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O TPUTOHOMETPUYECKIX MHOI'OYUJIEHAX, HalMeHee
VKJIOHAOIIAXCA OT HYJIA, C PUKCUPOBAHHBIM CPETHUM
KO PpUIImeHTOM

C. B. lNamxos

[leNCTBUTENBHBIM TPUTOHOMETPUIECKAM MHOTCOWIEHOM CTEIEHU 7 HA3LIBAETCA
dyHKIIUA BAIA

n
tn(z) = %0 + Z ay sin kx + by, cos kzx,
k=1
rae ag, by — IeHCTBUTETBHBIE IMCIA, HA3bIBAEMEIE ero Kopdduimentamu, a2 + b2 >
> 0. Hyaesonn xon(duuueHT TPaJUIIOHHO 3AMUCEIBAETCA B BUAE ago/2. Tax kax
cormacHo gopmyram Jdurepa expikr = coskx + isinkx, u ay sinkx + by coskx =
= Re((by — iay)expikz), rae Re o3HavaeT AEUCTBATEMLHYIO YaCTh KOMILIEKCHOT'O
qICAa, a 1 — MHUMYIO eJUHUIY, TO TPUTOHOMETPUIECKIH MHOTOWICH MOXKHO 3alli-
caThb B OoJee KPaTKOU KOMILIEKCHOU (GopMe
n
tn(x) = Rechexpikm, ck = by —tar, k=1,...,n, cg = %0
k=0
(cum. [1]). PaceMoTpuM cIegyonLyo 3a1atdy: Cpean BCeX TAKUX TPUTOHOMETPUIECKUX
MHOTOUJICHOB C (PUKCUPOBAHHBIM KOMILICKCHBIM KO3(h(MUINEHTOM Cj,, WIA, ITO PaB-
HOCIIBHO, ¢ (PUKCUPOBAHHBIMU NEACTBUTEILHBIMU KOX(DPUIMEHTAMEA Ay, by, HAUTH
MHOTOWICH, HAMMEHEeE YKIOHAIOMMUCA OT Hyasa. [pyruMu cIoBaMu, HATO HAUTH Ta-

KOl TPUCOHOMETPUIECKUU MHOTOWIEH by, (Z), y KOTOPOro BemumdumHa max |t (z)]
o<zL21

MUHUMATLHA. DTy BEJUUYUHY HA3LIBAIOT PABHOMEPHOU WIN YEOLIMIEBCKOU HOPMOU 1
0603Ha4AI0T ||ty ||. KpoMe 5Toil HOPMEL, 9aCTO UCHOMB3YIOT CeMEeRCTBO HOpM ')

P 1/p
1
ltally = (2 [itn0F | 31
—7

a HOpMY ||t, || 0603HaMAIOT ||ty]|0o (CM. [2]). DTH HOPMBI CBA3AHBI HEPABEHCTBAMU
ltalli < 2" Plitallp < 2itall,

KOTOpBIE, BIPOYEM, HAM gajee He MoHanob6aTca. OYeBUIHO, 9TO NIA JOOOTO Ieu-
CTBUTENBLHOTO ¢ 1 J0O0r0o p > 1, B TOM Yucie u p = o0, CIPaBeIINBO PABEHCTBO
llctnl] = |ell|tn]]. Pemenne 3agaun naer

1 Moxuo CYUTaTh, 9TO UHTErPAT B UX ONPEJEIeHNN — >TO OOLIYHBIN MHTErpan PuMana.

MaTemaTu4eckoe npoceewerue, cep. 3, Bein. 9, 2005(56-68)
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TEOPEMA. [asa 4106020 deticmeumetbrno2o mpu2oHomMempuseckozo MHO20UACHa

n
tn(z) = Re kzo cpexpikr u h > 1 cnpasedauso mepasencmso

[tnllp = w(n, h, p)len|ll cos Iy,

m 4+ 2 n—nh
:u‘(nahap)::u‘(2m+1717p):T g?’rnﬂ.ﬁ’ m:\‘ oh Ja

2de cumsoa |a| osnauaem yeayio wacmv wucaa a. IIpu p = 0o 9mo nepasencmso
00PaAUAEMCA 8 PABEHCMBO O0Af MHOZOUACHA

tn(®) =Re Y ciapsnn expi(2k + Dha = |e|gamir (he +7), (%)
k=0

2de v = arg ¢y,

m+1 m
Poma1(z) =C Z gm k(z) = cosz + Z by, cos(2k + 1)z,
k=1 k=1
O B 22m+1 -

m 2 8oy

gm,k(-'r) = hm,k(m)fm,k(x)a hm,k(-'r) = <
m+1

wm(z) = H cos(z — ka),
k=1

fmk(z) = 2ctgkacos(x — ka) —sin(x —ka), k=1,...,m+ 1.

wm () sin ka 2
cos(z — ka) ’

Cuedosamenvhno, cpedu 8cex mno20usenos t,(x) ¢ gurcuposarnnbim cp muo2ousen ()
UMEEM, MUHUMAADHYIO HODMY

Itnlleo = 5 tg g lenl-

e 2 2m +4

Imom MuruMabHLLG MHO20UAEH NPU Hewemuom |n/h| onpedesen odnosnauno, a
npu wemuom |[n/h| — neodnosnauno.

Ilpu h = n (u BooGwe pu h > n/3), oueBnano, m = 0, 1 U3 TEOPEMHI CleIyeT
HepaBeHCTBO ||tn|leo = |cn|. DKCTpeManbHBII MHOTOUTEH TOraa paBeH ap sinhx +
+ by, cos hx. ITO yTBEPKACHNE PABHOCUILHO U3BECTHOMY SKCTPEMATLHOMY CBOUCTBY
muOrowieHos Yebwimésa (cum. [1]).

o ™

B kuure C. H. Bepumrrensa [3] nokaszaHo HepaBeHCTBO ||ty |0 = Z|Ch|’ U TOKa3a-
HO, YTO OHO ABJAETCSA ACUMIOTOTAIECKA TOYHBIM.

B [4] B cyuae p = oo, OMUpAasCh HA METOL, PA3BUTHIA B [5], GBLIO MOTYYEHO TOTHOE
HEPABEHCTEO.

[anee npUBOAUTCA DIEMEHTAPHOE JOKA3ATETbCTBO TON TEOPEMEI, UCIOIB3YIOIIEee
TOJBKO TPOCTENIINE CBOMCTBA KOMILIEKCHBIX 9ucen (KpaTkoe manoxeHue cMm. [6]).

Cuauana ceemeM o6IMN cIydan K caydaio h = 1, paccMaTpuBas BMECTO MHOTO-
wieHa tp () MHOTOWIEH
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2h m

1 .

ﬁ § (—].)ltn (:L' + %l) = Re E ch(2k+1) exp Z(2k + ].)h.'B
=1 k=0

[1s1 1oKa3aTeNBCTBA BTOr0 TOXKAECTBA JOCTATOYHO, MEHSA TOPIJOK CYMMUPOBAHUS,
3aMeTUTh, UTO

2h

Z(—l)l (a: + 7Tl) Z Rech exp (zkx + M) =

=1 =1
n

Teneps npu k, kpaTHOM h, B cuty paBenctsa exp (mkli/h) = (—1)*/" umeem

||M:

ck exp (zkw + M)

2h . 2h .
Z(—l)lck exp (ikm + %) = cp expikx Z(—l)l exp (%) = 2hcy, exp ik,
=1 =1

eciu k/h wederHo, n

2h

Z(—l)lck exp (zkx + %) =0,

=1
ecau k/h geTHo, a npu k, He KpaTHOM h, IpUMeHAA GOPMYILY CyMMUPOBAHUSA [eOMe-
TPUIECKON IPOTrPECCUN, UMEEM

2h 2h—1
1\ @) _ 1\ (@) _ eXpZﬂ'ki—l _
;( 1 eXp( n) = ;( Dexp (57 ) = = mhm =1 = %

Bocnoassosasimcs BBITYKJIOCTHIO HOPMBI, T. €. HepaBeHCTBOMQ)

lleef + Byllp < lel - [1£llp + 151 - gl

w cuoicrsasan ||£(2 +a)lly = 1)y, 1)l = 1 (@), (aumapmasrmocs sopyes

OTHOCUTEILHO c,q131z1r*a3) Ha TPOU3BOJIBLHOE YUCIO G U paCTfI}KeHI/IfI4) C IEeTBIM KOD(-
n—nh

ol

UIMEHTOM 1), UMeeM TIpU m = [

2h
1 wk 1 7k
ltalls = 55 2 tn (2 + 5) |, > | ot (2 + )
k=1 P
= ||Re Z Ch(2k+1) €xpi(2k + 1)hz|| = |IRe Z Ch(2k+1) €XPi(2k + 1)z
k=0 » k=0 »

2310 croitcTRO MPH p = 00 u p = 1 BEITekaeT m3 mepasencTra |a + b| < |a| + |b|, a mpw KoHesTHEIX
p > 1 — u3 HepasencTBa MuuKoBCKOro (cM.[2]).

3) [lma 2m-mepuoAMIecKuX DYHKIUWHA HTO OYEBUAHO TPU P = 0O, A TP KOHETHBIX P BHITEKAET U3
MEPUOAWIHOCTU W CBOUCTBA, aJAUTUBHOCTHA WHTETPAJIA.

4310 oweBmIHO TPU P = 00, & MPH KOHEIHBIX P AOKAILIBACTCS TMHEAHON 3AMEHOM TEPEMEHHEIX C
Y9I€TOM MEePUOAUIHOCTHA W CBOUCTBA, & JUTUBHOCTA WHTETPAJIA.
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3 5TOro HEpaBEHCTBA CIEAYET, ITO HEPABEHCTBO TEOPEMBI JOCTATOYHO NOKA3ATH
m

npu h = 1 gusa meOro4neHoB Buga t,(z) = Re Y capp1expi(2k + 1)z, n = 2m + 1.
k=0

XoTs 2TO He OpUBOAUT K KaKNM bi7(0)6} yopomeHuaM, 3aMeTuM, YTO B3AB BMECTO

tn(x) MHOTOUNEH tn(x + 7), Tae Reciexpiy = |e1], merko ceectw 3amady K CIy-
m

9a0, KOIJa MHOTOWIEH uMeeT Bui tn,(z) = |ci|cosz + Re ) capt1 expi(2k + 1)z,
k=1

a B3sAB BMeCTO tl,(z) mHOrowieH (t,(r) + t,(—z))/2, MOXHO gamee CIUTATH, UTO

m

tn(z) = > bagy1 cos(2k+1)z. Torma A1 TAKUX MHOCOWIEHOB TOCTATOYHO JOKA3ATH
k=0

HEPABEHCTBO

m—+ 2 ™
tnllp > |b1|Ttg m” cos |-

TonoxuMm a1 kpaTkocT o = 7/(m + 2). [0OKa3aTeIbCTBO Tereph YMEIIAETCa B 1B
CTPOYKHU

m+1
™ . ™
ctg m“tnﬂp = ; sin ka ‘ tn (a: + ka — 5) Hoo >
m+1 +2
> Zsinkatn (x-l-ka—g) :|l)1|m2 || cos||p,
k=1 P

€CJIN BOCIOIB30BATHCA YKAa3aHHBIMU BHIIIIC CBOUCTBAMU HOPMEI 1 TOXKIEeCTBaMU

m—+1 m—+1
. . ™
Z |sinka| = Z sin ka = ctgm ,
k=1 k=1
m+1 9
Z sinka t, (x + ko — g) = blm;_ COS I.
k=1

TlepBoe U3 HUX, OYEBUAHO, CTEIYET U3 M3BECTHOTO TOXIecTBa®) (M., Hampuvep, [7,
3az. 225] nin [1])

. (n+ Dz . nx
sin ~———*— sin —-

n
Z sinkx = 2 = 2
k=1

sin =

2

npu noactaHoBke n =m + 1,z = w/(n + 1). 1A 1okasaTensCTBa BTOPOTO 3aMeHIM
tn (x—}—la— g) Ha,

Re; bok+1 expi(2k + 1) (g; +la— g),

%) [lns ero MOKA3ATENLCTBA [OCTATOYHO YMHOXKHATH 06€ ero €acTu Ha Sin(r/2) W mpuMeHHTH K
Kax oMy craraemomy dopmy.y sin ke sin(z/2) = cos(k — 1/2)x — cos(k + 1/2)z.



60 C. B. l'amkoB

U3MEHVUM B TIOJTYYEHHOU TBOWHOUW CYyMMeE TIOPALOK CYMMUPOBAHUA

m—+1

Z sinla Rez bag+1 expi(2k + 1) (a: +la— 5) =
=1 —
m—+1

= ReszkH Z sinlaexpi(2k + 1) (:L‘-l-la - 5) =
k=0 =1

+
—ReZbng expi(2k +1) ( - g) Z sinla expi(2k + 1)la,

k=0

u mpuMeHnM ToxaectBa Re(iexpi(x — m/2)) = —sin(z — 7/2) = cosz,
an ) 0, m>k>1,
; sinlaexpi(2k + 1)la = m+2i, k= 0.

expila — exp (—ila)
2i

[l1s MOKa3aTeIHLCTBA BTOPOTO U3 HUX Sin [ 3aMeHseM Ha , TIEBYTO

YaCThb TOXKJECTBa IpeoOdpa3yeM K BULY

m+1 m—+1
(Z expi(2k + 2)la — Z expz2kla> ,

=0

¥ TPUMEHsSEM B OUEPEIHOU pa3 (POPMYIy CYMMUPOBAHUSA M€OMETPUIECKOUN MPOTPEC-
cun
m—+1
Z exp12kla =
1=0

0, m+1>k>1,
+2, k=0.

m+ 2 s
[okasareascTBO PABEHCTBA ||g2m41]|co = g v 60se€ TPOMOBIKO.
Cuadajia IpOBEPUM TOXKIECTBO Gom+1 (T + T) = —gom+1(z). Tak kax B cuny dop-
My sin(z + m) = —sinz, cos(z + ) = — €OS T, OYEBUIHO

fm,k(l' + 77) = _fm,k(-r)awm(x + 77) = (_1)m+1wm(‘r)7

TO
2
[ wm(xz+m)sinka "
hm k(2 + ) = < cos(z + m — ko) > = han.1:(2),

OTKYAA gm ik(x + T) = hmi(x + ) fmr(x + 7) = —gmik(z), 1, cregoBaTensuo,
gom+1(T + ) = —gam1 (2).

IIposepum, aTo g (ka—m/2) = m+2 tg —— k=1 m + 1. Tak kak

9 2m+1 B 2m+4, youey .

Rm k, BMECTE C Wy, OYEBUIHO UMEET ABYKpATHbBIE KOopHU la—7/2,1 <1 < m+1,1 # k,
TO U Gy, TOXKE UMEET Te JKe TBYKPATHHIE kopuu®) . TlooTomy gomy1(ka — 7/2) =

6)KopeHb QYHKIMU ABYKpAaTEH, €CIM OH ABIAETCA TAKXe KOPHEM ee Npou3BOAHOU. Bce kop-

Hun dysxmuu f(x) GyayT ABYKpATHBIME KopHAME dyHkmma f2(z)g(x), Tax xax (f2(x)g(x)) =

=2f(@)f'(¥)9(x) + [*(2)g' (z) = [(2)(2f"(2)g(z) + f(2)g'(z))-
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= Cgmr(ka —1/2). Tax xax fp (ko —7/2) =1, sinla = sin(m + 2 — l)a, TO
gmk (ko — m[2) = hpy g (ka —7/2) =

m+1 m—+1
= sin® ka H cos?(ka — w/2 — la) = sin® ka H sin?(l — k)a =
I=1,l#k I=1,1#k
k m+1 k m+1—k
= H sin? la H sin?(l — k)a = | [ sin? la H sin? la,
=1 I=k+1 =1 =1

OTKy[a, TIEPECTABIAA TTOPATOK COMHOKUTENCH B MOCTEIHEM TIPOW3BEICHAN, MMEEM
m—+1
— in2 —
Gom+1(ka —mw/2) = H sinlae, k=1,...,m+1.
=1

W3 u3BecTHOrO TOX IECTBA,
n—1 I
. s _
H sin — = n2 "t
n
=1

(cm., mampumep, [7, 3ax. 232]) cregyer, 9To

_ _ 209—2m—2,~ _ M+ 2 ™
Gom+1(ka —7/2) = (m + 2)°2 C_—2 tg2m+4,
[posepum, a0 g5, 41 (ka —7/2) = 0, k = 1,...,m + 1. Tax KaK g, uUMeerT

aBykpaTHble KOpHE [ — 7/2,1 <1 <m + 1,1 # k, 7o gy, 1 (la —7/2) = 0,1 <1 <

<m+ 1,1 # k, nootomy g5, (ka — 7/2) = Cg,, (ka —7/2), k=1,...,m + 1.

Tax kax

k=1,...,m+1.

Fmk (ka - g) =1 fix (ka - g) = —2ctgkasin (—g) = 2ctgka,
2
T\ _ R W Wm _
fom i (ka B 5) — amt1 (ka 2) = sin” ka (COS(ZE — ka)> o
z=ka—m/2
=(m+2)2%272 k=1,....m+1,
!
i ™ 2 Wm, Wm
K (ka — —) = 2sin” ka—F—™——— <7> ,
m 2 cos(z — ka) r—ha—n/? cos(z — ka oo/

10, cormacuo dopmyre Jeabunna’) u ToxgecTsy ctgr = — tg(x — 7/2), nmeem

' m+1
Wm _ Wm, _ _ —
(COS(I m ka)) -t | L e i) -
z=ka—m/2 I=1,17k r=ka—m/2
m+1
— _ Wm — _T_ =
" cos(z — ka) Z e (ka 2 la)

z=ka—m/2 1=1,l#k

Wmeercs B Bugy creryomas ee bopma (fi-...-fn) = fi-...-fu(f/f1+.. .+ f,/ fr), npuronuas,
ecmn f; Z0,i=1,...,n.
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m—+1
Wm
= —— E ctg(k — Da |,
cos(e — ka) e=ka—7/2 \ =1,k

OTKy[a CTeIyeT, ITO

2 m+1
i T\ _ 2 Wm _ —
ok (ka - 5) = 2sin” ka <7cos(:b = ka> Z ctg(k — Do
r=ka—n/2 \[=1,l#k
m+1
= (m + 2)?272m~1 Z ctg(k —Da |,
1=1,l#k

crefoBATEMLHO
G (ke = 7/2) =
= g (ko= T o (ko= T) b (ko = 3 frop (ko= T) =
= Wy (ko= 3) + 2 (ko = T) ctgha =

m—+1
= (m +2)%272 ! | ctgka + Z ctg(k — Da
I=1,I#k

CymMy B CKOOKAX MOXKHO, COKPAIIASA PABHEIE CIATAEMBIE, 3AMUCATL B BUIE
k m—k+1 m+1—s
thgla — Z ctgla = + Z ctgla, s=min(k,m+1—k).
=1 =1 l=s+1
3ametus, uto ctgla = —ctg(m + 2 — l)a, ctg(m + 2)a/2 = 0, oTcooga umeem
Gomi1(ka —m/2) = Cgq,, (ka—7/2) =0,k =1,...,m+1.

IIpoBepuM, 9TO MHOTOUIEH (41 (T) MMEET JOKAIBHBIE SKCTPEMYMEI B TOIKAX
ka+on/2,0 =+x1,k=1,...,m+ 1. CHauana OUEHUM UUCJIO KOPHEU Y IPOU3BOJHON
95m1(®) Ha nETepBaNe [—7/2,37/2). I3 paBeHCTBA G241 (2 + ™) = —gam41(x) cre-
AyeT, 9TO gh,, 41 (ka+7/2) = =gy, 1 (ka—7/2) =0,k =1,...,m+1, T.e. npousso-
Has uMeet emie m + 1 kopHen Ha uHTepBane [7/2,37/2). Tak kak gam41(ka —7/2) =

m+ 2 s
= —gam+1(ka +7/2) =

> ®omyd’
HA KOHIAX KaxKA0ro us oTpeskos [ka + on/2,(k+ 1)a+on/2],c =+, k=1,...m
IIPUHIMAET PABHBLIE 3HAMEHM, TOITOMY COMIACHO TeopeMe Pomna®) ee mpomssogmas
UMeeT XOTA ObI OVH KOPEHb Ha KaX I0OM U3 DTUX 2m OTPE3KOB, TODTOMY OOIIee TUCIO
ee KOpHeu Ha uHTepBate [—7/2,37/2) we menbue 4m + 2. IlosTomy, cormacHo u3-
BECTHOMN TeopeMe 06 OLEHKe UuCIa KOPHEH TPIrOHOMETPHIeCKOr0 MHOrowIeHa’) (M.,
Hanpumep, [1]) MEOrOWIeH g),,,; ¥MeeT Ha mHTepBaxe [—7/2,3m/2) poBHO 4m + 2
IPOCTHIX (OJHOKPATHEIX) KOPHEH, MePEUNCIeHHBIX BHIIIE, CTeJOBATETLHO gy, | He

kE=1,...,m+ 1, To GyHKIUA gopy+1(x)

8)Ecan dbyHKIMA IuddepeHnupyeMa Ha 0Tpeske U IPUHUMAET DABHLIE 3HAYEHMA HA €ro KOHIAX,
TO ee MPOM3BOAHAA OOPAIMAETCA B HYJ b B OJHOW W3 €r0 BHYTPEHHUX TOYEK.

9) HeHy1€BOM TPATOHOMETPHYECKAN MHOTOWICH TIOPAAKA 7 MMEET HA JI00GOM HHTEPBAJE la,a+2m)
He Gosee 2n KOPHEN C y49eTOM KPATHOCTH.
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UMeeT KPATHHIX KOpHen. B wacTHocTH, Ha unTepBate ((m+ 1)a —7/2,a+7/2) mpo-
M3BOOHAS KOPHEH HE MMEET, 3HAYUT, OHA COXPAHACT MOCTOAHHBLIM 3HAK, 4 TaK Kak
G2m+1((m+1)a—7/2) > 0 > gomi1(a+7/2), To OHA OTpULATENBHA U DYHKIAA g 41
Ha ATOM HHTepBaje yObBaeT. Tak Kak MpOU3BOIHAA HE UMEET KPATHBLIX KOPHEH, TO
ee 3HAKH MeXIy KopHaAME depenyiorca ), mostomy creBa ot kopusa (m + 1)a — 7/2
MPOM3BOMHAA MOJOKUTENBLHA, TIO3TOMY COTVIACHO M3BECTHOMY MPU3HAKY JOKATHLHOTO
MakcuMyMa OYHKIUAA g2, +1(2) uMeeT B Touke (m+1)a—7 /2 ToKaIBHBI MAKCUMYM.
AnanoruaHo mpoBepseTcs, 9To BO BeeX Toukax ka — /2, k = 1,...m + 1 MHOrOuTeH
92m+1(T) UMeeT JTOKAIBHBIN MAKCUMyM, a BO Bcex Toukax ka +7/2,k=1,...m+ 1
— JIOKAMTBLHBIA MUHAMYM.

IIposepum, 9T0 gom+1(z) > 0 Ha orpeske [—7/2,7/2]. Tak xkaxk C > 0, TO xO-
CTATOYHO IIPOBEPUTE, ITO G k(Z) + Gm,m+2-k(x) = 0, 1 < k < (m + 2)/2, oTtkyna
CIeIyeT HepABEHCTBO

gom+1(2) = C((gm,1 (%) + gmm+1(2)) + (9 2(2) + gm,m(2)) +...) 2 0.

Tax xak cos(z — (m + 2 — k)a) = — cos(x + ka), To
gm,k(l‘) + gm,m+2fk(l‘) =

) 2
( wm (z) sin ko )) (cos®(x + ka) fm k() + cos?(z — ka) frm.mr2—k(T)).

cos(z — ka) cos(z + ka
[nst IPOBEPKKM HEOTPHULATEIBHOCTH BTOPOrO COMHOXWTENSA, B CHIY TOXKIECTB
sin(z—(m+2—k)a) = —sin(z+ka), ctg(m+2—k)a = — ctg ko, paBaOro, 04eBUIHO,

cos?(z + ka)(2 ctg kacos(z — ka) — sin(z — ka))+
+ cos?(z — ka) (2 ctg ka cos(x + ka) + sin(z + ka)),
TO/TB3Y ACH TPUMOHOMETPHHIECKAME TEOPEMAME CJIOKEHHs, TPeobpasyem ero k suay’)
2 cos x sin ka(cos® (2 ctg® ka — 1) + sin® ka).
Tax xax 0 < cos’ z < 1, a muHeiHAs QYHKIMA OCTUTaeT dKCTPEMYMOB Ha KOHIIAX
orpeska, Tompu k=1,...,m+1
cos® (2 ctg? ka — 1) + sin® ka) > min(sin? ka, 2 ctg® ka — 1 4 sin” ka).

OcraeTcs 3aMEeTUTh, YTO B CUJIYy TOXKIECTBa

2 2

ctg?z — cos’ x = ctg? 2(1 — sin’ ) = ctg? zcos’ x
mpu k=1,...,m + 1, oueBuaHO,
2ctg? ko — 1 + sin® ka = 2 ctg? ka — cos® ka = ctg? ka(1 + cos® ka)) > 0.

Taxk xak sinka > 0,k =1,...,m + 1, TO TeM caMbIM IOKa3aHO, 9TO 3HAK (DYHKINN
92m+1(T) COBIALAET CO 3HAKOM COS .

10)Ecan 661 OHA COXPAHATA 3HAK HA MHTEPBAJE, COJEPKAMEM TPH COCEIHHX KOPHA, TO B CPEIHEM
W3 HUX NIPOM3BOAHAA ObLTa ObI paBHA HYIIO, T.€. OH ObLI OBl JBYKPDATHBIM KOPHEM, 9TO HEBO3MOYXKHO.

1D Iposepka npegocrapiserca umraTeno. s yio6CTBA MOXKHO 0GO3HAYUTL COS ko 4uepes ¢, a
sin ka 4epes s.
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[Jokaxem Tenepb, 9TO HAMJEHHBIE e DKCTPeMyMBl — MIobanbabe. Mex 1y cocen-
HUMU JOKATLHLIMA MAKCAMYMAMU PACIIONOKEHBI JOKATLHBICE MUHUMYMBI, 8, TaK Kak
g2m+1(2) > 0 Ha oTpesxe [—m/2,7/2], TO HA BTOM OTpE3Ke JTOKAIBHBIE MAKCUMY MBI
OyoyT OYEBUAHO U DVIOOAIBHBIMU MAKCUMyMaMu. B CUIy PaBeHCTBA Gom41(T + ) =
= —gom+1(x) Ha orpeske [7/2,37/2] QYHKIUA (o, 1 HENOIOKUTENBHA, IODTOMY B
roukax ka+m/2,k =1,...m+1 ona umeer rmobanbHEEe MUHAMYMBL. Clle10BaTEIBHO,
PABEHCTBO

T\ _ m+2 m _
)=ty k=1 m

lg2m+1llog = g2m+1 (ka -3
IOKA3aHOo.

m
[oxaxeM Temepb, UTO gam+1(z) = Y. by cos(2k + 1)z. Tak xak B CUIy ee mepuo-
k=0
OIUIHOCTH

Jom+1 (—ka — g) = gomt1 ((m +2—-k)a+ g) = Gom+1 (ka + g) ,

TO QYHKIUN Gopm+1(Z) B Gomy1(—x) uMeroT 2m + 2 o06UMX MAKCUMyMa U MUHU-
MyMa Ha HHTEpBage [—7,7T), 3HAYUT WX PA3HOCTb UMEEeT B TO4Ykax tka + +7/2,
1 <k < (m+2)/2 nBykpaTHbie kopHu'?), cyMMapHAA KPATHOCTH KOTODHIX PABHA
4m + 4, 1. e. 6oabie 4m + 2, TO3TOMY CONIACHO TEOPEMe O YUCTe KOPHEU TPUTOHO-
METPUYECKOT'O MHOTOWIEHA PA3BHOCTD Jom+1(Z) — gamt1(—2x) paBua myaw. Caegosa-
TETBHO, MHOTOWICH oy, 11 (L) E€TEH, TTOITOMY COCTOMT U3 OTHUX KocuHyco'®) (.,
manpumep, [1]). OTcyTcTBIE B HEM KOCHHYCOB C 9eTHBIME Tyramu’®) MOXKHO BHIBECTH
13 TOx1eCTBA®) g2, 11 (2+7) = —gomy1(2), HO MOXKHO IPOBEPUTD I HETIOCDEICTBEH-
HO 3 ompegeeHus o) 9om+1().

12) [IpousBoAHAS PABHOCTH §2m+1(T) — g2m+1(—T) B DTHX TOYKAX TOXKE PABHA HYIO, TAK KAK
IPOM3BOHBEIE DYHKIMU ¢2.m+1(+2) B HEX DABHBEI HYIIO.
13) Hewernas 9acTh TPUNOHOMETPHIECKOTO MHOTOWIEH], y, (L) BRIpaKaeTCa hOPMyIIoin

Z ar sinkz = (tp(z) — tn(—2))/2,
k=1

TO2TOMY Yy 9€THOIO MHOTIOHYJIeHAa OHa TOXJAECTBEHHO DPaBHA HYNIO, U IMOITOMY ee KOdX(PPUIMEHTH aj,
PABHBI HYJIIO, COTVIACHO TE€OPEMe O UUCIe KOPHEU MHOTOUICHA.

14) Cnaraembix Buga bcos 2kz, rae k — nenoe. — Ipum. pex.
[n/2]

15)Hpe,z(c'raBmm 9eTHBIN MHOTOWIEH tnp B BuIe ton + t1n, Toe ton = ». bapcos2kx, t1, =
k=1

L(n—1)/2]
= > bog41cos(2k+ 1)z, 3ameqaem, aro to,n = (tn(x) +tn (z +7))/2, nodTOMY M3 TOXKAECTBA

tn(z) = —tn(z + m) caexyer, 9T0 to,,(z) = 0, U COrIACHO TEOpEME O UMCJIe KOPHEUd MHOTOUICHA
geTHbIE KOdhuImenTh by, = 0. Ananorndno, ecin tn () = tp(x +7), 10 t1,0(2) = (tn(z) —tn(z +
+ m))/2 = 0, crenoBaTeIbHO ty, = to,n, T.€. HeIeTHBIE KODPQUIMEHTEL bagy1 = 0.

16) Mokasas ¢ MOMOMIBIO GOPMYJT TPEOGPAZOBAHIS TPOUIBEAEHNA CAHYCOB-KOCAHYCOB B CYMMY, 9TO
MHOXKECTBO MHOT'OYJIECHOB, COAEPXKAINUX TOJBKO 9€THBIC NyIr'i, 3aMKHYTO OTHOCAUTEIBbHO YMHOXEHNI,
a YMHOXEHHE TaKAX MHOIOWIEHOB HAa MHOTOYIEHBI, COJAepXkKallie TOJbKO HeYeTHHIE IyTH, TAeT B
pe3dyapTaTe TOXE€ MHOT'OYICHBI, COoAepxXKalue TOJNHBKO HEeYeTHhIC NYyT'H.
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m
W3 noxkazarnoro g mo6oro muorowieHa t,(x) = > bgcos(2k+1)xz, n = 2m+1,

TOXIECTBA k=0
m—+1 9
Z sinka t, (:U-i—ka— g) = m; b1 cosx
k=1
7 COOTHOMIEHNN ||ty |00 = tn (ka — 7/2),
m—+1
™ . s
ctg 2m+4||t"||°° = ; sinka ||, (a: + ka — 5) Hoo
CJeyeT HEpABEHCTBO
m+1 P
i . i m
Ctg m”tnnoo 2 I;smka tn (k'Oé—E) =b1 2 N

KOTODPO€, 09EBHIHO, OOPAIAECTCA B PABEHCTBO, €C/IN U TOIBKO €CIH
™
tn | ka — 5)= Itnlls k=1,...,m+1.

Taxk Kak >TU COOTHOIIEHUS BBIIOJHEHBI IS ty = §2;41, TO

lgzmalloe = T2t 5by
m~+1]loco 2 Im+4 b
m+2 T
OTKYyJa, B CWIy TOKA3aHHOT'O PABEHCTBA ||g2m+1]lco = —— tg , CIEIYET, ITO
2 2m +4
by = 1.
JokaxkeMm e IUHCTBEHHOCTD 3KCTPEMATBHOIO MHOIOWIEHA, ¢, npu HedeTHOM |[n/h].
m+ 2 T
MoxHo cunrtath, 9T0 ¢ = 1, ||tnllee = — g U [(n —h)/2h] . Tlo-
JIOK UM
1 2h 4ol m
xr s .
fomt1(z) = o (—l)ltn ( 3 ) = ReZczkH expi(2k + 1)z.
I=1 k=0
Tax xakx
m—+1

x+ 7l ™ . T
ltnlloo = tn (T) o Mfamsillee = fomsr (ka — 5) ) 1; sin ka = ctg T d’

TO U3 MOKA3aHHBIX BHIIIE HEPABEHCTB CJAeLyeT, ITO IPU HEKOTOPOM 7Y

2h
m + 2 T _ 1 I v4+wl\ _
mrs tg2m+4—||tn||oo>%;<—1)tn( ") = fomir () =

m+1
= || fom+1llec = tgﬁ > sinka fami1 (ka - g
k=1

2 ®oamya-

)_m+2 m

OueBUIHO, YT HEPABEHCTBA OOPAIIAIOTCA B PABEHCTBA, IIOITOMY

m—+1

™ .
| fom+1lloo = tg T Z sinka || famtillog =
k=1
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m—+1
s . s
=tg ST kE ’ sinka fomi1 (ka - 5) ,
3HAYUT B KAYECTBE 7y MOXKHO B3ATb Jaioboe ka — /2, k=1,...,m + 1, orkyna
ka+ 7wl —m/2
tn <T/> = (=D ftlle, E=1,...,m+1, [=1,...,2h

CremoBaTeabHO, MHOTOUIEH ¢, MMeeT HA mHTepBate [m/2h,27 + 7/2h) roKaabHEIE
DKCTpeMyMH B Toukax (ka + 7wl —w/2)/h, k=1,...,m+ 1,1 =1,...,2h, n obuee
ux KommaecTBO paBHO 2(m + 1)h > n. [lokaxeMm ero eIMHCTBEHHOCTb PACCYKIe-
HUEM OT MPOTHUBHOTO. Tak Kax MPOUM3BOAHAA MHOTOWIEHA f, B TOIKAX JOKATLHEIX
DKCTPEMYMOB PABHA HYJIO, TO €CIM OB CYMECTBOBAI APYTOM MHOTOWIEH C TEMU K€
JOKATBEHLIMA DKCTPEMYMAMHI, TO PA3HOCTH TUX MHOTOWICHOB NMENa, OB HA, MHTEPBA-
ne [7/2h, 2w +m/2h) He Menee 2(m+1)h > n IBYKPATHEIX KOPHEH, ITO MIPOTUBOPEIUT
TeopeMe O IUCae KOPHEH Ha MEPUOJE Y TPUTOHOMETPUIECKOTO MHOTOMICHA.
n—h
2h )
Monaraem, kax u Beme, 9To ¢, = 1. Ilokaxem, 9TO TOrga SKCTPeMATLHLIMEA Oy-
AYT MHOTOWIEHBI §om+1(hz) + cUZ 1 (sinhz) npum moGoM ZOCTATOMHO MATOM |c|,
rae Ug(x) — muEOrowieH YeOBIéBa BTOPOrO pOAA, ONPENEIAEMbI DABEHCTBOM
U(cosz) = sin(k + 1)z/sinz (cm. [1]). Tak xak B cuny Toxaectsa sin(k + 2)z +
+sinkx = 2sin(k 4+ 1)z cos z oueBuanuo Uy (cosx) + Ug—1(cosx) = 2 cos xUy(cos z),
TO MO MHAYKIWHA JErKO TpoBepaeTcs, 910 Uy () ecTh anrebpanvecKuil MHOTOHWIEH
crenenu k. Tak xax

Paccmorpum caydan uwetsoro |n/h]. Torma n > (2m + 2)h, m = |

Ur(—cosz) = Ug(cos(z + 7)) = sin(k + 1)(z +m) _

sin(z + )
_ o qpwsin(k+ Dz g
= (cHEEDE 1k cosa),
1o Up(—2) = (—1)*Uy(z), smauut UZ(z) — 4eTHBII aireGpamdecKmii MHOTOWICH

crenenn 2k, suaaur U2 (sinh(z + 7)) = UZ | (£sinhx) = UZ ., (sin hz), cregosa-

m—+1
2 . _ o o
renpHo U (sinhz) = ) day cos 2khx ecTh e THBIN TPUTOHOMETPUIECKUHA MHOT'O-
k=0

wien nopsagka 2(m + 1)h < n. Tak xak xopun MuOorowresa Ug(z) ecTsb, 09€BUIHO,
coslr/(k+1),l=1,...,k To B cuiy paBeHCTB
o . ka+wl—7m/2\ . T\ _
_m+2,sm<h 5 >—Sln(ka+ﬂ'l 2)—

= (-1)"*'coska = (—1) cos(m + 2 — k)a

TPUTrOHOMETpUIeCKU MHOTrOUNeH Uy, y1(sin hz) umeer xopuu (ka + wl — w/2)/h,
k=1,...,m+1,1 € 7Z.B cury dopmyrer muddepermuposanus (f2) = 2ff' y muo-
roarena U2 (sin ha) Te xe kopHu Gy AyT ABYKPATHBIME (HO HE TPOEKDPATHBIMI, TaK
KaK CyMMapHas KPATHOCTb KOPHEH Ha IEePUOJe He MOXKeT ObITh Goubiie 4(m + 1)h),
U OHU COBHATAIOT C TOIKAME JOKATLHEIX DKCTPEMYMOB MHOTOWIEHA §2,+1(he), Tak
KaK TMOJIO0HBIE TOUKM MHOTOWIEHA o +1(x) ecTb ka + 7wl — /2k = 1,...,m + 1,
| € 7. TlooTOMy JMOKATHHEIE SKCTPEMYMBI MHOTOWICHA omt1(ha) + cUZ 4 (sin h)
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COBNAJAIOT C JOKATHHBIMU SKCTPEMYMaMM MHOTOWIEHA gam+1(hx). Octamocs moka-
34Tk, YTO IPU MAJOM |c| TOKATBHBIE SKCTPEMYMBI Oy Iy T TAKKE MIOOATEHBIME. 3aMe-
THUM, ITO, B CUTy OTCYTCTBUA KPATHLIX KOPHEHW Y TPOM3BOIHON §2,,11(Z) W M3BECT-
HOT'O NPU3HAKA JOKATLHOTO SKCTPEMYMAa, B TOTKAX JOKATLHEIX MAKCUMYMOB BTOPAs
OPOUM3BOMHAA (opm+1(T) OTPUIATENTBLHA, & B TOYKAX JOKAIBHBIX MUHAMYMOB — TO-
JIOXKUTEIbHA, U TO e CaMOe, OYeBUIHO, BEPHO MJIA MHOTOWIEHA §2,,+1 (he). Anamno-
IUMHO, BO BCEX YKA3AaHHBIX TOUKAX BTOPAs MpOM3BOAHAL MHOrowrena U2 L (sin hz)
nonokuTenbHA. [[03TOMY TI06ATEHOCTE JOKATLHBIX DKCTPEMYMOB ¥ MHOTOWICHA,
gom+1(hx) + cUZ,  (sin ha) mpu m060M ZOCTATOMHO MATOM || BEITEKACT U3 CIeIyIo-
el NHTYUTUBHO OYEBUIHOU JEMMBbIL:

Iycte Gyukuun f,g aBaxab guddepeHuupyeMsl Ha orpeske [a,b]. Eciun onn
UMEIOT ABYKDATHEIE HYJIW B TOYKAX a,b, BTOPAA IPOU3BOAHAA § B DTUX TOIKAX OT-
punaTerLHa, BTOPas MPOU3BOAHAA f B HAX TonoxuTenbHa, n g(z) < 0 < f(z) npnm
a < z < b, To mpu manoM |¢| g(x) + c¢f (z) < 0 mpu a < z < b. Ecin xe g y6rBaeT Ha
sToMm orpeske u ¢g'(a) = ¢'(b) =0, g"(a) < 0,¢"(b) > 0, o g(a) > g(x)+cf(z) = g(b)
mpu MaJjoM |c|.

[l1 TOKa3aTeqbCTRA IEPBOTO YTREPK ICHUA JOCTATOTHO MPOBEPUTE, ITO TTPY Ma-
7oM |c| m a < x < b cnpasenauBo HepaBeHcTBO g(z)/ f(2) < —e. Tax kax g(z)/f(z) <
< 0, u corracuo npasuty Beprymwm —Jlonuraxa'’

m 9(@) = 9"(a) <0,

;La (ac) f” (a)

n anansornduo lim g(x)/f(z) < 0, snaunt dyuxumsa g(x)/f(z) HempepbIBHA Ha OT-
T—a

peske [a,b], mosTomy cormacHo Teopeme'®) o cymecTBOBaHEE SKCTpEMyMA

max g(z)/f(z) =M <0

U JOCTATOYHO BHIGPATH |¢| < |M|. s qoKasaTerbCcTBa BTOPOTO YTBEPKAECHUS 10-
CTATOYHO TMPOBEPUTH, UTO pu a < & < b

(9(a) — g(x))/ f(z) > c> (9(b) — g(x))/ f ().
Mpumensas npasuro Jlomurana k obeuMm IpobAM uMeeM

. gla)—g(@) _ _g"(a) . g®) —g(@) _ _g"(b)
2w @ " S e <

suauut Gyakuun (g(a)—g(x))/f(x), (g(b)—g(z))/ f(x) menpepuiBub HA OTpeE3Ke [a, b],
MO3TOMY COTVIACHO TEOPEME O CYIIECTBOBAHUN SKCTPEMYMA
g(a) — g(x) g9(b) — g(x)

2, ) 120, max TR 2 <0,

U IOCTATOYHO BHIOpPATH |¢| < min(Mq, —Ms).

M Beau lim g(z) = lim f(z) = 0, To lim f(z)/g(z) = lim f'(z)/¢'(x). MoxmHo, KOHE4HO, 0GOM-
r—a r—a r—a r—a
TuCh Ge3 npaBuia JIOMMTANA, UCIONB3YA BMECTO HETO TEOPEMY O CPEIHEM.
lg)HereprBHaj{ Ha OTpe3ke (PYHKIUA MMEET Ha HEM MAKCUMYM M MUHUMYM.
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