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ON SOME PROPERTIES
OF ORTHOSYMMETRIC BILINEAR OPERATORS!

A. G. Kusraev

This note contains some properties of positive orthosymmetric bilinear operators on vector lattices which
are well known for almost f -algebra multiplication but despite of their simplicity doesnot seemappeared
in the literature.
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The aim of this note is to presert someproperties of orthosymmetric bilinear operators
which are well known for f -algebra multiplication but despite of their simplicity does not
seemappearedin the literature. All unexplainedterms can be found in [1] or [13]. All vector
lattices under consideration are assumedto be Archimedean.

1. A bilinear operator b: E £ E ! G is called orthosymmetric if x * y = 0 implies
b(x;y) = O for all x;y 2 E. This de nition was introduced in [8]. Recall also that b is said
to be symmetric if b(x;y) = b(y;x) for all x;y 2 E and positively semide nite if b(x;x) > 0
for every x 2 E. In the special casethat b is the multiplication of a comnutative almost
f -algebrathe following proposition is preserted in [2, Proposition 1.13].

Prop osition 1. Let F and G be vector lattices. A positive bilinear operator bfrom E £ E
to G is orthosymmetric if and only if b(x;y) = b(x _y;x"vy) for all x;y 2 E.

C Orthosymmetry implies b(x j x* y;y i x”y) = 0. Sincea positive orthosymmetric
bilinear operastor is symmetric (see[8]), we deduce

bx;y) = b(x; x " y) + b(x " y;y) i b((x"y;x"y)
=bx+yi xMy;xNy)=bx_y;x"y):

Conversely if x*y= 0, then b(x;y) = b(x _y;0)=0.B

A bilinear operator b: E£ F ! G is said to be lattice bimorphism if the mappings
y 7! b(e;y) (y 2 F) and x 7! b(x;f) (x 2 E) are lattice homomorphismsfor all 06 e2 E
and 0 6 f 2 F, see[ll]. Evidently, every lattice bimorphism is positive. The following
characterization of lattice bimorphism was givenin [15].

Prop osition 2. For a positive bilinear operator b: E £ E ! G the following assertions
are equivalent:

(1) bis a lattice bimorphism;

(2) jb(x; y)i = b(jxj;jyj) forall x 2 E andy 2 F;
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(3)if06 x;u2 Eand06 y;v 2 F satisfyx®u = 0andy”*v = 0, then b(x; y)*b(u;v) = 0.

2. It wasmertioned in [12] that an orthosymmetric positive bilinear operator is positively
semide nite. The corverse is also true for lattice bimorphisms as was obsened in [7,
Proposition 1.7]. The following characterization of symmetric lattice bimorphisms is well
known at least for d-algebra multiplication (see,for example,[2, Theorems4.3, 4.4, 4.5] and
[4, Proposition 3.6]).

Theorem 1. Let E andF bevectorlatticesandletb: EEE ! F bealattice bimorphism.
Then the following assertionsare equivalert:

(1) bis symmetric;

(2) b(x;x) i b(y;y) = b(xi y;x+y)foralxy2E;

(3) b(x; x) " b(y;y) 6 b(x;y) 6 b(x;x) _b(y;y) forall x;y 2 E+;

(4) b(x ™ y;x™y) = b(x; x) ™ b(y;y) and b(x _y;x _y) = b(x; x) _b(y;y) forall x;y 2 E+;

(5) x ™y = 0implies b(x; y) = b(y;x) for all x;y 2 E;

(6) b(x; jxj) = b(x*;x*)i b(xi;xi) forall x2E;

(7) bis orthosymmetric;

(8) bis positively semide nite.

C (1), (2): It is obviously true for every bilinear operator b.

(2)) (3): Forany x;y 2 E+ we deducemaking useof (2):

b(x; x)Mb(y;y) i b(x;y) 6 b(x;x) ~ b(y;y) i b(x”y;x"y)
=[b(x;x) i b(x ™ y;x Ay~ [(y;y) i b(x™y;x ™y
=b(xi XN y;x+ xMy)Mbyi xMy;y+ xty)
6b(x i x"Ny;x+y)rblyi x*y;x+y)
=b((xi x*y)"(yi x"y)x+y)=0

The secondinequality is deducedlikewise.
(3)) (4): Usingthe rst inequality in (3) we can write the following chain of equalities:

b(x; x) * b(y;y) = [(x; x) ~ b(x; y)] * [b(y; x) * b(y; y)]
= b x M y) M b(y;x M y) = (XN y;x M y):

The secondequality is deducedlikewise.

(4)) (5): Takex;y 2 E with x~y = 0. By the rst equality of (3) b(x; x) and b(y;y) are
disjoint. Using the secondequality we have b(x; X) + b(y;y) = b(X_y;x_Yy) = b(x+ y;x+vy) =
b(x; x) + b(x;y) + b(y;x) + b(y;y), sothat b(x;y) = b(y;x) = 0.

(5) ) (B): It issucient to obsene that b(x;jxj) i b(x™;x*)+ b(xi ;xi) = b(x*;xl)j
b(xi ;x*).

(6) ) (7): If bobey (6), then b(x*;xi) and b(xi ;x*) coincide, see(5) ) (6). At the
sametime theseelemerts are disjoint, sinceb(x* ;xi ) 6 b(x*;jxj), b(xi ;x*) 6 b(xi ;jxj) and
b(x*;jxj) ™ b(xi ;jxj) = 0. Thus, b(x*;xi ) = b(xi ;x*) = 0, from which (7) follows

(7)) (1): Follows from [8, Corollary 2].

(7) ) (8): If bis ortosymmetric, then b(x;x) = b(x*;x") i b(x*;xi)j b(xi ;x*) +
b(xi ;xi) = b(x*";x")+ b(xi ;xi)> 0, see[12].

(8) , (7): Let b be a positively semide nite lattice bimorphism. Take x;y 2 E and put
®:= b(x;x), = bly;y), ° = b(x;y) + b(y;x). Then ®+ | ° = b(xj y;xj y)> 0. If
x ™My =0, then b(x;y) > b(x;y) ™ b(y;y) = b(x * y;y) = 0 and, sinceb(x; § and b(¢x) are
lattice homomorphisms,we have ®” b(x; y) = b(x; x*y) = 0and ®” b(y;x) = b(x* y;x) = 0.
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Thus, ® ? ° and analogously™ ? °. Therefore, (®+ ) ? °, and taking into accourt the
inequality ®+ j ° > Owederive® = 0, i.e. b(x;y) = b(y;x) = 0. B

3. Let E be a vector lattice. A pair (E ; ) is said to be a squae of E if the following
two conditions are ful lled:

(1) E is avector lattice and ~ is a symmetric lattice bimorphism from E £ E to E ,

(2) if bis a symmetric lattice bimorphism from E £ E to somevector lattice F, then there
exists a unique lattice homomorphism©,: E ! F with b= ©, .

For an arbitrary vector lattice E there existsthe square(E ;) which is essetially unique,
i. e.if somepair (E’;} ) obeys (1) and (2) above, then there exists a lattice isomorphismi
from E~ onto E' sudhthat i- =} (and, of course,ii 1} = ), see[10]. Moreover (see[10]
and [7, Theorem 3.1]), for every positive bilinear orthoregular operator b: E£ E! G there
exists a unique linear regular operator ©,: E ! G such that

b(x;y) = ©p(x y) (X;y2E):

The symmetric lattice bimorphism ™~ : EE£ E ! E is called the canonical bimorphism
of the square.The operator ©y is called the linearization of b via squae. If E is a sublattice
of a semiprime f -algebra A, then the canonical bimorphism ~ can be expressedn terms of
the algebramultiplication, see[7, Proposition 2.5].

Prop osition 3. Let A be a semiprime f -algebra with a multiplication 2 and E be
a sublattice of A. Then there exists a sublattice F % A and an isomorphism | from E
onto F such that f{x y) = x2y forall x;y 2 E. In other words, the pair (F;2) is a square
of E.

4. A vector lattice E is called squae-mean closeal if the setf(cosp)x + (siny : 06 u<
2Yg hasa supremum s(x; y) in E for all x;y 2 E. A vector lattice E is called geometric-mean
closal if the setf (t=2)x+ (1=2t)y : 0< t < +1g hasaninm umg(x;y) in E forallx;y 2 E,.
The following result seein [5, Theorems3.1 and 3.4].

Prop osition 4. If A is a square-meanclosedArchimedeanf -algebra, then
s(Gy)?= X2+ y? (xy2A):
If A is a geometric-meanclosedArchimedeanf -algebra, then

gx;y)2=xy (xy2As):

Every relatively uniformly complete vector lattice is square-meanclosedand geometric-
mean closed[5, Theorems3.3]. Howewer, neither a square-meanclosednor a geometric-mean
closed Archimedean vector lattice need not be uniformly complete. But a geometric-mean
closedArchimedeanf -algebrais square-meanclosed[5, Theorem 3.6]. The following result is
a generalization of Proposition 4.

Theorem 2. Let E andF bevectorlatticesandb: EEE ! F apositive orthosymmetric
bilinear operator. If E is square-meanclosed,then

s(y)  s(xy)=x x+y y;
b(s(x; y); s(x; y)) = b(x; x) + bly;y)
for all x;y 2 E. If E is geometric-meanclosed,then for all x;y 2 E+ we have
g y)  alxy)=x"y;
b(g(x; ¥); 9(x; ¥)) = b(X;y):
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C In ead of two casesunder considerationthe secondequality follows from the rst one
by applying ©y, the linearization via squareof b. Let A denotesthe universalcompletion of E
endoved with a semiprime f -algebramultiplication. Then by Proposition 3 there is a lattice
isomorphismfof E onto a sublattice F %2 A. At the sametime, accordingto Proposition 4,
the following equalities are true in A:

s(X;y)2s(x;y) = x2x+y2y (x5y2E);
g y)2g(xy) = x2y (xy2E:):

Now, the rst equalities are immediate by applying T 1, sinces(x;y) 2 E and g(x;y) 2 E
under the stated hypothesesand f 1(x2y) = x~ y. B

5. In conclusionwe presen somecorollariesto Theorem 2.

Corollary 1. Let E andF bevectorlattices with E square-mearclosedandb: EEE ! F
be a positive orthosymmetric bilinear operator. Then Eﬁb) = fh(x;x) : x 2 Eg is a corvex

pointed coneand E(® := K(E £ E) is a vector subspaceof F ordered by a positive coneE (P

sud that E® = E®; E® i, in addition, bis a lattice bimorphism, then E® is a vector
sublattice of F.

C The rst part of Theorem 2 implies that Ef,b) % F. is a pointed cone. The equalities
b(x;y) = (1=4)[b(x +y;x+y)i b(xi y;xi y)]) andb(x; x)i b(y;y) = b(x+y;x; y) show that
EO®=®; E® Thus, (E®;EP) is an ordered vector space.If bis a lattice bimorphism,
then Eﬁb) is a sublattice of F. in virtue of Theorem 1(2). B

For an almost f -algebra multiplication this result was obtained in [4, Prposition 3.3,
Corollary 3.7]. The rst statemert of the following corollary was proved in [9, Lemma 8] in
caseof uniformly completeE.

Corollary 2. Let E be a square-meanclosedvector lattice. The the assertionshold:

(1) E =fx y:xy2EgandE, = fx x:x2Eg;

(2 If F = h(E), then F = h (E ) for any vector lattice F and lattice homomorphism
h:E! F;

(3) If J is a uniformly closedorder ideal of E, then Ji := fx~ y : jxj"jyj 2 Jgis a
uniformly closedorder ideal of E- andthe mapx ~ y+ Ji 7! (x+ J) ™ (y + J) implemerts
a lattice isomorphismof E~ =Ji onto (E=J) .

C (1) Put b:= ™ in Corollary 1 and obsenethat E- = E(®, sinceE ™ coincideswith the
sublattice generatedby b(E £ E) = fx  y: x;y 2 Eg.

(2) If h: F ! E is a lattice homomorphismthen by [7, Proposition 2.4] there exists a
lattice homomorphismh : F ! E sudithat h (x y) = h(x) " h(y) (X;y 2 F). Assume
that T(E) = F. Then making useof by (1) we deduce

E =fh(x)” h(y): x;y2Fg=fh (x~ y): x;y2F)%h (F )%E :

(3): If A: E! E=J is a quotient homomorphism,then A" is a surjective map from E~
to (E=J) by (2). Accordingto (1) any u 2 E have the represemtation u = x y for some
x;y2 Eand0= A (u) = A(x) ~ A(y) implies A(x) ? A(y) by [7, Theorem 2.1(3)]. But the
latter is equivalert to jxj~ jyj 2 J, sinceA is a lattice homomorphism. Thus, J| = ker(A )
and the proof is complete. B

Corollary 3. Let E and F be vector lattices with E square-meanclosedand let b :
E £ E! F bean order bounded orthosymmetric bilinear opgrator. Then for any nite
collectionsxq;y1;:::; XN YN 2 E there exist u;v 2 E sudh that Ezl b(Xk;yk) = b(u; V).
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_ P _
C Accordingto Corollary 1(1) there existu;v 2 E sucththat u v = Ezl Xk Yk. Now,

if b= ©, for alinear operator ©, from E to F, then
A !
_ Xy _ X
b(u;v) = ©p(u V) = © Xk Yk = bXk;yk)
k=1 k=1
which is the desiredrepresertation. B
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