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From Differential Equations to Difference Equations

Ushangi Goginava, Farrukh Mukhamedov

CaMblif TOMyJISIPHBINA U MUPOKO UCIIOJIB3YEMbI METOJ, PElIeHNs JJUHEHHBIX YPABHEHUH IEPBOTO TO-
psinka — npumMeHenne uHIyKnud. OHAKO CYMIECTBYIOT METOJIbI, KOTOPBIE MOXKHO HCIIOJIb30BATH JIJISI
ToJTyIeHns: oOIero perrenns 6e3 MpUMEHEH!s MaTeMAaTUIeCKON MHIAYKINU. Takke, OOIue pelreHust
MOKHO HAHTH METOJIOM, OCHOBAHHOM Ha XapPaKTEPUCTUIECKOM YPABHEHUU — JIJIsI JIMHEHHBIX PA3HOCT-
HBIX YpaBHEHUI BTOPOTO MOpsaka Tuia ditnepa-Komu. dtu nuddepeHnuaibubie ypaBHEHUsT sIBJISTIOT-
Cs1 BaXKHBIM ACIIEKTOM OOYYEeHMUsI, MOCKOJBbKY OHM JAIOT (DYHIAMEHTAIHLHOE COYETAHNEe MHCTPYMEHTOB 1
UHTYUIIH, KOTOPbIE B UTOTe IPUBOJSAT K YPABHEHUsIM B YaCTHBIX HPOU3BOJHBIX. [lociesHue mupoko
UCIIOJIB3YIOTCS JIJTsl OIICAHNS PA3HOOOPA3HBIX SIBJICHUN B €CTECTBEHHBIX HAYKAX.

CraTbs mybIUKYyeTCsl Ha, aHIVIMIICKOM SI3BIKE.

The most popular, widely used method in regards to solving first order linear equations is through
induction. However there are similar techniques that can be employed to obtain a general solution
without the use of mathematical induction. Also, general solutions can be provided by borrowing
a method based on the characteristic equation for second order linear difference equations of the
Euler-Cauchy type. These differential equations are an important aspect of learning as they provide a
fundamental foundation of tools and intuition that lead to partial differential equations which are used
to describe phenomena in natural sciences.

1. Introduction

The main fundamental tool of calculus is considered to be the notion of the derivative with many
applications in natural sciences and explanations for phenomenas ranging from heat, traffic, waves, etc.
Concepts such as acceleration, Newton’s Second law, etc will make an appearance in a student’s life at
some point especially in physics. Hence understanding the key concept of the derivative is imperative in
truly grasping the notions presented within the student’s other studies which helps in the applications
of the derivative in real world systems. Considering some of the most simple real world applications and
notions, the main point boils down to the involvement ordinary differential equations and their solutions.

Taking a step further, studying discrete analogous of the derivatives builds intuition on using integration.
This can be extended to the case of discrete versions of ordinary differential equations where a heuristic
method of separation of variables is employed when solving first order ordinary differential equations. Note,
there are many books and resources dedicated in solving and providing solutions to these type of ordinary
differential equations (see [3]) where most provide the explicit form of the solution and mathematical
induction is employed to prove that the result is a general solution.

Now, the main objective is to employ similar techniques to acquire the general solution for first order
linear difference equations without the use of induction and to awaken the intuition of the student in
regards to applications in real world systems. These techniques gently lead to the next objective which is
to solve and find general solutions of the Euler-Cauchy type second order linear difference equations. This
is done through a borrowed method based on the characteristic equation associated with the Euler-Cauchy
differential equation.

t2y" 4+ aty +by =0

In [5] general solutions of linear difference equations related to a particular equation y” + (\/t?)y = 0
are presented. Note that the discoveries within this paper may have potential applications in analysis
of asymptotic expansion of solution of the Euler type equations. This illustrates the fact that similar
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approaches in other literature have not been found, hence cementing the findings of this paper as a new
discovery with potential for applications. However, the characteristic equation method has been used to
investigate asymptotic expansion of the second order linear difference equations.

Ynt2 + a(n)yni1 + b(n)y, = 0; (1.1)

where a(n) and b(n) have asymptotic expansions of the form

a(n) ~ Z %, b(n) ~ Z
k=0

k=0

E

b
n

e

Asymptotic solutions to (1.1) are classified by the roots of the characteristic equation
,02 + agp+ by =0.

We refer the reader to [1, 2, 7] for more information. It is pointed out that the last characteristic
equation is different from what we are presenting in this paper.

2. Discrete Derivative

For convenience think of a sequence of real numbers {y,,} as a function defined on the natural numbers
N, and as such the discrete derivative Dy, can be defined to be the sequence obtained as follows:

Dyn = yn+1 — Yn, n € N.

For instance, for the constant sequence y, = ¢, n € N, we have Dy, = 0 for all values of n. If we
consider the sequence y, = n?, then Du, = (n + 1)2 — n? = 2n + 1. Another example is 3, = 2". Then,
Dy, = 2"*t1 2" = 2" 50 Dy,, = y,. The literature [6] is recommended to further explore these examples.

Using the same spirit of differential calculus, the discrete derivative of a product of two sequences can
be calculated |3, 4]:

D(Tnyn) = Tnt1Yntl — ToYn
Tn4+1Yn+1 — Tnt+1Yn + Tnt1Yn — Tnln
(2.1)
= Tpr1(Ynt1 — Yn) = Yn(Tnt1 — )
= ZTpp1Dyn + ynDxy.

For example, D(n2") = (n+ 1)D(2") + nD(n) = (n + 1)2" + n.
Taking into account z,4+1 = Dx,, + x5, the product rule (2.1) can be rewritten as follows:

D(‘Tnyn) = anyn + yann + DwnDyn' (2'2)
Now, observe the second order derivative of {y,}. Indeed, we have
D2yn = D(Dyn) = Dyn+1 — Dyn = Yn+2 — 2yn+41 + Yn

In the coming sections, applications of the discrete derivates are demonstrated. This is applied to the
solution of difference equations by employing the methods of the differential equations.

3. First order difference equations

In this section, the methods of integrating factors is demonstrated to illustrate how it can be employed
to solve first order linear difference equations.
Consider the first order linear difference equation:

Yn+1 — PnYn =Tn, Yo =a, n >0, (3-1)
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where p,,, r, are given real numbers. It is assumed that p, # 0, for all values of n.
The interest lies in finding a solution of (3.1) such that y,, # 0 for all n € N.

Remark 3.1. In [3]| the solution of (3.1) is given explicitly which is then proved through induction.
However, the solution can be acquired by solving the considered equation directly. In the spirit of the
paper, this is demonstrated through the use of integrating factors method borrowed from the ordinary
differential equations (ODE).

Now, rewrite (3.1) as follows

Dy, + (1 — pp)yn = n. (3.2)

To solve the last equation, the integrating factor technique is employed.
Assume that {F},} is a sequence, which will be found later on. Then from (3.2), we find

Fn—i—lDyn + Fn—i—l(l - pn)yn = LIpn+41Tn- (33)

Suppose that
D(Fnyn) = Fn-l—lDyn + Fn—l—l(l - pn)yn (34)

Then, due to (2.1), from the last equality
Fn—l—lDyn + ynD(Fn) = Fn+1Dyn + Fn+1(1 - pn)yn

is obtained. Hence,
ynD(Fn) = Fn+1(1 - pn)yn

is found. This implies D(F,,) = F,,+1(1 — p,,). Hence,

Fn+1 _Fn - n—i—l(l_pn)

therefore,
1
pnFn-‘rl =F, :>Fn+1 = —F,.
n
Hence,
1
F,= ———1F). (3.5)
IT:= opk
Without loss of generality, we may assume that F = 1.
Now, using the assumption (3.4), from (3.3) it follows that
D(Fnyn) = Fn+1rn
which yields
n—1 n—1 n—1
> D(Fiyr) =Y Frare = Fayn — 0 = > Fraami
k=0 k=0 k=0
S0,
1 n—1
V=R <yo + kz_()Fk—i-lTk) -

Now, using (3.5) from the last equality, one gets

ynzﬁpk <y0+n 1 ) (Hpk>+zrk JHpg

k=0 kOH]0j
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Hence, the solution of (3.1) has the following form

n—1 n—1 n—1
un =10 [[ pr+ > (pr),nzl- (3.6)
k=0 k=0

k=0

Now, we consider a version of the Bernoulli equation:

Yn = PnYnt1 = Tn¥n Yni1, Yo =a =0, (3.7)
where p,, # 0 and m # 0.
Denoting
1
Up = —
from (3.8), we obtain
1
Un+1 — PnUn = Tn; Up = —— (38)
Yn
So, by (3.10), one finds
1 n—1 n—1 n—1
un:a—mnpk—i—Zrk Hpj , n>1. (3.9)
k=0 k=0 j=k
This implies
am
ym >l (3.10)

ThZops+ 25207 (H?;zi pj)
4. Euler-Cauchy type second order difference equations

This sections aims to show the method employed to solve the second order linear difference equation.
This is done through the use of the Euler-Cauchy method which is borrowed from classical differential
equations.

Let us first consider the following equation:

Yn+-2 + PnYn+1 + gnYn = 07 (41)
where
_ 9y a _ a n b
Pn = nt2 " TR 2 T Dt o)

Now, using the discrete derivative, the equation (4.1) can be rewritten as follows:
(n +1)(n + 2)D?y, + a(n + 1) Dy, + by, = 0. (4.2)

The last equation similarly looks like the classical Euler-Cauchy equation. Now, using the same strategy
as the classical case, the solution is searched in the following form:

yn =A4;, neN, aeC, (4.3)
where AT is the generalized binomial coefficient given by

(a+1)(a+2)...(a+mn)

[ 2
An = n!

, ag =N, (4.4)
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The coefficient A% enjoys the following property [8|:
A — AL =AY (45)
Using (4.5), for y,, given by (4.3) we obtain
Dyn = A7y, Dyn = AT (4.6)

Now, by (4.4) one finds
alc+1)(a+2)...(a+n) o

Dy, = - A2, 47
Y (n+10) nt1m (47)
Similarly, we have
— 1)

Dy, = 201 4o 4.8
M Dm+2) (48)

Substituting these into (4.2), we find
ala—1)+aa+b=0=0a>+(a—1)a+b=0. (4.9)

This equation is called characteristic equation of (4.2). Its discriminant equals to D := (a — 1)% — 4b.
Now, we consider several cases.

Case I. Assume that D > 0, then (4.9) has two distinct real roots, say a; and ag. Then

yr(zl) = Ay, y,(f) =A% neN.

n

are two solutions of (4.2). We stress that aq; ae should not be negative integer, i.e. a1, ag ¢ —N. In this
case, general solution of (4.2) has the following form:

Yn = 1 AN + AT ne N. (4.10)

where ¢, ¢y are constants.
Case II. Assume that D = 0, then (4.9) has only real root, say ay = (1 —a)/2. Then

is a solutions of (4.2). It is supposed that 1 —a ¢ —2N.

In this case, stress is put on the fact that the second solution of (4.2) is looked in the form z, = u,Y,
(this is also borrowed from the theory of linear differential equations), where w, will be determined later
on. By (2.2), one can find that

Dz, = Du,(Y, + DY,,) + u, DY, (4.11)

which yields
D?z, = D*u,(Y;, + 2DY,, + D*Y;)) + 2Du,,(DY,, + D*Y,)) + u, D*Y,,. (4.12)

Rewriting (4.2) by

2

b
Dy, + Aoy Rl (4.13)

b
nte T )(n+ 2
and substituting (4.11),(4.12) into the last one, we obtain
D?uy,(Yy, + 2DY,, + DY) + 2Du, (DY, + D*Y;)) + u,, D*Y,,+

a

+n+2

Du, (Y, + DY,) + u,DY,|+ )unYn =0

(n+1)(n+2
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which yields

a
D?uy, (Y, + 2DY,, + D*Y,) + Du,, |2D?Y;, + 2DY,, + m(Yn + DYn)] +

a
2D?%Y, —Y, —Y,
it e T A D+ 2) ”]

=0

=0.

Now, denoting v,, = Du,, from the last equation, we have

where

A, =Y, + 2DY, + DY, B, = 2D%, +2DY, + %(Yn + DY,).
mn

We reduce (4.14) to A, (vp+1 — vn) + Bpv, = 0 which implies

v =0 1—&
n+1 — Un An )

n—1 B
Un-l-l:UOH <1__n>
k=0 An

hence,

(4.14)

(4.15)

Since, we are interested in a particular solution of (4.15), therefore, we may assume that vy = 1.
Now, taking into account Y, = A%, where a = 1 — 2, and using (4.6) together with (4.7),(4.8) we

obtain
A = AF 24001 + AN
20 ala—1)
=AY 1+ +
’f< k+1 (k+1)(k+2)>

2 2a(a — 1) 1 -2« a
= AY 1
Bi ’“[l<:+1+(k+1)(k+2)Jr k+2 < +k+1>]

Using these equalities and simple calculations, one gets

1_@_k+a+l
A, k+a+2

So,
n—1

k+a+1 a—+1
=] = -

Py k+a+2 l+a+n

Due to Du,, = v,, we have
n—1 n—1
5 b=
k=0 k=0
which implies

n—1
Up — U = E Vi
k=0

(4.16)

(4.17)

(4.18)

(4.19)

(4.20)
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Without loss of generality, we may assume that ug = 0. So, by (4.20) we find

a+1

Consequently, the second solution of (4.2) has the following form

n—1

1 e 3—a
I I S 121
on ; 3—a+t2l (4.21)

In this case, general solution of (4.2) has the following form:

l—a l—a n-1
Yn = C1AR® + c2An® Z
=0

3—a

7% L eN 499
3_at2 "C (4.22)

where c¢q, co are constants.

Case III. In this case, we consider a situation when D > 0, but (4.9) has two real roots such that
a1 ¢ —N and ap € —N. Then, the first solution of (4.2) is given by

Y, =A" neN

However, the second solution cannot be defined as before. To find it, we are going to use the same argument
as shown in Case II. Namely, the second solution of (4.2) is found in the form z, = u,Y,,, where un will
be determined later on. Now, by employing all above calculations, we arrive at

n+2—oa;1—a
Ul = T T 2 )

Now, noticing that the value 2 — a; — a could be less or equal 0, therefore, we have

n—1
k+2—a1—
w= I (ﬁ) (4.23)
k>la+o1—2]+1 a

Due to Du,, = v,, we have
n—1
Up = Z V-
k=0
So, by (4.29) we find
n—1 -1
k+2—a1—a
wm= 11 11 < F+on+2 )
I=k>[a+a1—2]+2 k>[a+a1—2]+1

Consequently, the second solution of (4.2) has the following form

n—1 -1
k+2—a1—a
(2) — go I1 I1 <—1 ) (4.24)
Yn n .
I=k>atar—21+2 k>[atas—2]+1 ktar+2

where n > a + a1 — 2.
Case IV. Assume that D < 0, then (4.9) has two complex roots, say a1 = U + iV, ag = U —iV.
Then, we can see that AS' = Ap'. Therefore, the corresponding solutions of (4.2) are given by

) - AptH AR ) AR AR

Yn 5 y Yn, % , neN.
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Hence, general solution of (4.2) has the following form:

AST 4 A2 b e Adr —‘ AQ2
2 21

Yn = C1 , n €N, (4.25)

where, as before, ¢1, ¢o are constants.

Example 4.1. Let us consider the following equation:

1 1 1
(24— 2 =0. 4.26

This equation is reduced to

(n+1)(n+ 2)D2yn — (n+1)Dy, + yn = 0.

In this case, a = —1, b = 1. One can see that its characteristic equation is &® —2a+1 = 0 which means

(1)

that a = 1 is a unique solution. Now, we are in the case II. Hence, the first solution is v’ = AL =n + 1.
By (4.21), the second solution is given by

|
—_

& 1
(2) _ -
Yy, (n+1)l T

Il
o

Example 4.2. Let us consider the following equation:

1 1 1
(o 1— _ — 0.
Ynt2 ( n+1>y"+1+< n+2 (n+1)(n+2)>y"

This equation is reduced to

(n+1)(n+ 2)D2yn + (n+1)Dy, — y, = 0.

In this case, a = 1, b = —1. The characteristic equation is a® — 1 = 0 which means that a; = 1 and
ap = —1. Now, we are in the case III. Hence, the first solution is yg) = Al = n+1. By (4.30), the second

solution is given by
n—11-1
3n?+3n—6
u ”+1ZH<k+3> on

The last one can be rewritten as follows

(2) —

3 1
Yy —n+1)—3g.

5

Since n + 1 is the first solution, then we infer that the second solution of the equation is

@2 _ 1

yn - 'I’L‘
Consequently, a general solution of (4.26) has the following form:
1
ynzcl(n‘i'l)“‘@ﬁa n €N, (4.27)

where, as before, ¢1, ¢o are constants.

Example 4.3. Now, consider another equation:

2 2 2
(2o = 1— — =0.
Yn+2 ( n+1>y"+1+< n+2 (n+1)(n+2)>y"
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This equation is reduced to (4.2) with a = 2, b = —2. The characteristic equation is a? + a — 2 = 0 which

has a; = 1 and ag = —2 roots. Again, by the case III, we find yg) =n+ 1. By (4.30), the second solution
can be calculated as follows

3
_m-n-24 1 _g 1
Yn 2n(n — 1) 3(n +1) Sn(n -1)

Since n + 1 is the first solution, then we infer that the second solution of the equation is

1
- -
Yn n(n —1)
Now, we consider the remaining cases.

Case V. In this case, we consider a situation when D > 0, such that (4.9) has two negative integer
roots, i.e. a; = —k, ag = —m, where k, m € N, k # m. Then, the above considered examples suggest us
the solutions of (4.2) have the following forms

1 _ 1 @ _ 1

= = N.
I Dk ) " T am—D . m—my1) "
Hence, general solution of (4.2) is given by
Cc1 C2
n — s N, 4.2
4 n(n—l)...(n—k—i—l)+n(n—1)...(n—m+1) me (428)

where, as before, ¢1, ¢o are constants.

Case VI. This is the last possible case, in which it is assumed that D = 0, and (4.9) has one negative
integer root « = —k, where k € N. Then by the case V, one of the solution of (4.2) can be found by
1

Y, = . neN
nn—1)...(n—k+1) ne

Now, to find the second solution of (4.2) we are going to employ the method given in the case II. Namely,
the second solution of (4.2) is looked at the form z, = w,Y,,, where u, will be determined later on. By
using the same argument in Case II, we arrive at

n—k+1
n—k+2)°

Un4+2 = Un <

Now, noticing that the value 2 — a3 — a could be less or equal 0, therefore, we have

n—1
l—k+1 1
n = = . 4.2
LTk 2 n kel (4.29)
Due to Du,, = v,, we have
n—1 I n—k I
tn = Z m—k+1 :Zg
=k t=1
Consequently, the second solution of (4.2) has the following form
n—k
1 l
(2) = - 4.
Yn nn—1)...(n—k+1) t (4.:30)

t=1

where n > a + a1 — 2.
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Concluding remarks

A multitude of ideas stemming from differential equations and their analogous in the discrete difference
equations have been shown and explored. This new idea introduces a new outlook and provides a different
perspective regarding differential equations with ideas rooted in the theory of linear differential equations
and the meaning of the derivative.

A heavy emphasis is expressed regarding the method employed in finding the second solution as knowing
the first solution is based on the theory of linear differential equations. However, a formula given in [3]
which is used to find the second suction by means of the first one involving Casoratian determinants (see
[3, p.91]). Nevertheless its calculation is nearly impossible as it requires a large number of determinants
which has a high computational complexity. The beauty of the formulas discovered lie with its simplicity
which can be explicitly utilised in finding asymptotic expansion of the solutions. Further development of
the provided ideas can be extended for a variety of Euler-Cauchy equations. This is mentioned in hopes
that it incites students to search for new findings in the field of discrete difference equations. Lastly, the
obtained formulas are a great extension of differential equations and can be employed in training students
to further their preparation for maths olympiads and competitions.
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