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Ham CEMHHAP: MaTEMATHUIECCKHE
CIOXKEThI

HeaneMeHTapHOCTE HEKOTOPHIX NHTETIPAJIOB
DJIEMEHTaPHBIX (PYHKITUIH

B. B. IIpacomos

B 1833 r. Jluysuwis [4] mocTpowt nepsbie mpuMeps >IeMEHTAPHBIX ) dyH-
KIIAW, HHTErPAILI OT KOTOPBLIX HE DICMCHTAPHEL. B wacTHOCTH, OH MOKa3am,
TTO HEOUPEIeJIeHHBIN HHTErpal | e*’dz me aBrgeTCA areMeHTapHOU (HYHKITA-
enn. JlmyBmias nokasand TakXke BEChbMa, OOIIYI0 TeOpeMy, KOTOPAasd MO3BOIAET
CTPOUTEL APYTHUE IPUMEPHI DIEMEHTAPHBIX (DYHKIIUU, UHTETPATHI OT KOTOPBIX
HE JEeMEeHTAaPHBL.

HauGonee ecrecTBenno Teopema JluyBumiis popMyaupyeTcs U JOKA3LIBA-
eTCA Ha A3bIKe AU EepeHInaIbHbIX TOJeN, KOTOPLIN OauXke K airebpe, dem
K aHaMU3y. Bo3aMoxHO, UMEHHO mO>TOMY TeopeMma JImyBULIs HE CTOJIbL XOPO-
10 M3BECTHA, KAK OHA TOTO 3aCAyXUBAeT. TeM Oosee, ITO ee COBpEMEHHOE
JIOKAa3aTeILCTBO (IpUBELEHHOEe, HAIpUMED, B [7]) He Tak yX CIOXHO, a caM
mpeaMeT BeChbMa WHTEPECEH.

JImyBULIE MOOWICA yCIeXa B PEIIeHUU DTOU TPYAHOU 330A<U BO MHOTOM
Omaromaps TOMY, YTO OH BBEI yAa9HOE OMPENENCHUE DIEMEHTAPHOU (PYHK-
uuu. JIuyBUIIbL BOCIOIB30BAICA TE€M, YTO TPUTOHOMETpUIEeCKUE MYHKIUU U
oOpaTHBIE K HUM BBIPAXAIOTCS Yepe3 BKCIOHEHTY u JorapudM, a DKCIOHEH-
Ty U JOrapudM MOXKHO ONPEIETUTDH ¢ TOMOIIBIO CAEAVIOMEr0 CBOUCTRA: €CIu
g(z) = /), w0 ¢/ (z) = f'(x)g(x).

B Teopun JInysuiwisa ocHOBHOU 06BEKT — 5TO duddepenyuarvroe nose K,
T.e. TIoNe, B KOTOPOM 3ajaHa onepanusa dugddepenyuposanus a — a', obra-
naomaa creaytomumu ceoicteamu: (a +b) = a' + b u (ab) = a'b + ab' mua

1)Or[pe,zgeJIeHI/Ie DIEMEHTAPHON (PYHKIIUN TPUBEJEHO IyTh HIXKE.

MaTemaTuueckoe npoceewenue, cep. 3, suin. 7, 2003(126-135)
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JMI00BIX 3JIeMeHTOB a, b moasa K. Mul Bcerga GyaeM MpeAmoaaraTh, ITO Xapak-
Tepuctuka noiasi K pasua HyIO.
Ecma a # 0 u ' = Va, To p1eMeRT a HA3HIBAIOT 5KCNOMEHMOT DIEMEHTA
b, a paeMeHT b HA3LIBAIOT 402aPUPMOM DIEMEHT], a.
a'b—ab'
v
menoro n u 1’ = 0, mockomsky 1/ = (12)' =2-1-1".

a

!
Jlerko TpoBEpUTH, UTO (3) = (a™) = na™ 'a' gna moboro

daemenT ¢ € K maswBaioT xkoncmanwmoti, ecmu ¢ = 0. KorcrarTsr o6pa-
3VIOT mofamnoae B more K.

Nudpdepenmmansuoe mone L D K HaswsBaloT Juddepenyuaibrbim pacuii-
penuem moaa K, ecim muddepennuposanne noasd K coBmagaeT ¢ orpaHUtde-
mueMm Ha K muddepennuponanus mouas L.

HamoMuumM, <TO IOJe, HOIyYeHHOE IPUCOeAWHEHWEeM K momo K sremMeH-

TOB t1, ..., tp, O603HAGAOT K (t1,...,t,). [Juddepenumansaoe pacmmpenne
L D K Ha3BIBAIOT 94eMEHMAPHbIM, WIA pacuwupervem Juysusas, ecaim L =
= K(t1,...,tn), Tlle KaXIBIX SIEMEHT t; YIOBIETBOPAET OJHOMY U3 CIEIYIO-

[UX TPEX YCIOBUU:

-1
> t; arrebpanyen Hag K; = K (t1,...,ti—1), T.e. t!'+apn_1t7" +---+ap =0
Il HEKOTOPOT'O HATYPATbHOTO 1 M HEKOTOPBIX Ay, . .., an_1 € K;;

> t; — DKCIIOHEHTA dJaeMeHTa moisa Kj;

> t; — Jorapudm dmeMenTa moaa K;.

Kowmmrekcunosuaunyo ¢yuknuo, onpegerernyio B obractu U C C, 6y-
IeM HA3BIBATD I4EMEHMAPHOT, €CIN OHA, JEXKUT B HEKOTOPOM DJIEMEHTAPHOM
pacumpenun mons pamuoHarbubx Gyaknui C(z). Bee nmpusbranbie nus mHac
JYHKIINM — MOIMHOMBI, PAIIMOHAIBHBIE (DYHKITUU, SKCIOHEHTHI, JOTapudMbI,
TPUTOHOMETPUIECKUE (DYHKIUA U OOPATHBIE K HUM SBISIOTCA SIEMEHTAPHBI-
Mu 110 JImyBumIo.

Teopema, mokasammas JluyBmimreMm, COCTOMT B TOM, YTO €CJIM WHTETPAT
DIEMEHTAPHON (PYHKIUU (¢ ABIAETCA DIEMEHTAPHOU (PYHKIMEH, TO (PYHKIUI
(r IMEEeT BeChbMa CIEIUATLHLIN BUL. A MMEHHO, CIpaBeIINBO CICAYIONIEeE yT-
BepXkAeHME (KOTOPOE MBI MPUBOJAMM B COBPEMEHHOU (DOPMYIUPOBKE).

TEOPEMA 1 (JIMyBUILIB). IIycmb o € K, 2de K — nexomopoe duge-
penyuaavroe noae. Ecau ypasnwenue y' = a umeem pewenue y, aexcauee 6
HEKOMOPOM DAEMEHMAPHOM pacuiupenuy noas K, umerowem mo xe camoe
noae Koncmanm, mo 6 nose K cywecmsyiom KoHCmManmol i, ..., C, U d4e-
MEMMBL UL, - - .y Uy, U, 048 KOMOPLIT

n I
'U/i /
o= cG—+v.
; Uj
=1
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[Tpexme YeM MepenuTH K JOKA3ATEILCTBY TEOPEMbI JIMYBUILIA U K TIOCTPOE-
HUIO HA, €€ OCHOBE TIPUMEPOB DIEMEHTAPHBIX (DYHKIINN, HEOIPEIeJeHHBIE UHTE-
Ipajibl KOTOPHIX HEXIEMEHTAPHBI, JOKAXEM B3 BCIIOMOTATEILHBIX CBOUCTBA
nuddepeHIATLHLIX PACIIIPEHNN IOIEH.

JIEMMA 1. ITyemb L — pacwupenue dugdepenyuasprnozo noas K. Toeda
duddepenyuposanue noas K moxcno npodoaxcums na L, a ecau pacwupenue
L asazebpauueckoe, mo Jupdepenyuposanue noas K npodoancaemca na L
eQUHCTNBEHHBIM 0OPA3OM.

[ OKA3ATEJLCTBO. [Ipeamomoxum, aTo saemenT X mpancyerndenmen
(r.e. me amrebpawven) man K. Torma mHa xoabmo mHOrowreHos K[X]
muddepernuposanue moaa K MOXHO TPOJOIKUTL CICAYIOIMUM OOpPa3OM:
D(Y apX*) = 3 a} X*. Ha mone parmmorarsabrx dynknuit K (X) momywen-
HOe audpdepeHnupoBaHAe MOXHO OIPOAOMKITE IO POPMYIe

w (Du)v — (Dv)u
o(3)= s
v v

[Ipeamonoxum Temepb, 4To saeMeHT z anrrebpawden mag K m f(X) €

€ K[X] — ero munumanbHbI MEHOrOWIeH. Pacemorpum guddepennuposanne

aﬂ konbua K[X], sagannoe dpopmynon
T

(% (Z aka> = Zkakafl.

OTrOCHTENBHO >TOr0 AudgdEPEeHITPOBAHAA BCE DIEMEHTEL Hod K ABIA0TCA
KoHCTaHTaMu. [losToMy mis mo6oro dukcupoBaHHOrO MHOrowieHa ¢(X) €
€ K[X] omeparop D + ¢(X)0/0x asnserca muddepeHnmpoBaHreM KOTbIA
K[X], orparuvenne koroporo Ha K coBmagaer ¢ D, T.e. cOBIagaeT ¢ UCXOM-
ueiM nuddepennuposanuem mona K. [log6epem muorowien ¢g(X) Tak, 94To6bI
ykaszanHoe auddepeHumposanue nepesoauno B cebsa ngean (f) xkoapua K[X],
nopoxaeaab MEOrOweHOM f(X). /lna 5Toro HeO6XOAMMO W IOCTATOYHO,
9TOOHI BHIIOMHAIOCH PABEHCTBO
19}

(Df)(z) + g(z)f'(z) =0, rme f'(X)= o

Ho f'(z) # 0, mockonbKy f — MUHUMAJBLHBIA MHOTOWIEH daeMeHTa z. [loaTo-
MY KOPPEKTHO OMpeAeTeH DIeMEHT

g9(x) = —(Df)(2)/f'(z) € K(z) = K[z] = K[X]/(f).

DTOMy BIEMEHTY COOTBETCTBYeT MHOrOwIeH kombia K[X|, koTopbi ompe-

JEeTeH C TOYHOCTBIO M0 MpuOaBICHWA K HEMY MHOrOWIeHa, KpaTaoro f(X).

[TocTpoennoe Takum o6pazom guddepennuposanue Konbua K[ X | nagynupy-
~Y

et nuddepennuposanue noas K[X]/(f) = K(x), npogorxkaroiiee UCXOIHOE
nuddepennupoBanue moas K.

(X).
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Mger mokasaau, ITO AudPEpPEHIUPOBAHNE TIOMSA MOXHO MPONOIXKUTH HA,
roJie, TOJYYeHHOE B PE3yJbTaTe MPUCOSIUHEHUI K UCXOTHOMY IOJI0 OIHOTO
paeMeHTa, (aarebpamveckoro mwim TpaHcueHaeHTHOro). [losTomy nuddepen-
IUPOBAHWE MOXHO MPOJOIKUTH HA TOJE, TMOJIYIEHHOE B PE3YJIbTATE ITPHUCO-
€IMHEHUs KOHETHOT'0 MHOXECTBa, daeMeHToB. Hac 6yayT mHTEPEeCcOBATH TOIb-
KO TaKWe PACIINPEHU, MO3ITOMY MBI He OymeM 06CyXIaTh NOKa3aTEAbCTBO B
clIydae, KOTJa MPUCOEANHACTCA GECKOHETHO MHOrO »iaeMeHTOB. (B sTom cay-
“Yae I0Ka3aTeIbCTBO MPOBOAUTCA ¢ MOMOIIbI0 JeMMbl [opHa.)

[lokaxeMm Temepb, 9TO B Ciydae aarebpamdecKoro pacIIMpeHus PO IoJ-
x)erune nudGepeHnupoBaHUA OMPeneIeH0 oqa03HaqHO. [Iycts D1 u Dy — aBa
nuddepeHTnpPoBaHuA oA L, orpaHuydeHnd KOTophix Ha K coBmagaioT. Hyx-
HO IOKa3aTh, ITO ecan siaemMeHT x aarebpamven Ham K, To Diz = Dyx. Pas-
HOCTE Dy — Do sBmuaerca muddepennmpoBanmeM, anayaupylommm K (T.e.
oTobpaxkaromuM Bce daeMeHThl K B Hyib). [I0oTOMy HyXHO TOKa3aTh, 9TO
ecau gudppepeHImpoBaHAe AHHYIUPYET moae K, TO OHO aHHYJIUPYeT U JHo60u
sreMeHT z, Koropwin aarebpamden Hag K. Ilycrs f(X) € K[X] — vunw-
MaJbHBIN MHOTOUIeH saemenTa z. Torga f(z) = 0 u f'(x) # 0. IMosTomy
0= (f(x))l = f'(z)2', a smaaur, 2’ = 0.

JIEMMA 2. ITyemv K — dugdepenyuavnoe noase, K(t) — dupdepen-
yuaabroe pacwupenue noas K, umeiowee mo gce camoe noae KOHCMaHm,
npuuem sqaemenm t mpancuendenmen nad K.

a) Ecau t' € K, mo daa arobozo mnozousena f(t) € K[t] nososrcumenn-
HOU CMENEHU IACMEHM (f(t)), ABAAEMCA MHO2OUAEHOM AUOO MOt Hee camod
cmenenu, wmo u f, aubo cmenenu wa 1 menbuwie, 6 3a6UCUMOCTIU OM MO20,
omauuer cmapuuti KosPduuyuenm mnoeousera f om KOHCMAHMbBL UL Hem.

6) Ecau t'/t € K, mo das ar06020 saemenma a € K* = K\ {0} u awboeo
HAMYPAALHOZO uucaa N umeem mecmo pasewcmso (at™) = dt", 2de d € K*.
Aanee, das aobozo muozousena f(t) € K[t] nosorcumesvroti cmenenu sae-
MEHM (f(t)), ABAAEMCA MHO2OUACHOM MO dHce camotli cmenenu, umo u f;
amom muo2ousen deaumcs na f moeda u moavko moezda, koada f(t) — mo-
HOM.

IOKABATENLCTBO. a) Ilycts f(t) = ant™ + ap 1t" "' + --- + ag, Ta€ ag,
ooy an € K u1ay #0. To yenosuio t = b € K, moaromy

(f()" = alt™ + (nanb + al_ "' + -+ (a1b + ap).

Ecau al, # 0, To (f(t))' — MHOTOWIEH cTenenu n. [Ipegnonoxum, aro al, = 0
u napb + al,_, = 0. Torga (nant + ap—1)" = nayb + al,_; = 0, T.e. snement
nayt + a,_1 apagerca KorcTaaTon. [lo yCI0BMIO Bce KOHCTAHTHI exaT B K, a
3HAYNT, t € K. DTO OIPOTUBOPETUT TPAHCIECHICHTHOCTH daeMeHTa t. [TosToMy

ecmu al, = 0, To (f(t)), — MHOTO4JIeH creneHu 1 — 1.
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6) slcmo, wro (at")' = a't"+nat" "'t = (a’+nab)t", rae b = t'/t € K. Ecim
a' +nab = 0, o (at™)’ = 0, T.e. at” — xoHcTaHTa, a 3HAYWUT, " € K. IT0
IPOTUBOPEYNT TPaHCIEHAeHTHOCTH daemenTa t. [looromy d = a' + nab # 0.
Hycts f(t) = ant™ + an 11"~ +--- + ag, vAC ag, ..., a, € K u a, # 0.
Torga
(f(®)" = (an, + nanb)t" + - - + af.

Mgi TOIBKO 9TO fOKazanu, 9o al, +na,b # 0. llosTomy ( f (t))' — MHOTOWIEH
CTEIeHu 1.

[Ipeamonoxum, aTo MHEOTOWIEH f () HE MOHOM, T. €. OH COAEPXKUT 10 KPau-
HEW Mepe [[Ba HEHYJIEBBIX CIAraeMbIX ant” u apt”. Ecim maOrOwIeH ( f (t)),
penurca Ha f(t), TO KO3pOUIUEHTH STUX MHOTOWICHOB MOMXKHBI OBLITH IIPO-
TIOpUMOHANHHEL. B 9acTHOCTH,

! ! ! ! ! !
a, + nanb Ay, + mamb a t a t

L = T ore. 24 n—=-""+4+m—.
an am an t am t

[Ipu ycrosum, 9TO apamt™ ™™ # (), mocaegHee PABEHCTBO SKBUBATCHTHO PABEH-
ctBY (ant™/amt™) = 0. 3aaamr, a,t"/apt™ € K, 9T0 CHOBa NPOTUBOPETAT
TPAHCIEHIEHTHOCTY DJIEMEeHTA t.

Teneps MOXHO IPUCTYIUTH K TOKA3aTEIbLCTBY TeOpeMbl JIuyBuiLIs.

JOKA3ATEJILCTBO TEOPEMEI JINYBUIILIA. MbI npeamosoXuiy, ITo Cy-
[IECTBYET MOCAEJOBATEILHOCTE AU dePEeHInaIbHBIX paciumpenun moaen K C
CK(t1) C--- C K(t1,...,tN) CO CreIyIOmUMEI CBOUCTBAMU:

> y BCEX DTUX MOJEU OJHO U TO XK€ MOATONE KOHCTAHT;

> KaX bl >IeMeHT t; au6o aareGpamder uag noxeM K (ti,...,t;1), mu6o
ABIACTCA PKCIOHEHTON WA JOTapu(pMOM HIEMEHTa DTOTO TIOJIA;

> cymecTsyeT anemenT y € K (ty,...,tx), Aaa KoToporo y' = a.

lokazarenscTBo mpoBegem mHaykmuen nmo N. [Ipu N = 0 yrsepxge-
HUE O9eBUAHO. [[eUCTBUTEILHO, SIEMEHT ¥ JeXUT B mote K, mO3TOMY MOX-
HO TMOMOXUTL v = y. lIpegmonoxum, aro N > 0 m gma N — 1 yTBepxme-
H7Ee yXe JOKa3aHo. Torga 5TO yTBEpPXKIEHWEe MOXHO IPUMEHWTH K IOMAM
K(t1) C K(t1,...,tN) 1 HOLy9IUTH, 9TO DIEMEHT (¢ MOXKHO 3aIUCATH B TPeOy-
€MOM BH[E, HO TOABKO DIEMEHTHI U1, ..., Up, U OyAyT dexaTsb B mote K (i),

a He B K, kak 510 Hy)HO0. OCTaeTcsa »To ucnpaBuTh. [[0J0OXUM 11 KPATKO-
cru t = t. llo ycaoBuio saement ¢t aubo aarebpamden mang K, mubo asiaseTcs
J0TapudMOM WM SKCIIOHEHTOU daeMenTa moaa K.

Paccmorpum cmadana ciaydau, korjga saeMeHT ¢ anreOpamden Hanx K.
Torga cymectByiorT muOrOwieHsl Uy, ..., Uy, V ¢ xoapdpumuentavu n3 K,
st KoTopex u = Uy (t), ..., up = Up(t), v = V(¢). llocTpoum anrebpante-
ckoe 3ambikaaue nona K(t) m BEIOEpEM B HEM DIEMEHTHI T| = &, To, ..., Ts,
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conpsaxenusie ¢ ¢ Hag K. Cormacuo semme 1 Ha anrebpamveckoe pacimpeHue
IuddepeHnnanbHOro noas auddepeHnupoBaHre TPOLOMXKACTCA eIUHCTBEH-
HBIM 00pa30M, O3TOMY W3 TOT'O, YTO PABEHCTBO

a Ui(r;))’ '
o = ;CZ% + (V(T]))

UMeeT MeCTO miad j = 1, ciemyeT, ITO OHO UMeeT MEeCTO U AJd Bcex j = 1, 2,
..., 8. IIpocymMMupoOBaB mOJyI€HHBIE PABEHCTBA U MOJEIUB UX HA S, MOy UM,

9TO0
n

_ ¢ (Ui(Tl)----~Ui(7's))' V(r) 4 + V() /‘
a_;; Ui(m) - ... - Ui(7s) +( ) )

31€Ch MbI BOCIIOJB30BAJUCH TOX AECTBOM

S

fi fs _ (froofs)

h fs foooo fs M)
Bripaxenna Uj(ry) - ... Ui(rs) m V(1) + - - - + V(75) ABaAroTCca cuMmeTpude-
CKAMU MHOTOWIEHAMH OT Ty, ..., Ts C KOdppumuenTamu n3 K, mosToMmy >TH

BeIpaxenus jexaT B K. Takum 06pasoM, MbI MOXYyYWIN IS (¢ BBIPAXKEHUE
TpebyeMoro Buaa.

B ocrasmmxcs cay4dasx, korga ¢ — DKCIOHEHTA WX JOTapudM dJIEeMEHTa,
nonsgs K, MOXHO mpeanogaraTs, 9To sireMenT ¢ TpancuenaeaTed Hag K. [lpnm
DTOM

n !

(ui(t)) i

a= ;cz ) + (v(?)),
rae ui(t), ..., up(t), v(t) — pammomambHBIE QYyHKIUEM ¢ KOd(PUIMEHTAMA
m3 K. Kaxnayo panmonanbHyo GyHKIUO U;(t) MOXHO IPEACTABATH B BU/E
NPOU3BEEeHNA HEHYJEBOTO diIeMeHTa mona K u mempusoguMbx Hag K MHO-
FOTWIEHOB €O CTApumM Kod(pHUIneHTOM 1, KaX BN U3 KOTOPHIX BO3BOIUTCA
B HEKOTODPYIO CTEIeHb, MOJOKUTEILHYIO Wi OTpunaTeabuyo. [losromy, Boc-
MOMB30BABIIACH TOX [ECTBOM (1), MOXHO IIepenucaTs CyMMy Y | ¢; (uz(t))l/ w;(t)
B BH/E TAKOU Xe CyMMBI, HO B KOTOPOU u;(t) — HENPUBOAUMBIE MHOTOUIE-
HBI co cTapiumM kodddunuenTom 1. [lercTBuTensHo, mas A000TO0 LEIOTO 7
umeer mecto paserctso (") /f™ = nf'/f. Moxuo Takxke canTATDL, 9TO BCE
MHOTOWIEHBL U7, - . . , Uy TOMAPHO PA3IUYHLL U BCe KOD(MMUIUEHTHI ¢; HEHYyIe-
Boie. [lanee, pannoHanbHy0 GYHKIUIO v (t) MOXKHO NPEACTABATE B BUE CyMMBI
MHOTO'WIeHA U HecKoMbKux craraemerx suga ¢(t)/(f(t))", rae f(t) — menpm-

BOJUMBIA MHOTOWIEH €O cTapmuM Koaddunuentom 1 u g(t) — MHOrowIeH,
CTEeTNeHb KOTOPOTO MEHBINE CTeneHn MHOTOwIeHa, [ (1).
Paccmorpum crywan, korga ¢ — aorapudwm srementa K, T.e. t' = d'/a

nuis Hekoroporo a € K. Ilyers f(t) — IpoM3BOIbHBIM HENPUBO JUMBIX MHOTO-
WIEH TOJOXUTENLHOU cTeneHu Hag moteM K co crapmuM kodddumuerTom 1.
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Cormacro xemme 2(a) anement (f (t))' ABIAETCA MHOT'OUIEHOM, CTEIEHb KOTO-

!
pOr0 MeHbIIIe CTeneHr MHOTOWIeHa f(t); B 9aCTHOCTH, ( f(t)) HE JEeIUTCA HA
f(t). peamonoxwum, 9T0 MHOTOUIEH f TPUCYTCTBYET B PA3JIOKEHUU PAIO-
HaabHOU pyHKIUM v(t) B KadecTse craraemoro g/ f", rae r > 1, mpuyaem r —
MAKCAMAJILHO BO3MOXHOE 3HAYeHHE. PaBeHCTBO

! ! !
(2) -4- @

/
TIOKA3BIBAET, ITO B PA3IOXKEHUU (v(t)) IIPUCYTCTBYeT APOOL CO 3HaAMeHaTe-

aeM 7! mockompky rgf' He memmrcs Ha f. B BhIpaXeHHIH 1A (v TaKag APOOD
HHU C 9eM HE MOXET COKPATUTHLCA, IOCKOJILKY NaXe eCIM OMUH U3 MHOTOIe-
HOB u; COBHajaeT ¢ f, TO u/u; — APoOb CO 3HAMEHATENEM BCErO Jumb f.
Takum o6paszoMm, v(t) — muOrouwren. Kpome toro, muorowren u;(t) e mo-
KET 3aBUCETH OT ¢ (T.€. UMEThb MOMOXUTEILHYIO CTENEeHb), HOCKOIbKY WHAYTE
u) /u;j — HecokpaTumas gpobb. 3HaunT, u;(t) € K. Teneps BhIpaxeHue i o
MOKA3BIBAET, ITO (v(t))l € K, r.e.v=ct+d, rme ¢ — xoucraaran d € K.
A mockomeky t' = a'/a, nomy1aem BeIpaxkenme TpebyemMoro Buaa:

"\ W
a= Zci— +c— +d.
im1 (173 a
PaccmoTpum, HakoHel, ciydan, KOrga t — DKCIOHEHTa daeMenTa K, T.e.
t'/t =V, rge b € K. Ilycts f(t) — MHOTOWIEH MOTOXUTEILHON CTEIEHU.
Cormacuo nemme 2(6) ( f(t)), ~—— MHOTOWIEH TOW XK€ CAaMOW CTENEHW, TIPUIeM
(f(t))/ nerurca Ha f(t) Torma m Tombko Torga, korga f(t) — momom. ITo-
sroMy ecau f(t) — HENPUBOAMMBIA MHOTOWIEH MOJOXUTEILHON CTEMEHU CO
crapmmM Ko3pGumerToM 1, OTIWIHBIT OT £, TO ( f(t))l He nerurca Ha f(t).
Te xe caMble PACCYXIE€HUA, ITO U B MPEABIAYIIEM CIy9ae, MOKA3BIBAIOT, ITO
TaKOU MHOTOWIEH f(t) He MOXET BCTPETUTLCA B PA3aokeHuu v(t) B KadecTse
3HAMEHATENA U HU OJVH U3 MHOTOIEHOB U;(t) He MoxeT ObrTh paseH f(t). Ilo-
sromy v(t) = S50 aytk, npraem s korewHOE TMCTO KODDBUIMEHTOB ay,
oramyaHo oT Hyxa. Kpome Toro, Bce u;(t) mexar B K, 3a uckIo9eHreM, OBIT
MOXeT, 0gHOr0, paBHOrO t. Ho B TakoMm ciryvae Bce BHIDAXKECHUA (u,(t))l Jui(t)
nexat B K, mosTomy (v(t))l € K. Cormacuo nemme 2(0) (v(t))l = Y dytF,
rae di € K u ecmm ai # 0, To di # 0. Tlooromy v(t) = v € K. Ecam Bce u;(t)
sexaT B K, To MBI HEMEJIEHHO moxydaeM Tpebyemoe Bhipaxenue. Ecim xe,
HAanpuMep, 41 () = ¢, TO MBI OTy9IaeM BBIDAKEHUE

n n
t' u )
a=c—+ E ci— 4+ = E ci— + (c1b+ ).
Poim i

OTO BHIpAXEHWE UMEET TPeOyeMbIN BUI, TTOCKOALKY ¢1b+ v € K. O
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ITokaxem Temepb, KaK ¢ MOMOMIBIO TeOpeMbI JIMyBUILIA NOKA3BIBAETCA
HEDIEMEHTAPHOCTh HEKOTOPBIX KOHKPETHBIX WHTErpaaoB. [na »Twx meren
JImyBuab mOKa3aad CAeAYIOIUNA KPUTEPUHA DICMEHTAPHOCTU WMHTErpaa
[ (2)e9)dz, rpe f u g — panumoHATbHEE GYHKIEE (OTHOMIEHHA MHOTOWIE-
HOB).

TEOPEMA 2 (KPUTEPUI JIMYBUIIA). ITycms f(z) u g(2) — payuonaas-
wole Pynryuu, npuvem Gyruryus [ — ne moocdecmsennviti nyab, a GyHK-
yus g — He xKowcmanwma. Unmeapan ff(z)eg(z)dz ABAAENCA IACMERTNAPHOT
Pynryuetd mozda u Moavko moada, K020a CYWECMBYEM PAUUOHAALHAS PYH-
kyua a(z), dasa Komopot umeem mecmo pasencmeo f =da' + ag'.

ITOKABATENBLCTBO. IIpexge Bcero mokaxewm, uro dyEkmua €% me ar-
re6pamana mHag morem C(z). Ipegnonoxmm, aro yHknua € yaoBIeTBOPAET
HEMIPUBOAMMOMY yPABHEHUIO

e +arem VI 4. pa,=0
nan nonem C(z). TIpoanddepeHnnpoBas 5TO ypaBHEHRE, TIOLYIUM yPABHEHTE
ng'e™ + (a} + (n — 1)alg')e(n_1)g +-4a, =0.

OTO HOBOE YpPaBHEHWE MOMKHO OBLITH MPOMOPIUOHAILHO ucxomgHoMy. Caero-
BarersHo, ng' = al /a,. Ho ecim MBI mpegcTaBuMm a, W ¢ B BUAE CyMMBI
DIEMEHTAPHBIX Apobenn Buaa p/(z — q)™, To moayuum, 9To al,/a, ABIgeTCA
CYMMOWU DIEMEHTAPHBIX AP0OEU C IMHENHBIMYU 3HAMEHATEMAMY, & TPEACTABIE-
e g’ BoOOIIe He MOXET COAepXaTh DACMEHTAPHBIX Apo6el ¢ JIMHeWHLIMA
3HAMEHATEIAMA. 3HAYMT, ¢’ = 0, T.e. ¢ — KOHCTAHTA, & BTO MPOTHBOPETAT
YCJIOBUIO TEOPEMHBI.

Monoxum 9 = t. Torga t'/t = ¢'. [Ipumennm Teopemy JlmyBumna B caydae,
korga K = C(z,t) u o = ft. B pesyabrare moaydum, 9TO €CIM UHTErPAT
[ feddz aBnserca snemenTapHOU pyHKIMEN, TO

n '
ft= ZCZ% + ', (3)
=1

rae ¢y ..., € Cuug, ...y uy, v € C(2,t).

[Monoxum F = C(z). Tormga f,g € F u uy, ..., up, v € F(t). lpume-
HAA npu HeoGxogumocT ToxAecTBO (1) (cm. c. 131), MOXHO CUMTATH, ITO
BCe U;, OTIMIHBIE OT DIEMEHTOB F', SBAAIOTCA HENMPUBOAUMBIMU HAL F MHO-
rowieHamMu OT t co crapuiuM KoddduumentoMm 1. 3amwiiem v B BHUAE CyM-
MBI BreMenTa Kombua F[t] m meckombkux craraemsrx suga g(t)/(f(t))", rae
f(t) — menpuBogmmbir Hag F mMHOTOWIEH cO cTapummM Ko>ddummentom 1 n
g(t) — MHOTOWIEH, CTENEHb KOTOPOTO MEHbIIE cTenenn Maorowiena f(t). Tod-
HO TaK Xe, KAK U IIPA TOKA3ATEILCTBE TeOpeMbl JIMyBULIA, ¢ MOMOIIBIO JIeM-
mer 2(6) momyaaem, aTo v = Y axt® (cymma xomeunas) u Bce u; aexar B F, 3a
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!

U,
UCKJIIOUYeHneM, OLITh MOXET, OTHOTO, paBHOTO t. B TakoMm caydae E c;i—~ e F.
U

Kpowme Toro, v' = Y ditk, tae dy = a), + kayg' € F. looTomy paserctso (3)
nokaseBaer, 9to ft = (a) + a1¢')t. Honaras a = a1, noxyaaem Tpebyemoe
paserctso f = a’ + ag'.

HaoGopor, eciu f = a' + ag’, To (ae?) = fel.

2
IMTPUMEP 1. UnaTerpan / e” dz He »nemeHTapEH.

IMOKA3BATEJILCTBO. B arowm cryuae f(z) =1 u g(z) = 22. Tloaromy ypas-
uerve [ = a' + ag’ umeer Bug 1 = a' + 2az. HyxHO 10Ka3aTh, 9TO 5TO ypas-
nenue me uMeer pemenunn a(z) € C(z). Ecau B pasioxeHun parnuoHATLHON
dyskUE a(z) B Ka9ecTBe CIaraeMoro mpUCyTCTBYeT ApOObL CO 3HAMEHATe-
mem (z — )", roe r > 1, npudemM r — MAKCUMAJTBHO BO3MOXHOE 3HAYEHUE,
TO ToxAecTBO (2) Ha c. 132 mokasbiBaeT, YTO B BhipaxeHuu a' + 2az TpU-
cyTcTByeT apobn co sHamenaterem (z — )"l Tlosromy a(z) — MHOrOWIEH
HekoTopon crenern n. Torga o' (z) — mHOrOUNeH crenenw n — 1, a 2za(z) —
MHOTOWIeH cTenenu n+ 1. [loaTomy nna MHEOTOWIeHA a paBeHCTBO 1 = a’ +2az
BBLITIOMHATLCA HE MOXKET.

z
e

ITpuMEP 2. Marerpan / —dz He dreMeHTapEeH.
z

[TOKA3BATEJIBLCTBO. B srom cayuae f(z) = 1/z u g(z) = z. Hyxuo no-
1 “
KazaTh, 9TO ypasHenue — = a' + a me mmeer pemernun g € C(z). Touno
z

TaK ke, KAK W B MPEeAbIIYIEeM TIPUMEDE, JOKA3BIBACTCA, 9TO a4(Z) — MHOrO-
aren. Ho Torga cymma, a + a' Toxe MHOTOMWIEH, TOBTOMY OHA HE MOXET OBITH
paBHa 1/z.

z d
[TpumeP 3. UaTerpaius /ee dz, /l_z " /lnlnzdz He dJIEMEHTaPHBI.
nz

z
&
[HOKA3ATEJIBCTBO. Bce Tu mHTErpassl CBOAATCA K WHTEPATY / —dz.
z
e” u
Bo-nmepBrix, monoxus z = e, monyanum | —dz = | e® du. Bo-BTOpeIX, moao-
z

e* dw
XuB z = lnw, momyamm / —dz = a Haxomen, mETErpupys mo 9acTaM,
z nw

MIOJIy TaeM /lnlnzdz:zlnlnz—/%dz.

Pasbepem B koHIe Gosee CIOXHBIA TPUMED, UCIOAL3YA He KpuTepuu Jlu-
VBUWLIA, & HEMOCPEACTBEHHO caMy Teopemy JImyBmiis.

sin z
ITPUMEP 4. Unumeapaas /—dz HE IAEMEHMAPEH.
z
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[JOKA3ATEJBLCTBO. C HOMOIIBIO 3aMEHEL Z > 12 JaHHLIA MHTErPal CBO-
z —Z

e
OUTCA K WHTErpalIy / ——dz. Kak u npu nokasarenbcTse Kputepus Jlu-
z

yBwLIs, paccmorpuMm puddepennuansaoe mone C(z,t), rae t = e?. lpeamo-

e
JIOXUM, ITO WHTErpaJ / ————dz »memenTapen. Torga cormacHo Teopeme
z

JInyBuiis mmeeT MeCTO PaBEHCTBO

t2 -1 "\
= Z C’i_l + Ula (4)
tz Ui
i=1
rge ¢, ..., ¢p € Cuoug, ..., uy, v € C(z,t). Homoxum F = C(z). Torga
ULy « oy Up, v € F(t). CHOBa MOXHO CIATATDH, ITO Uq, ..., Uy — DASIAIHLIE

HEMPUBOIUMBIE MHOTOWICHBI Haa F' co crapium ko3 duimenTom 1, u CHOBa

MOXHO TPEACTABATHL ¥ B BUAE CYMMbI MHOTOWIEHA W APOOEU OmpeneneHHO-

ro suga. [Ipumenus semmy 2(6), moxydmMm, ato aubo u; € F, mubo u; = t.
!

w; o o
CrenoBatensno, » | ¢;— € F. Kpome Toro, B KadecTBe 3HAMEHATENCH APOGen
u;

PA3IOXEHUA ¥ MOI'YT BCTPETUTHCA TOIbKO cremenu t. Ilycts v = ), apt®,
ar, € F. IlpupaBauBas B paBenctse (4) k0ahPUIUEHTEI TpU ¢, TOIYIAEM Pa-

1 v
BEHCTBO — = a} + a1. B mpumepe 2 6bLI0 HOKA3aHO, UTO JIA PAIMOHAILHOM
z

dbyHKIME @1 (2) TAKOEe PABEHCTBO BBINOMHATHCI HE MOXKET.

SaMHTEPECOBAHHBIA YUTATEIbL MOXET 6o/ee MOAPOOHO O3HAKOMUTHLCA C
nuddepeHnmatbaOn ATre6pon, oopaTuBmuck K kauram [1], [2], [3], [5] u cTa-
Tbe [6].
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