os * 44
BaKJIIOUYEH MEXKJy COCEJIHUMU CerMEHTAMU PAaHra 1. JTO CErMEHT
1
As = [a57b5] = |:a€7 _]
4
U HErmoCPeJCTBEHHO CJIeYIOIIHi 38 HUM CEerMeHT

5o =) =[]

Kax ciemyer W3 WX MOCTPOEHHS, OHH HMeEOT mHjeKchl € = 01...1 n & =
10...0. 3 oupenenenns Oy (cum. pasencrsa (5), (6)) BeITeKaer, 9T0

/@(u)du: /@1(u)du:
Ox

5*

Qs

1 u — b,
/ZEG( 7 ) du(Ay — B.) = Ao — B..
be
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3mecy Ao m B, — mavasbHas M KOHEYHAs TOYKM KyOOB NEPBOrO ypPOBHS
Qalzﬁlxﬁox---xﬁo u Qezﬁoxﬁlx---xﬁl,
rae Ag = [0,8], Ay = [1—b,1]. Tosromy
Ao =(1-05,0,...,0), B.=(b1,...,1),

Ao —B:.=(1-2b,—1,...,—-1).
Uraxk,

/@(u)du: (1—2b—1,...,—1).
o

AHAJIOrIIHO MOXKET ObITb BBIMHC/ICH UHTErpast | s ©(u) du, rae 0 — unTep-
BaJI HEKOTOPOro pasra. Ilycrs ¢ € N — MakcuMaabHOE U3 TAKUX YUCE]I, U4TO
cermerr A, panra n(i — 1) cogepxkur §. IlockonbKy wHTEpBaa § HE MOXKET
CONIEPKATHCSI HU B KAKOM CerMEHTe paHra Mi, OH PACIIOJIOKEH MEeXKJy JIBYMs
TAKWMHU CEIMEHTAMU, 13 KOTOPBIX OiH (0003Ha4nM ero A, ) HemoCpeICTBEHHO
npezmiectByer cermeHty Ay, Ilosromy u3 wienos psga (6) gume ©; we 06-
pPaIaeTcss TOXKJAECTBEHHO B HyJIb Ha 0, & CPEAM CJAaraeMbix, obpasymomux O,
TaKUM CBOICTBOM 00JIa[aeT JIMIIL CJIaraeMOoe i@(%) (A, — By) u mosromy

/@(u) du = A, — B,,. (12)

Boramcaum Terepb MHTErpaibl OT © 1Mo cermMeHTaM JF000ro paHra KpaTHO-
ro n. Ilycts A, — Hekoropsiit cerment panra |w| = jn (j € N). Kak mb
ormedasn, GyHKIMN Of paBHBI HYJIIO Ha BCEX CEMEHTaX paHra mk, a Cjeio-
BaTEJIbHO, U HA BCeX cermMeHTax O6sbumx panros (cu. (7)). B wacrnoctn, npn
k < j byaknum @k paBubl Hymo Ha A,,. [TosTomy

/@(u) du— /@k
Ay

k=j+1A
U—bge (13)
T, E (e
e;él

Paccmorpum naTerpast, Bo3nukimii B mpasoit uactu pasencrsa (13). Tlogpin-
TerpanbHasd (DyHKIUs paBHA Hyal0 BHE uHTEPBANA (Dye,Gper), JI€KAIETO B
cermenre A,. ITosromy B ciaydae Ay, N A, = & uHTErpas paBeH HyJI0 pA
KazKJIOM €, TAK YTO TAaKOBAa M BCA BHYTPEHHSAs CyMMa. B IIPOTMBHOM Cirydae
(boe, Gger) C Ay C A,, 1 NO3TOMY MHTErPAJ MOXKHO 3aMEHUTH UHTEIPAJIOM
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1o uarepBany (bye,per) = (bge,bye + loe), KOTOPBIH pasen 1. 1o 1m03BO-
JISIET BBIYUCJUTL BHYTPEHHIOI CyMMy B npapoii wactu dopmyasr (13) (ma-
Jee mcnosb3yiorcst pasencra Ay = 0 € R”, By = (1,...,1) = e € R" n
B.— A. = (b,...,b) =beupnu |e| =n):

S ([ o ) (e - B = Y (4~ B)

lel=n, W _ lef=n,

e#1 e#£l

=Y A=) Befe=e— Y (B.—A)=(1-2")e.

le]=n le]=n le]=n

Urak, Buyrpennss cymma B (13) paBua qubo mymo (ecim Ay, N A, = 9),
6o (1 —2"b) e (ecoiu A, C Ay). Iockoabky cerment A, panra nj couep-
wur 2"F=177) cermentos A, panra n(k — 1), TAKOBO K€ 9UC/IO HEHY/IEBBIX
claraemMbix. DTO n03Bosisier nepenucarb dopmysy (13) B Buge

oo

/ O(u)du = Z pelonk=1=0)(1 —9"p)e = b e
(psin cxonuTCs, MOCKOIBKY MO ycjiosuio b = 27"t < 27M), Vcnonb3oBaHne
pasenctsa bV e = B, — A, 3aBepIaer BBIYNCIEHUS:
/@(u) du = B, — A, (14)
Ay

C momormpio dhopmy (12) u (14) merpyaHO 10Ka3aTh, 9TO
/@(u) du= Ay (W€ En) (15)
0

leficTBuTE/IHHO, JOCTATOYHO MIPOBEPUTH, UYTO U3 YTOI0 PABEHCTBA JJIsT KAKOI0-
TO MHJIEKCA W € Epp BHITEKAET AHAJIOIMYHOE PABEHCTBO [IJIsl HEMOCPEICTBEHHO
CJIeLyIoIero 3a HuM uHjiekca w’ (mockosbky (15) oueBuHO, ecim w — HyJIeBoe
cs1080). Bocmonb3yemest paBeHcTBOM

a,,’ 1) bw a,,/
/@(u)du:/---+/---+/....
0 0 (o7 bo,

ITepsoiit maTerpan B npasoii 9actu pasen A, 10 NPEAIOI0KEHUIO, BTOPOW
pasen B, — A, cornacuo (14), a nocneaunii pasen A, — B, no dopmyae (12). B
pe3y/IbTaTe CI0KEeH s Mbl IPUXOAUM K pasercTry (15) ¢ nagexcom w’ BMeCTo w.
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BaBepiias BbIYUCIIEHUST, 3aMeTuM, 9T0 ¢ noMopio (14) uz (15), oueBnjHo,
MOZKHO OJLy9nTh ¥ aHaaorudHoe (15) paBeHCTBO J/isi IPABbIX KOHIIOB CErMeH-

TOB: )
/@(u) du = B,,. (15")
0

Kak mbl yzke roBopuJin, HCKOMBIl IIyTh 7y — 9TO MHTErpPaJl

t
/@ u (t € R).
0

N3 (15) u (15') Beirexkaer, uro npm mobom k € N MHOKECTBO Y-00pa3os
KpailHUX TOYEK BCEBO3ZMOXKHBIX CEIMEHTOB PaHIa Nk COBIALAeT C MHOXKECTBOM
KpaiftHuX ToYeK KyOOB k-r0 ypOBHS. Y UUTBIBasi, 9TO OObEJMHEHUs] ITUX MHO-
»KecTB BCofly 110THBEI B Cy 1 C]' COOTBETCTBEHHO, Mbl IPUXOUM K DABEHCTBY
v(Csx) = CJ'. Paccmarpusast cerMenTsl, copepzkarnuecs B Ay, i UX KpaifHue To4-
K1, J1erko yoeaurbest, aro ¥(C NA,) C Q4. Tak kak koopaunaTHbie GyHKIMN
MyTH 7Y MOHOTOHHBI Ha, KarKJIOM KOHEYHOM WHTEPBAJIE, AOMOJHUTETHLHOM K Cy
(HOCKOJIBKY Ha TAKOM MHTEPBaJIe BCe KoopauHaTHble dynknun mytr 7' = © 1o
HOCTPOEHMIO COXPAHSIIOT 3HAK ), OTCIOAA BhITeKaeT BKatouenue (A, ) C @y, u3
KOTOPOTO, B CBOIO OUEPE/Ib, CJIEYET, U9TO IIyTh Y — MPOCTOM (IIOCKOJBKY KyObI
OJIHOTO U TOTO K€ YPOBHS TIOMAPHO HE MEPECEKAITCS ). O

3ameyanue. VHTEpecHO paccMOTpersb myTu Sj, OTIUYAIOMMECT OT YaCTHI-
HBIX CyMM psizia (6) caaraeMbim @k,

O (u) Ze( nk>e,

|o|=nk

rie h,r — mmuHa cermenta A, pamra nk. I[lytu, mepBoobpasmbie s myTeit
S}, JIETKO OMMCATH: UX HOCUTEIN CYTh JIOMAHBIE, COSTUHATONTNE KPaHTe TOUKN
Ky00B k-ro ypoBHs. TouHee, KOHIIBI cerMeHTa A, paHra nk OHH IpeobpasyroT
B HAYAJIbHBIE W KOHEYHBIE TOUKU KYOOB (Jy, & CAMH CErMEHTh — B WX JIHa-
ronasin. [Ipm sTOM pasmessionine 3TH CErMEHTh WHTEPBAIBI 0TOOPAKAIOTCS
B OTPE3KH, COEIUHSIONINE KOHEYHbIE W HAJYAIbHBIE TOUYKH KyOOB, HEmoCpes-
CTBEHHO CJIEAYIONINX JIPYT 3a APYTOM (9TO, KAK MBI BUJIEJH, CIPABEJIABO U
7151 IepBooGpasnoii mytu © — cum. pasencrsa (14) u (147)). Buecre ¢ Tem, Kax
JIETKO yOeIuThCsT, CyMMBbI ék JOIIYCKAIOT PABHOMEPHYIO OLICHKY

ék(u) _ O(k‘2 Q—nk(t—l))’

TAK 4TO OpenenoM nyreit Si, Kak m 4acTudHbIX CymMM psga (6), aBasgercs
myTh O.
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[IpuBesém B 3aK/II09EHNE BAPUAHT JIEMMbBI 1, C TOMOIIIHI0O KOTOPOI'O0 MOYKHO,
HECKOJIbKO U3MeHssl JI0Ka3aTe/lbCTBO TeopeMbl 2, JloKa3arh Teopemy 2.

Jlemma 1'. IIput > 1 u 0 < b < 27™ cywecmeyem makoti npocmoti nymo
v € CH[0, 1;R™), wmo

N@®) =Cv u K(v) =7(N (7)) =Cx - xC =Cp.

Hokazarenscrso jlemmbl 1) moropsitomniee (¢ HE3HAYUTEIBHBIMU Y ITPOIIEHH-
SIMHU) JI0KA3ATEBCTBO JIEMMbI 1, MbI OITyCKaeMm.
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