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Natural differential operations
on manifolds: an algebraic approach

P. I. Katsylo and D. A. Timashev

Abstract. Natural algebraic differential operations on geometric quan-
tities on smooth manifolds are considered. A method for the investi-
gation and classification of such operations is described, the method of
IT-reduction. With it the investigation of natural operations reduces to
the analysis of rational maps between k-jet spaces, which are equivari-
ant with respect to certain algebraic groups. On the basis of the method
of IT-reduction a finite generation theorem is proved: for tensor bundles
V , W → M all the natural differential operations D : Γ(V ) → Γ(W ) of
degree at most d can be algebraically constructed from some finite set
of such operations. Conceptual proofs of known results on the classifi-
cation of natural linear operations on arbitrary and symplectic manifolds
are presented. A non-existence theorem is proved for natural deformation
quantizations on Poisson manifolds and symplectic manifolds.

Bibliography: 21 titles.

Introduction

Many non-trivial formulae and theorems of differential geometry are based on
local calculations: for instance, Bianchi’s identities, Gilkey’s theorem [1], Weitzen-
böck’s formula ([2], Ch. 1, Sect. I). These essentially local results and formulae form
the basis of differential geometry. Moreover, it is not unusual for the discovery of
local formulae to allow authors to solve important problems. For instance, Gilkey’s
theorem made possible a new proof of the index theorem, see [3] and [4]. In this
connection it appears natural to develop a universal approach to local problems of
differential geometry.

One such approach, formal geometry, was put forward by Gel’fand and Kazh-
dan in 1971 (see [5]). At about the same time Vinberg observed that methods of
invariant theory make local calculations simpler and more transparent. This was
one of Vinberg’s incentives to develop the Moscow school in invariant theory. Fur-
thermore, local problems of differential geometry reduce to problems of invariant
theory concerned with actions of finite-dimensional linear algebraic groups. We call
this reduction invariant theory reduction (IT-reduction).

A simplified version of the method of IT-reduction was presented in [6]. In
this paper we expound this method in its most general form, which is required in
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applications. We emphasize that the aim of IT-reduction is to solve concrete local
problems in differential geometry. For instance, in [7] the authors give a fairly gen-
eral definition of natural operations and then prove results in the spirit of Petree’s
theorem that some of these operations have finite order. In the framework of the
method of IT-reduction, from the very beginning we consider only operations of
finite order since only these arise in applications.

The structure of the paper is as follows. In § 1 we present the definitions of geo-
metric quantities, natural bundles and natural geometric operations. It is essential
for us that geometric quantities (for example, tensor fields) are sections of bundles
associated with frame bundles, and that natural differential operations act on geo-
metric quantities in accordance with formulae invariant under changes of coordinate
systems. In particular, ‘physically meaningful’ differential operations must be nat-
ural differential operations because they are independent of the coordinate system.
We also explain the method of IT-reduction in this section and present facts from
representation theory for classical groups, which we use in the calculations that
follow.

In § 2 and further on we consider algebraic natural differential operations acting
on tensor fields. In § 2 we prove a finiteness theorem and a finite generation theorem.
In § 3 and § 4 we use IT-reduction to describe natural linear differential operations
on arbitrary manifolds (Schouten’s theorem) and on symplectic manifolds (cf. [8]).
In addition, we use the concept of a natural differential operation on a manifold
endowed with an additional structure (see § 4.1). Finally, we prove in § 5 that there
exist no natural deformation quantizations on Poisson or symplectic manifolds.

We will use the following convention. In the formulae of tensor analysis we
implicitly understand that each pair of repeated upper and lower indices is summed
over the integers from 1 up to the dimension of the manifold.

§ 1. Preliminaries

We consider smooth K-manifolds, where K = R (this corresponds to real mani-
folds) or K = C (this corresponds to complex manifolds). We shall describe con-
structions that are essentially algebraic and independent of the field K.

1.1. Geometric quantities. The notion of a geometric quantity goes back to
Riemann (see [9], Ch. 6, § 1). For instance, tensor fields and connections are geo-
metric quantities. In the framework of classical differential geometry, geometric
quantities are defined as follows. Let M be an n-dimensional manifold. Accord-
ing to the classical definition a geometric quantity is a rule associating with each
local chart xα = (x1

α, . . . , x
n
α) : Uα → Rn, Uα ⊂ M , a map fα : Uα → F , where F

is a fixed vector space (or, more generally, a K-manifold). The maps {fα} must
satisfy the following transformation law:

fβ = Φ
({

∂lxi
β

∂(x1
α)l1 · · · ∂(xn

α)ln

}
16l6k, 16i6n

l1+···+ln=l

, fα

)
, (1)

where k ∈ N and Φ is a fixed (independent of local charts) differentiable map.
Now we present a modern (and more formally precise) definition of geometric

quantities.



Natural differential operations on manifolds 1483

Consider the group GL(k)
n of k-jets of local diffeomorphisms Kn → Kn at the

point 0. Elements of GL(k)
n are naturally identified with polynomial maps Kn → Kn

of the form

x 7→ g(x) = g1(x) + g2(x, x) + · · ·+ gk(x, . . . , x),

x = (x1, . . . , xn), gl ∈ SlKn∗ ⊗Kn, l = 1, . . . , k, det g1 ̸= 0.

The group GL(k)
n is a linear algebraic group isomorphic to the automorphism group

of the truncated polynomial algebra

J (k)
n = K[x1, . . . , xn]/(x1, . . . , xn)k+1.

The unipotent radical NGL(k)
n of the group GL(k)

n is defined by means of the equa-
tion g1(x) = x, and the subgroup GLn of linear transformations is a Levi subgroup.

Elements of the Lie algebra gl(k)
n of GL(k)

n are identified in a natural fashion with
polynomial maps Kn → Kn of the following form:

x 7→ ξ(x) = ξ1(x) + ξ2(x, x) + · · ·+ ξk(x, . . . , x),

x = (x1, . . . , xn), ξl ∈ SlKn∗ ⊗Kn, l = 1, . . . , k.

The Lie subalgebra ngl(k)
n of the subgroup NGL(k)

n is described by the condition
ξ1 = 0.

We shall denote by Frk M the coframe bundle of order k on M ([9], Ch. 6, § 1.2).
A fibre of the projection Frk M → M over z ∈ M consists of coframes of order k
at z (k-jets of coordinate maps x = (x1, . . . , xn) in a neighbourhood of z that satisfy
x(z) = 0). We have a natural action of the group GL(k)

n on the total space of the
bundle Frk M . With respect to this action Frk M is a principal GL(k)

n -bundle.

Remark 1.1. In place of coframes we can consider frames of order k, that is, the
k-jets of inverse coordinate maps sending a neighbourhood of 0 ∈ Kn to a neigh-
bourhood of z ∈M . A frame of order 1 is defined by fixing a basis in TzM (which
is the image of the standard basis in T0Kn = Kn), that is, an ordinary frame on M .
Frame and coframe bundles are canonically isomorphic.

Recall that for each principal bundle E → B = E/H with structure group H
and for each H-manifold F there exists an associated bundle with typical fibre F :

E ×H F = (E × F )/H → B, (2)

where H acts on E × F by diagonal action.

Definition 1.2. A natural bundle over a K-manifold M is a bundle of the following
form:

F := Frk M ×GL(k)
n F → Frk M/GL(k)

n = M, (3)

where F is a K-manifold endowed with a differentiable action of the group GL(k)
n .

The total space of the natural bundle (3) is called the space of geometric objects
of type F over M . A section of a natural bundle (3) is called a geometric quantity of
type F . The set of geometric quantities of type F is denoted by Γ(F ) = Γ(M,F ).
If the action GL(k)

n : F does not reduce to an action GL(k−1)
n : F , then the natural

bundle (3) is said to have order k.
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Remark 1.3. It can be easily observed that the map Φ: GL(k)
n × F → F in (1)

defines an action of the group GL(k)
n on F . Thus, geometric quantities in the

classical sense are coordinate representations of sections of a natural bundle F . In
most applications F is an open GL(k)

n -invariant subset of a vector (affine) space on
which the group GL(k)

n acts by linear (correspondingly, affine) transformations.

Example 1.4. Consider the space F = (Kn)⊗p⊗ (Kn∗)⊗q with the natural action of
the group GLn = GL(1)

n . Then F = T p,q is the bundle of (p, q)-tensors. Each nat-
ural bundle F of order one, for which F is a linear space and the action GLn : F is
a rational linear representation, can be embedded in a sum of bundles of the form
T p,q with some p and q. For this reason such bundles are called tensor bundles.

Example 1.5 (see [9], Ch. 6, § 4). For a natural bundle F →M of order k the l-jets of
its local sections make the l-jet bundle F (l). The bundle F (l) is a natural bundle
of order k + l. Each section f : M→F of F defines a section J lf : M→F (l) of
F (l); namely, the value of the section J lf at z ∈M is the l-jet J l

zf of the section f
at z. The transition formulae between local representations of sections of the bundle
F define an action of the group GL(k+l)

n on the typical fibre F (l) of F (l); namely,
for the germ of a diffeomorphism g at 0 ∈ Kn and the germ of a section f : Kn → F
at 0 ∈ Kn we have

Jk+l
0 g · J l

0f = J l
0

(
Jk

g−1(x)g · f(g−1(x))
)
. (4)

Consider the important special case when the typical fibre F is a vector space. In
this case F (l) = J

(l)
n ⊗ F . We point out that the representation GL(k+l)

n : F (l) is not
the tensor product of the representations GL(k+l)

n : J (l)
n and GL(k+l)

n : F . Elements
of F (l) are identified in the natural way with polynomial maps Kn → F of the form

x 7→ f(x) = f1(x) + f2(x, x) + · · ·+ fl(x, . . . , x),

x = (x1, . . . , xn), fp ∈ SpKn∗ ⊗ F, p = 1, . . . , l.

Note that the space of geometric objects of fixed type is defined over each n-
dimensional manifold. This allows us to define geometric objects using the language
of category theory [10]. Namely, consider the category Mann of n-dimensional
manifolds and the category Fibn of fibre bundles on n-dimensional manifolds. Mor-
phisms in the category Mann are open embeddings, while in the category Fibn
these are differentiable maps of fibre bundles such that the corresponding maps of
bases are open embeddings (that is, morphisms in Mann).

Definition 1.6. A type of geometric objects is a functor

F : Mann  Fibn

such that
1) for each manifold M the fibration F(M) is a fibre bundle on M ;
2) for each open submanifold M ′ of the manifold M the fibre bundle F(M ′) is

the restriction of the bundle F(M) to M ′;
3) if M ′ →M is an open embedding, then the corresponding bundle morphism

F(M ′) → F(M) is the induced embedding.
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Let F be such a functor; then for each manifold M the bundle F(M) → M is
natural. Indeed, it follows from the definition of a type of geometric objects that
there exists a manifold F (the typical fibre) such that for each manifold M all
fibres of the fibre bundle F(M) → M are isomorphic to F . Consider an arbitrary
germ of a diffeomorphism g of a neighbourhood 0 ∈ Kn onto a neighbourhood
0 ∈ Kn. For a sufficiently small neighbourhood 0 ∈ U ⊂ Kn the germ g defines
a diffeomorphism

F(g|U ) : F(U) ≃ U × F → F(g(U)) ≃ g(U)× F.

The compatible family of diffeomorphisms {F(g|U )} defines a diffeomorphism

F(g) : F ≃ {0} × F → F.

Palais and Terng [10] showed that the diffeomorphism F(g) is completely determined
by the k-jet Jk

0 g for some k depending only on F. Using this we can define an action
GL(k)

n : F and an isomorphism F(M) ≃ (Frk(M)× F )/GL(k)
n .

Lemma 1.7. Consider a representation R : GLn→GL(F ) and let ρ : gln → gl(F )
be the corresponding Lie algebra representation. Then the actions GL(k+1)

n : F (k)

and gl(k+1)
n : F (k) are defined by the following formulae:

(g · f)(x) = Jk
0

(
R

( k+1∑
l=1

l · gl

(
g−1(x), . . . , g−1(x), ·

))
f(g−1(x))

)
,

(ξ · f)(x) = Jk
0

( k+1∑
l=1

l · ρ(ξl(x, . . . , x, · ))f(x)−
k∑

l=1

l · fl(x, . . . , x, ξ(x))
)
,

where g ∈ GL(k+1)
n , ξ ∈ gl(k+1)

n , f ∈ F (k), and the gl, ξl ∈ SlKn∗ ⊗ Kn and fl ∈
SlKn∗ ⊗ F are homogeneous components of the tensors g, ξ and f .

This is obtained from (4) by straightforward calculations. Direct calculations
also yield the following result.

Corollary 1.8. The formula

(ξ · f)k =
k+1∑
l=1

lγ(ξl ⊗ fk+1−l)− (k + 1− l)σ(ξl ⊗ fk+1−l) (5)

holds, where the linear maps

γ, σ : SlKn∗ ⊗Kn ⊗ Sk+1−lKn∗ ⊗ F → SkKn∗ ⊗ F

are defined as follows. To calculate γ, take SlKn∗⊗Kn to be a subspace of the space
Sl−1Kn∗ ⊗ gln, with the help of ρ apply the tensor factor from gln to the tensor
factor from F and multiply the tensor factors from Sl−1Kn∗ and Sk+1−lKn∗ in
the symmetric algebra. The map σ is the contraction of the tensor factors from
Kn and Sk+1−lKn∗ and the subsequent contraction of the tensor factors from SlKn∗

and Sk−lKn∗ in the symmetric algebra.
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1.2. Differential operations.

Definition 1.9. Let V and W →M be natural bundles. Then a map

D : Γ(V ) → Γ(W )

is called a differential operation of order at most k if in a local coordinate system
x = (x1, . . . , xn) defined in a neighbourhood U ⊂ M such that the bundles V ,
W →M are trivial over U , we have

D(s)U (x) = δU (x, Jk
xsU ),

where sU : U → V is a local representative in U of the section s ∈ Γ(V ),
D(s)U : U → W a local representative in U of the section D(s) ∈ Γ(W ), and
δU : U × V (k) →W is a differentiable map.

Thus, a differential operation of order at most k is a map D : Γ(V ) → Γ(W )
corresponding to a morphism D : V (k) → W (denoted by the same letter). Namely,
(Ds)(z) = D(Jk

z s) for each s ∈ Γ(V ), z ∈ M ([9], Ch. 6, § 4.6). The order
of the operation D is k if D does not factor through the canonical projection
V (k) → V (k−1). The operation D defines in the natural fashion a series of differ-
ential operators D : V (k+l) → W (l) (denoted by the same letter).

Definition 1.10. Consider the case when V and W are GL(l)
n -invariant subsets

of affine GL(l)
n -invariant submanifolds V ′ ⊆ V ′′ and W ′ ⊆ W ′′, that are open

in the Zariski topology, where V ′′ and W ′′ are vector or affine spaces in which
linear or affine representations GL(l)

n : V ′′,W ′′ are defined. Then the differential
operation D : V (k) → W is said to be algebraic if the map δX(x, · ) : V (k) → W in
Definition 1.9 is rational for fixed x ∈ X and the degrees of the numerators and the
denominators are bounded on M .

Each algebraic differential operation D can be viewed as a geometric object. Let
us explain this in the simplest case of vector spaces V and W . Then all the δX(x, · )
are polynomial maps of degree at most d. The set Mord(V (k),W ) of polynomial
maps V (k) →W of degree at most d is a vector space endowed with a natural action
of the group GL(k+l)

n . Thus, the operation D is identified in a natural fashion with
a section of the natural bundle

Frk+l(M)×GL(k+l)
n Mord(V (k),W ) →M.

Example 1.11. Let V and W be vector bundles. Then the set of linear differential
operations of the form D : Γ(V ) → Γ(W ) and of order at most k can be identified
with the set of sections of the bundle

Dk(V ,W ) :=
(
Frk+l(M)× (V (k)∗ ⊗W )

)
/GL(k+l)

n →M.

Example 1.12. Linear connections on a manifold M are geometric objects of order
two; indeed, consider the tangent bundle T = T 1,0 on M , and let C be the sub-
bundle of the bundle D1(T ,T ⊗T ∗) that consists of homomorphisms ∇ splitting
the following exact sequence:

0 −→ T ⊗T ∗ −→
L99
∇

T (1) −→ T −→ 0.
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Then the section ∇ ∈ Γ(C ) acts upon vector fields as covariant differentiation, that
is, it defines a connection. Namely,

∇ξ(z) = ∇(ξi
0∂i) +∇(ξi

jx
j∂i) = Γk

ijξ
i
0∂k ⊗ dxj + ξi

j∂i ⊗ dxj , (6)

where ξ(x) = ξ0 + ξjx
j + · · · . And conversely, a connection ∇ defines a section of

the bundle Γ(C ) by formula (6).

1.3. Natural differential operations. Roughly speaking, a natural differential
operation is an operation defined by the same (universal) formula in all the local
charts.

Definition 1.13. Let V ,W → M be natural bundles. Then a differential oper-
ation D : Γ(V ) → Γ(W ) of order at most k is said to be natural if in a local
coordinate system x = (x1, . . . , xn) defined in a neighbourhood U ⊂ M such that
the bundles V , W →M are trivial over U we have

D(s)U (x) = δ(Jk
xsU ),

where sU is a local representative of the section s ∈ Γ(V ) in X, D(s)U is a local
representative of the section D(s) ∈ Γ(W ) in U , and δ : V (k) →W is a differentiable
map independent of x.

It follows from the definition that the map δ is GL(k+l)
n -equivariant, provided

that the bundles V and W have order at most l.
For instance, consider the case when V and W are linear spaces and GLn : V,W

are linear representations. In this case the map δ : V (k) → W defines a natural
differential operation if and only if it is GL(k+1)

n -equivariant.
It follows from the definition that each natural differential operation D is well

defined at all geometric quantities of fixed type on all n-dimensional manifolds.
This fact allows us to give a functorial definition of natural differential operations.
Namely, let F be a type of geometric objects. For each manifold M we shall regard
the space of sections Γ(F(M)) as a topological space (with topology defined by
locally uniform convergence of sections together with all partial derivatives). The
type F defines a contravariant functor

ΓF : Mann  Top, M 7→ Γ(F(M)),

where Top is the category of topological spaces. Then a natural differential opera-
tion D : Γ(V ) → Γ(W ) defines a natural transformation of functors: for each open
embedding M ′ ↪→M the following square is commutative:

Γ(M,V ) D−−−−→ Γ(M,W )y y
Γ(M ′,V ) D−−−−→ Γ(M ′,W ).

Conversely, under certain assumptions a natural transformation of functors of geo-
metric quantities is determined by a natural differential operation (Petree’s theo-
rem; see [7], Ch. 5).
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Now consider natural algebraic differential operations of order at most k (see
Definition 1.10). They are determined by everywhere defined GL(k+l)

n -equivariant
rational maps δ : V (k) → W . The investigation of such operations is a purely
algebraic problem, which can be solved by the methods of invariant theory. We
call this approach to the analysis of algebraic differential operations the method of
IT-reduction. In this paper we consider natural differential operations acting on
sections of tensor bundles. They are defined by rational maps δ : J (k)

n ⊗ V → W
that are GLn-equivariant and NGL(k+1)

n -invariant. Here V and W are rational
representations of GLn, and GL(k+1)

n acts on J (k)
n ⊗V = V (k) in the natural fashion

(see Lemma 4).

Example 1.14. A classical example of a natural algebraic differential operation is
the exterior differential d : Γ(Ωm) → Γ(Ωm+1), where Ωm =

∧m T ∗ is the bundle
of exterior m-forms. The corresponding map

δ : J (1)
n ⊗

∧m Kn∗ =
(
K⊗

∧m Kn∗
)
⊕

(
Kn∗⊗

∧m Kn∗
)
→ Kn∗⊗

∧m Kn∗ →
∧m+1 Kn∗

is the composition of a projection and alternation.

Example 1.15. Let T be a tangent bundle and V an arbitrary tensor bundle cor-
responding to a linear representation GLn : V . Then the Lie derivative is a natural
bilinear differential operation D : Γ(T × V ) → Γ(V ) of order one. It corresponds
to the map

δ :
(
Kn ⊕ (Kn∗ ⊗Kn)

)
×

(
V ⊕ (Kn∗ ⊗ V )

)
→ V,

(ξ0 + ξ1, v0 + v1) 7→ ρ(ξ1)v0 − σ(ξ0 ⊗ v1),

where ρ is a representation in V of the Lie algebra gln ≃ Kn∗ ⊗ Kn and σ is the
contraction of Kn with Kn∗.

1.4. Representations and invariants of classical groups. We recall some
facts from representation theory for classical groups (see [11], [12]).

A partition is a (non-strictly) decreasing string of non-negative integers λ =
(λ1, . . . , λn), λ1 > · · · > λn > 0. The length of the partition is the number of
elements λi ̸= 0, and |λ| = λ1 + · · ·+ λn. Fragments of the form d, . . . , d (s times)
in λ are often denoted by ds. We obtain the definition of a virtual partition if we
omit the condition λn > 0.

The Schur functor corresponding to the partition λ is denoted by Sλ. It asso-
ciates with any vector space V the subspace SλV ⊂ V ⊗|λ| constructed as follows.
We can assume that the tensor factors V ⊗|λ| are indexed by cells of the Young
diagram corresponding to the partition λ. Then SλV is obtained from V ⊗|λ| by
first symmetrizing over each row of the Young diagram (which we denote by Symλ)
and then alternating over each column of the Young diagram (which is denoted
by Altλ).

SλV is an irreducible polynomial GL(V )-module generated by tensors of the
form

Altλ(v⊗λ1
1 ⊗ · · · ⊗ v⊗λn

n ), v1, . . . , vn ∈ V.
Each rational GL(V )-module decomposes into a direct sum of irreducible submod-
ules isomorphic to SλV ⊗ detd, d ∈ Z.
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It will be more convenient for us to realize irreducible rational GLn-modules
in the form SλKn∗ ⊗ detd. Such a module is uniquely determined by the vir-
tual partition λ = (λ1, . . . , λn), λi = λi − d (up to isomorphism). It contains
the unique eigenvectors (up to dilation) with respect to the opposite lower- and
upper-triangular Borel subgroups B−, B+ ⊂ GLn, namely,

v−λ = Altλ

(
(x1)⊗λ1 ⊗ · · · ⊗ (xn)⊗λn

)
,

v+
λ = Altλ

(
(xn)⊗λ1 ⊗ · · · ⊗ (x1)⊗λn

)
.

The vector v−λ (v+
λ ) is called the lowest (correspondingly, highest) weight vector.

We observe that v±λ generates SλKn∗ ⊗ detd as a B∓-module.
Each irreducible SLn-module is isomorphic to SλKn∗, where λn = 0.
Let n = 2m be an even integer.We shall regard the group Spn as the stabilizer

subgroup in GLn of the 2-form

ω0 = x1 ∧ xn + x2 ∧ xn−1 + · · ·+ xm ∧ xm+1. (7)

Irreducible representations of Spn are parametrized by partitions λ of length l 6 m;
they are realized in the subspaces S⟨λ⟩Kn∗ ⊂ SλKn∗ spanned by the tensors

Altλ

(
(y1)⊗λ1 ⊗ · · · ⊗ (yl)⊗λl

)
,

where y1, . . . , yl span the isotropic subspace of Kn∗. The vectors v±λ are eigenvec-
tors for the Borel subgroups B± ∩ Spn. The vector v−λ (v+

λ ) is called the lowest
(respectively, highest) weight vector, and v±λ generates S⟨λ⟩Kn∗ as a B∓ ∩ Spn-
module.

Pieri’s formulae.

SλKn∗ ⊗ SkKn∗ ≃
⊕

λ′, |λ′|=|λ|+k
λ′i>λi>λ′i+1

Sλ′Kn∗ (as GLn-modules),

S⟨λ⟩Kn∗ ⊗ SkKn∗ ≃
⊕

λ′,µ, |µ|=|λ|−p
|λ′|=|µ|+k−p, p6k
λi,λ

′
i>µi>λi+1,λ′i+1

S⟨λ
′⟩Kn∗ (as Spn-modules).

In more geometric terms the Young diagrams for the various λ′ are obtained
from the Young diagram for λ by removing from some rows the last p cells on the
right (p = 0 for GLn) and then adding k − p cells on the right to several rows, so
that the horizontal positions of the cells that have been removed or added overlap
with neither the positions of cells of the same kind in the other rows nor the lower
rows.

The algebraic investigation of differential operations on tensor bundles is carried
out with the use of polynomial maps between various tensor spaces that are equiv-
ariant with respect to classical groups. These maps can be described in terms of
classical invariant theory.
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Theorem 1.16. Let V1, . . . , Vs,W be tensor spaces over Kn, G ⊂ GLn one of the
classical subgroups (that is, G is GLn, SLn, On, SOn or Spn) and let

Φ: V1 × · · · × Vs →W

be a polynomial G-map. Then Φ is a linear combination of maps of the following
form :

ϕ(v1, . . . , vs) = P
(
C(v⊗d1

1 ⊗ · · · ⊗ v⊗ds
s ⊗ T⊗a1

1 ⊗ · · · ⊗ T⊗al

l )
)
,

where T1, . . . , Tl are the basic invariant tensors for the group G, d1, . . . , ds and
a1, . . . , al are non-negative integers, C is contraction with respect to some indices,
and P is a permutation of indices.

The basic invariant tensor for GLn is δ = ei ⊗ xi, and the basic tensors for Spn

are ω0 and the dual tensor

ω∗0 = e1 ∧ en + · · ·+ em ∧ em+1.

Proof. We can reduce the proof to describing the G-invariant polynomial functions
on V1 × · · · × Vs ×W ∗ that are linear in W ∗. In this case the assertion follows
from the symbolic method of classical invariant theory ([12], § 9.5): each invariant
function can be obtained by complete contraction of sufficiently many copies of its
variables with basic tensors. Contractions with respect to pairs of indices from W ∗

correspond to tensor multiplication by the Kronecker delta and contractions with
respect to indices from W ∗ and indices from V1, . . . , Vs taken in various orders
correspond to permutations of the indices.

We shall use the following linear Spn-equivariant maps:

( · ) ∗ ω0 : SqKn∗ ⊗Kn → SqKn∗ ⊗Kn∗

(tensor multiplication by ω0 on the right, followed by contraction with respect to
the first superscript and the last subscript) and

( · ) ∗ ω∗0 : SqKn∗ → Sq−1Kn∗ ⊗Kn

(tensor multiplication by ω∗0 on the right followed by contraction with respect to
the first superscript and the last subscript). It can easily be seen that

(ξ ∗ ω∗0) ∗ ω0 = ξ (8)

for each ξ ∈ SqKn∗.

§ 2. Finiteness and finite generation theorems

Let V and W be tensor bundles with typical fibres V and W . In this section we
shall consider natural algebraic differential operations of the form

D : Γ(V ) → Γ(W ). (9)
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They correspond to polynomial GL(k+1)
n -maps δ : V (k)→W , where k > ord(D).

For such operations we shall prove a finiteness theorem and a finite generation
theorem.

We define the degree deg(D) of the operation (9) to be equal to the degree of
the corresponding polynomial map δ.

Consider the homothety subgroup K× ⊂ GLn. We say that a GLn-module U
is homogeneous of degree [U ] = d if tE · u = t−du for all t ∈ K∗ and u ∈ U ,
where E is the identity matrix. It is clear that SλKn∗ ⊗ detp is homogeneous, and
[SλKn∗ ⊗ detp] = |λ| − np.

Theorem 2.1. For fixed tensor bundles V and W there exist real numbers A and
B such that each natural algebraic differential operation (9) has order at most
A+B deg(D).

Corollary 2.2 (see [13], § 4). For fixed tensor bundles V , W and d ∈ N the linear
space of natural algebraic differential operations (9) of order at most d is finite
dimensional.

Proof of Theorem 2.1. We can assume that the GLn-module W is irreducible. We
decompose the GLn-module V into a direct sum of irreducible submodules:

V = V1 ⊕ · · · ⊕ Vm.

From this we obtain a decomposition of the GL(k+1)
n -module

V (k) =
⊕

16i6m

( ⊕
06j6k

SjKn∗ ⊗ Vi

)
. (10)

Let δ : V (k) → W be a map of degree d. It follows from the decomposition (10)
that δ is a sum of GLn-maps of the form

δI : V (k) →W,

(v1,0 + · · ·+ v1,k, . . . , vm,0 + · · ·+ vm,k) 7→ ∆I(vi1,j1 , . . . , vip,jp),

where 1 6 p 6 d, I = (i1, j1; . . . ; ip, jp), 1 6 il 6 m, 0 6 jl 6 k, vi,j ∈ SjKn∗ ⊗ Vi,
and

∆I : (Sj1Kn∗ ⊗ Vi1)× · · · × (SjpKn∗ ⊗ Vip
) →W

is a polylinear GLn-map. Consider the map ∆I . Since ∆I is a K×-equivariant map,
it follows that

p∑
l=1

[SjlKn∗ ⊗ Vil
] = [W ]

or

j1 + · · ·+ jp = [W ]−
p∑

l=1

[Vil
]. (11)

Let A = |[W ]| and B = maxl |[Vl]|. Then from (11) we obtain

max
∆I ̸=0

{j1, . . . , jm} 6 A+Bd

and therefore k 6 A+Bd. The proof is complete.
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For a GLn-module V let

V
(k)
+ :=

⊕
16i6k

SiKn∗ ⊗ V.

We have the direct sum decomposition V (k) = V ⊕ V
(k)
+ . For a polynomial map

ϕ : V (k) → W we define deg+(ϕ) to be equal to the degree of the map ϕ with
respect to the variables corresponding to the direct summand V

(k)
+ . For a natural

differential operation D : Γ(V ) → Γ(W ) we define its degree in the partial deriva-
tives as deg+(D) := deg+(δ), where δ is the polynomial map corresponding to the
operation D.

A map Φ: Γ(V ) → Γ(W ) is called a tensor operation if Φ corresponds to a linear
GLn-map ϕ : V →W (in other words, Φ is a natural differential operation of order
zero). Each tensor operation is a linear combination of compositions of contractions,
permutations of indices, and tensor multiplications by the Kronecker delta.

We say that a tensor bundle V is irreducible if its fibre V is an irreducible
GLn-module.

Theorem 2.3. Let V be a tensor bundle and let d and k be positive integers.
Then there exist finitely many irreducible tensor bundles Wi and natural differential
operations Di : Γ(V ) → Γ(Wi) of order at most k and degree at most d in the
partial derivatives such that for every tensor bundle W each natural differential
operation D : Γ(V ) → Γ(W ) of order at most k and of degree at most d in the
partial derivatives can be represented in the form

D(v) =
∑
i,p

Φip(v⊗p ⊗Di(v)),

where each Φip : Γ(SpV ⊗Wi) → Γ(W ) is a tensor operation.

Proof. First of all, by passing to jets we can restate this assertion as follows.

There exist finitely many GLn-modules Wi and polynomial GL(k+1)
n -maps

δi : V (k) →Wi, deg+(δi) 6 d,

such that each polynomial GL(k+1)
n -equivariant map δ : V (k) → W , deg+(δ) 6 d,

can be represented in the following form:

δ(v) =
∑
i,p

ϕip(v
⊗p
0 ⊗ δi(v)), v = v0 + v+ ∈ V ⊕ V

(k)
+ , (12)

where
ϕip : V ⊗p ⊗Wi →W

is a linear GLn-map for all i, p.

Now we prove this assertion.
Let K[V ] be the algebra of polynomials in the coordinate variables of the space V .

The polynomial functions on V (k) of degree at most d with respect to the coordinate
variables in V (k)

+ form a free K[V ]-module of finite rank K[V ]⊗Mord(V
(k)
+ ,K). The
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NGL(k+1)
n -invariant functions form a GLn-invariant submodule M . Corresponding

to each map δ there is a linear GLn-map δ′: W ∗→M .
The module M is finitely generated (as a submodule of a finitely generated

module). We choose a finite number of irreducible GLn-modules W ′
i and linear

GLn-maps δ′i : W
′
i → M such that the ranges Im δ′i generate M as a K[V ]-module.

Thus, the canonically defined K[V ]-module homomorphism

π :
⊕

i

(K[V ]⊗W ′
i ) =

⊕
i,p

(SpV ∗ ⊗W ′
i ) → M

is an epimorphism. In a natural way, each linear map δ′i determines a polynomial
GL(k+1)

n -map
δi : V (k) → (W ′

i )
∗ =: Wi,

and we have deg+(δi) 6 d. We shall verify that the Wi and δi so constructed satisfy
the conditions of the theorem formulated in the language of jets as above.

Let δ : V (k) →W be a polynomial GL(k+1)
n -map such that deg+(δ) 6 d. Our aim

is to find linear GLn-maps ϕip such that (12) holds. Consider the corresponding
linear GLn-map δ′ : W ∗ → M. Since GLn is a reductive group, we can lift δ′ to
a linear GLn-map

ϕ′ =
⊕
i,p

ϕ′ip : W ∗ →
⊕
i,p

(SpV ∗ ⊗W ′
i )

such that δ′ = π ◦ϕ′. Each map ϕ′ip defines a linear GLn-map ϕip : V ⊗p⊗Wi →W
in a canonical fashion. It can easily be seen that (12) holds for the maps ϕip.

§ 3. Natural linear operations

In this section and those following, we give proofs based on the method of
IT-reduction of known results on the classification of natural linear differential
operations on arbitrary manifolds and on symplectic manifolds. It turns out that,
in effect, these operations reduce to exterior differentiation.

Let V and W be tensor bundles with typical fibres V and W , and let

D : Γ(V ) → Γ(W ) (13)

be a natural linear differential operation of order k. The operation D corresponds
to a linear GL(k+1)

n -map
δ : V (k) →W. (14)

If k = 0, then D is a tensor operation. For k > 0 such operations are described by
the following theorem.

Theorem 3.1. For each operation (13) of order k > 0,

D = I ◦ d ◦ P + T,

where
P : Γ(V ) → Ω∗(M), I : Ω∗(M) → Γ(W )

and T are tensor operations.
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Remark 3.2. This result is usually called Schouten’s theorem, although Schouten
only formulated it without proof in 1951. It was first proved for differential forms
(Palais, 1959), then for arbitrary covariant tensors (Leicher, 1973) and, finally, in
the general case (Rudakov 1974; Terng 1976; Kirillov 1977), see [13]. For operations
of order one Smirnov gave a proof based on IT-reduction [14].

Proof. Consider the map (14) corresponding to the operation (13). Since embed-
dings and projections onto irreducible terms are performed by tensor operations we
can assume that the GLn-modules V and W are irreducible and V = SλKn∗⊗detd

corresponds to the virtual partition λ = λ− (dn).
The subalgebra ngl(k+1)

n ⊂ gl(k+1)
n acts trivially on W , therefore

ngl(k+1)
n · V (k) ⊂ Ker(δ).

Furthermore, (xn)k⊗v−λ (which is equal to the tensor product of the highest vector
in the GLn-module SkKn∗ and the lowest vector in the GLn-module V ) generates
the GLn-module SkKn∗ ⊗ V . Since the operation has order k, it follows that

(xn)k ⊗ v−λ /∈ ngl(k+1)
n · V (k). (15)

If k > 1, then using (5) we obtain

((xn)k ⊗ en) · (xn ⊗ v−λ ) = −(kλn + 1)(xn)k ⊗ v−λ .

However, this contradicts (15). Hence k = 1.
If k = 1 and λn ̸= 0, then using (5) we obtain

((xn)2 ⊗ en) · v−λ = −2λnx
n ⊗ v−λ .

However, this contradicts (15). Hence λn = 0.
If k = 1 and λn = 0, then using (5) we obtain

(x1xn ⊗ e1) · v−λ = −λ1x
n ⊗ v−λ − x1 ⊗ v,

((x1)2 ⊗ e1) · v = −2(λ1 − 1)x1 ⊗ v,

where

v =
λ1∑

p=1

Altλ

(
(x1)⊗(p−1) ⊗ xn ⊗ (x1)⊗(λ1−p) ⊗ (x2)⊗λ2 ⊗ · · · ⊗ (xn)⊗λn

)
.

For λ1 > 1 this contradicts (15). Therefore, λ1 = 0 or λ1 = 1.
It remains to consider the case of k = 1 and V ≃

∧m Kn∗, where m < n. In this
case

Kn∗ ⊗ V =
∧m+1 Kn∗ ⊕ S(2,1m−1)Kn∗.

Since

((x1)2 ⊗ e1) · (x1 ∧ · · · ∧ xm) = 2x1 ⊗ x1 ∧ · · · ∧ xn ∈ S(2,1m−1)Kn∗,

there can be only one option for δ:

δ : V (1) =
∧m Kn∗ ⊕

∧m+1 Kn∗ ⊕ S(2,1m−1)Kn∗ →
∧m+1 Kn∗

is the canonical projection. Such a δ corresponds to the operation d of exterior
differentiation (see Example 1.14).
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§ 4. Natural differential operations on symplectic manifolds

4.1. Geometric structures. Manifolds often carry additional geometric struc-
tures, and the investigation of differential operations that are ‘natural’ with respect
to these structures is an important problem. There are several possible ways to
formalize this notion. Here we shall use the following approach.

Definition 4.1. A type of geometric structures is a functor on Mann associating
with each n-dimensional manifold M a subsheaf A = A (M) of the sheaf of sections
of the natural bundle F →M so that for each open embedding M ′ ↪→M the sheaf
A (M ′) is the restriction of A (M). A geometric structure (of fixed type) is a section
α ∈ Γ(A ).

Remark 4.2. Usually, A consists of local sections satisfying some system of nat-
ural differential equations. In this case the l-jets of local sections in A form
a GL(k+l)

n -invariant submanifold A(l) ⊆ F (l), where k is the order of the bundle F .

Example 4.3. A Riemannian structure is determined by a section of the bundle
(S2T ∗)+ of positive-definite quadratic forms on the tangent bundle.

Example 4.4. A symplectic structure is determined by a section ω of the bundle
(Ω2(M))reg of non-degenerate 2-forms such that dω = 0. A manifold M is called
symplectic if some symplectic structure is fixed on M .

Example 4.5. A Poisson structure is determined by a section β of the bundle
∧2 T

of bivectors such that [β, β] = 0, where [β, β] = βij∂i β
kl∂j ∧∂k ∧∂l is the Schouten

bracket. A manifold M is a Poisson manifold if some Poisson structure is fixed
on M .

A symplectic manifold is Poisson (the dual bivector to the symplectic 2-form
is a Poisson bivector). An even-dimensional Poisson manifold with everywhere
non-degenerate Poisson bivector is a symplectic manifold (the 2-form dual to the
Poisson bivector is a symplectic 2-form).

Definition 4.6. A natural differential operation on manifolds carrying a geometric
structure of type A is an operation

D : Γ(V )× Γ(A ) → Γ(W ),

where V and W are natural bundles, that is defined by the formula

D(s, α)(x) = δ(Jk
xs, J

l
xα)

in a local coordinate system x = (x1, . . . , xn), where δ : V (k) × A(l) → W is
a GL(r)

n -equivariant differentiable map (for suitable r) independent of x.

In other words, Ds depends on s ∈ Γ(V ), on α ∈ Γ(A ) (as a parameter) and on
their partial derivatives (up to some order) in a similar fashion for all local charts.

We shall consider algebraic natural differential operations on tensor bundles over
manifolds endowed with a natural geometric structure. In this case the map δ is
polynomial with respect to V (k) and rational with respect to A(l). In the special
case when k = 0 and δ is linear in the first variable, such an operation D is called
a natural linear map.
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Example 4.7. Covariant differentiation of tensor fields is a natural differential oper-
ation on Riemannian manifolds. The Poisson bracket of functions is a natural
differential operation on Poisson manifolds.

When there is an additional geometric structure, the group of coordinate trans-
formations that must preserve the coordinate expression of a natural differential
operation can often be reduced by the following standard trick from invariant the-
ory.

Definition 4.8. Let G be a Lie group acting on a manifold X, H ⊂G its Lie sub-
group and Y some H-invariant submanifold of X. Then Y is called a (G,H)-section
if the natural map G×H Y → X is a diffeomorphism.

In this case, for each manifold Z with G-action we have a bijective correspon-
dence between G-maps ϕ : X → Z and H-maps ψ : Y → Z; namely, ψ = ϕ

∣∣
Y

.
Assume that for geometric structures of type A there exists a (GL(r)

n , G(r))-
section A

(l)
0 of the manifold A(l). Then by the above there is a bijection between

the natural differential operations on manifolds with geometric structures of type A
and G(r)-maps.

δ̃ : V (k) ×A
(l)
0 →W.

Example 4.9 (see [6], § 3). In the space of k-jets of Riemannian metrics

A(k) = (S2Rn∗)+ ⊕
k⊕

l=1

SlRn∗ ⊗ S2Rn∗

there exists a (GL(k+1)
n ,GLn)-section

A
(k)
0 = (S2Rn∗)+ ⊕

k⊕
l=2

Ker Syml+1,

where Syml+1 : SlRn∗ ⊗ S2Rn∗ → Sl+1Rn∗ ⊗ Rn∗ is symmetrization with respect
to the first l + 1 indices. We point out that Ker Syml+1 ≃ S(l,2)Rn∗, and that
transforming a metric into A

(k)
0 by a change of variables is just expressing it in

geodesic coordinates with the origin at the point in question.

4.2. Symplectic structures. By Darboux’s theorem, jets of symplectic struc-
tures form a homogeneous space, that is, in this case we can take a point for
a section. A purely algebraic proof of this fact by the method of IT-reduction may
be instructive.

Formal Poincaré lemma. The de Rham complex

· · · d−→ SlKn∗ ⊗
∧m Kn∗ d−→ Sl−1Kn∗ ⊗

∧m+1 Kn∗ d−→ · · ·

is exact.

Proof. By Pieri’s formulae

SlKn∗ ⊗
∧m Kn∗ ≃ S(l+1,1m−1)Kn∗ ⊕ S(l,1m)Kn∗.
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(This is because S(l+1,1m−1)Kn∗ ⊂ SlKn∗⊗
∧m Kn∗ and S(l,1m)Kn∗ can be embedded

in the tensor product on the left-hand side as Ker Syml+1.) The map

d : SlKn∗ ⊗
∧m Kn∗ → Sl−1Kn∗ ⊗

∧m+1 Kn∗

is precisely equal to alternation with respect to the last m + 1 indices. It maps
S(l,1m)Kn∗ isomorphically onto Sl−1Kn∗⊗

∧m+1 Kn∗, while its kernel S(l+1,1m−1)Kn∗

is precisely the image of Sl+1Kn∗ ⊗
∧m−1 Kn∗.

Formal Darboux theorem. Each jet

ω(x) = ω0 + ω1(x) + · · ·+ ωk(x, . . . , x) ∈ J (k)
n ⊗

∧2 Kn∗

for which ω0 is a non-singular form and dω = 0 is GL(k+1)
n -equivalent to ω0.

Proof. Applying in turn the transformations x 7→x+gm(x, . . . , x) from NGL(k+1)
n to

ω(x) for m = 2, . . . , k+1 we can eliminate the non-constant terms ω1(x), . . . , ωk(x)
of the jet ω(x). Let ωl(x) = 0 for all l, 1 6 l 6 m− 2, where 2 6 m 6 k. Then for
g = x+ gm(x, . . . , x) we obtain

(g · ω)(x) = ω(x) +mρ(gm(x, . . . , x, · ))ω0

= ω(x) +mγ(gm ⊗ ω0) = ω(x) + d(gm ∗ ω0)

(we have used Lemma 1.7 and its corollary). Thus, we can transform ωm−1 by
adding to it an arbitrary element of the image of the composition

SmKn∗ ⊗Kn ∗ω0−→ SmKn∗ ⊗Kn∗ d−→ Sm−1Kn∗ ⊗
∧2 Kn∗. (16)

By the formal Poincaré lemma the image of the composition (16) consists of the
closed forms. Hence ωm−1 can be transformed into zero.

Acting by GLn we can reduce ω0 to the form (7). Its stabilizer in the group GL(k)
n

is equal to the group Sp(k)
n of the k-jets at 0 of symplectomorphisms Kn → Kn.

Its Levi decomposition has the form Sp(k)
n = Spn i NSp(k)

n , where Spn is a Levi
subgroup and NSp(k)

n = Sp(k)
n ∩NGL(k)

n is the unipotent radical.
By the formal Darboux theorem {ω0} is a (GL(k+1)

n ,Sp(k+1)
n )-section of the mani-

fold of k-jets of symplectic forms. Hence the natural differential operations on
symplectic manifolds are in bijection with the Sp(k+1)

n -maps δ : V (q)→W .
In what follows we require the following lemma, which describes the Lie algebra

sp
(k)
n of the group Sp(k)

n .

Lemma 4.10. The element

ξ = ξ1 + ξ2 + · · ·+ ξk ∈ sp(k)
n

if and only if ξl ∗ ω0 ∈ Sl+1Kn∗ for l = 1, . . . , k (in particular, ξ1 ∈ spn).

Proof. From the corollary to Lemma 1.7 we obtain that

ξ · ω0 = d(ξ ∗ ω0) =
k∑

l=1

d(ξl ∗ ω0) = 0
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if and only if d(ξl ∗ω0) = 0 for l = 1, . . . , k. Now the lemma becomes a consequence
of the inclusion ξl ∗ω0 ∈ SlKn∗⊗Kn∗ ≃ Sl+1Kn∗⊕ S(l,1)Kn∗, where the first direct
summand is precisely Ker d.

This lemma and (8) yield the following result.

Corollary 4.11. The map
k⊕

l=2

Sl+1Kn∗ → nspk
n, f3 + · · ·+ fk+1 7→ f3 ∗ ω∗0 + · · ·+ fk+1 ∗ ω∗0

is a vector space isomorphism.

Remark 4.12. There is another approach to the investigation of natural differential
operations on symplectic manifolds. It starts with the definitions of (principal)
bundles SFrk(M) →M of symplectic coframes of order k. These bundles consist of
the k-jets of local coordinate systems x = (x1, . . . , xn) in which ω(x) = ω0. After
that associated (symplectic) bundles F = SFrk(M)×Sp(k)

n F are introduced, where
Sp(k)

n : F is a differentiable action. (Note that if an action Sp(k)
n : F extends to an

action GL(k)
n : F , then F ≃ SFrk(M) ×Sp(k)

n GL(k)
n ×GL(k)

n F ≃ Frk(M) ×GL(k)
n F

is a natural bundle in the sense of § 1.1.) Finally, natural differential operations
on symplectic manifolds are defined as operations of the form D : Γ(V ) → Γ(W ),
where V and W are symplectic bundles, and such that D has similar expressions
in all symplectic charts. This is equivalent to the following property: the map of
jets δ : V (k) →W is an Sp(k)

n -map.

4.3. Linear operations. Now, using the method of IT-reduction we obtain a des-
cription of the natural linear differential operations on symplectic manifolds. This
description was originally obtained by Rudakov [8] in a roundabout way: it was
a by-product of an investigation of irreducible representations of certain infinite-
dimensional Lie algebras.

Recall that on an n-dimensional symplectic manifold there exists a canonical
isomorphism im : Ωm → Ωn−m. Let

d∗ = in−m+1 ◦ d ◦ im : Γ(Ωm) → Γ(Ωm−1).

Consider a natural linear differential operation

D : Γ(V ) → Γ(W ) (17)

of order q on n-dimensional symplectic manifolds, where V and W are tensor
bundles with typical fibres V and W . The operation D corresponds to a linear
Sp(k)

n -map δ : V (q) → W , where k > q. If q = 0, then D is a tensor operation
(that is, δ is a linear Spn-map V → W ; see Theorem 1.16). For q > 0 such
operations are described by the following theorem.

Theorem 4.13. For an operation (17) of order q > 0 there exists a decomposition

D = I1 ◦ d ◦ P1 + I2 ◦ dd∗ ◦ P2 + T,

where
Pi : Γ(V ) → Γ(Ω•), Ii : Γ(Ω•) → Γ(W )

and T are tensor operations.
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Proof. It is sufficient to consider the case V = S⟨λ⟩Kn∗. As in the proof of
Theorem 3.1, we have the inclusion

nsp(k)
n · V (q) ⊂ Ker(δ). (18)

Consider the case q > 1, λ1 ̸= 1. For

ξ = (xn)q+1, v = x1 ⊗ v−λ ,

ξ′ = (q + 1)x1(xn)q, v′ = xn ⊗ v−λ ,

using (5) we find

(ξ ∗ ω∗0) · v = (xn)q ⊗ v−λ + qx1(xn)q−1 ⊗ v̄,

(ξ′ ∗ ω∗0) · v′ = (qλ1 − 1)(xn)q ⊗ v−λ + q(q − 1)x1(xn)q−1 ⊗ v̄,

where

v̄ =
λ1∑

p=1

Altλ

(
(x1)⊗(p−1) ⊗ xn ⊗ (x1)⊗(λ1−p) ⊗ (x2)⊗λ2 · · · ⊗ (xn/2)⊗λn/2

)
.

Hence 0 ̸= q(λ1 − 1)xn ⊗ v−λ ∈ ((Sq+1Kn∗) ∗ ω∗0) · (Kn∗ ⊗ V ). However, this con-
tradicts (18) because xn ⊗ v−λ (the tensor product of the highest and the lowest
vectors) generates SqKn∗ ⊗ V as an Spn-module.

Consider the case when q = 1 and λ1 > 1 or q > 2 and λ1 = 1. For

ξ = 3x1(xn)2, v = (xn)q−1 ⊗ v−λ ,

ξ′ = 3(x1)2xn, v′ = (xn)q−1 ⊗ v̄,

using (5) we calculate

(ξ ∗ ω∗0) · v = (2λ1 + 1− q)(xn)q ⊗ v−λ + 2x1(xn)q−1 ⊗ v̄,

(ξ′ ∗ ω∗0) · v′ = −2λ1(xn)q ⊗ v−λ + 2(λ1 − 1− q)x1(xn)q−1 ⊗ v̄.

Hence (λ1+1−q)(2λ1−1−q)(xn)q⊗v−λ ∈ ((S3Kn∗)∗ω∗0)·(Sq−1Kn∗ ⊗ V ). Similarly
to above, this case is also impossible.

The only remaining case is λ = (1m), q 6 2.
For q = 1 we have

Kn∗ ⊗ V ≃ S⟨1
m−1⟩Kn∗ ⊕ S⟨1

m+1⟩Kn∗ ⊕ S⟨2,1m−1⟩Kn∗.

The projection onto the first direct summand corresponds to the operator d∗ and
the projection to the second corresponds to the operator d. It can be readily verified
that the third direct summand corresponds to ((S3Kn∗) ∗ ω∗0) · V .

For q = 2 the Spn-module S2Kn∗ ⊗ V is isomorphic to

S⟨3,1m−1⟩Kn∗ ⊕ S⟨2,1m⟩Kn∗ ⊕ S⟨2,1m−2⟩Kn∗ ⊕ S⟨1
m⟩Kn∗.

We claim that

S⟨3,1m−1⟩Kn∗ ⊕ S⟨2,1m⟩Kn∗ ⊕ S⟨2,1m−2⟩Kn∗ ⊂ ((S3Kn∗) ∗ ω∗0) · (Kn∗ ⊗ V ). (19)
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In fact, for i < n we have

((x1)3 ∗ ω∗0) ·
(
xi ⊗ (xn ∧ x2 ∧ · · · ∧ xm)

)
= −2x1xi ⊗ (x1 ∧ · · · ∧ xm) =: w.

If i = 1, then w is the lowest vector in S⟨3,1m−1⟩Kn∗. This yields the inclusion (19)
for the first direct factor. For i = m+ 1 the invariant projection Alt(2,1m) takes w
to the lowest vector

(−1)m+1x1 ⊗ x1 ∧ · · · ∧ xm+1 ∈ S⟨2,1m⟩Kn∗.

This yields the inclusion (19) for the second direct summand. For i = n + 1 −m
the contraction of w with ω∗0 with respect the first and the last indices yields

x1 ⊗ x1 ∧ · · · ∧ xm−1 ∈ S⟨2,1m−2⟩Kn∗.

This gives us the inclusion (19) for the third direct summand. The projection onto
the fourth direct summand corresponds to the operator dd∗.

§ 5. Deformation quantization

In this section we prove a theorem stating that there exist no natural deformation
quantizations on Poisson or symplectic manifolds.

Consider a Poisson manifold M with Poisson bivector β. In the sheaf O of
differentiable functions on M we have the Poisson bracket

{f, g} = β(df, dg) = βij ∂if ∂jg.

By definition, deformation quantization is an associative multiplication ⋆ in the
sheaf O[[~]] that is K[[~]]-linear with respect to infinite sums and has the following
form on O:

f ⋆ g = fg + ~{f, g}+ · · ·+ ~lβl(f, g) + · · · ,

where the βl, l = 1, 2, . . . , are bilinear differential operations [15]. The operation of
multiplication ⋆ can be treated as a non-commutative deformation with parameter ~
of the usual commutative multiplication of functions, so the first-order term in the
commutator f ⋆ g − g ⋆ f is equal to 2{f, g}.

Several constructions of deformation quantizations are known (see, for instance,
de Wilde-Lecomte [16], Fedosov [17], [18], and Kontsevich [19]). To achieve a defor-
mation quantization these authors use additional geometric structures. A natural
question arising here is as follows: do there exist natural deformation quantizations
on Poisson manifolds (on symplectic manifolds)? The quantization is taken to be
natural if all the differential operations βl are natural. The answer is negative.

Theorem 5.1. There exist no natural deformation quantizations on Poisson or
symplectic manifolds.

We shall require the following result.

Lemma 5.2. Let A : O × O → O be a bilinear natural differential operation on
symplectic manifolds. Then A(f, g) = bfg + c{df, dg}, where b, c ∈ K.
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Proof. The operation A is defined by the linear Sp(k)
n -map

α : J (p)
n ⊗ J (q)

n → K,

where k > max{p, q}. Note that the Spn-modules SpKn∗ are irreducible and pair-
wise isomorphic, moreover, (SpKn∗)∗ ≃ SpKn∗. Corresponding to this isomorphism
is a non-trivial linear Spn-map

ψp : SpKn∗ ⊗ SpKn∗ → K,

which is the complete contraction with (ω∗0)⊗k. For p ̸= q there exist no non-
trivial equivariant linear maps SpKn∗ ⊗ SqKn∗ → K. Hence it follows by the Spn-
equivariance of the map α that

α(f ⊗ g) =
∑
p>0

apψp(fp ⊗ gp),

where ap ∈ K. It remains to verify that ap = 0 for p > 2. For this we set
ξ = 3(x1)2xn, v = (x1)p−1 ⊗ (xn)p and calculate

α((ξ ∗ ω∗0) · v) = α
(
(p− 1)(x1)p ⊗ (xn)p − 2p(x1)p−1 ⊗ x1(xn)p

)
= (p− 1)apψp

(
(x1)p ⊗ (xn)p

)
= (p− 1)ap. (20)

On the other hand, since α is NSp(k)
n -invariant, the expression (20) vanishes, there-

fore ap = 0.

Proof of Theorem 5.1. We shall verify in turn that there exist no natural quan-
tizations of 1) symplectic, 2) even-dimensional and 3) odd-dimensional Poisson
manifolds.

1) If there exists a natural quantization ⋆, then from Lemma 5.2 we obtain
βp(f, g) = bpfg + cpβ(df, dg), p = 2, 3, . . . . It can be readily verified that
such an operation ⋆ cannot be associative, not even modulo ~3.

2) A natural quantization of even-dimensional Poisson manifolds would also
define a natural quantization of symplectic manifolds. By 1) this is impos-
sible.

3) It is sufficient to prove that a natural quantization of Poisson manifolds of
dimension n + l would define a natural quantization of Poisson manifolds
of dimension n.

Let M be an n-dimensional Poisson manifold with Poisson bivector β. On the
manifold M × Rl we consider a Poisson bivector β̃ such that

β̃(x,t) ∈
∧2

T(x,t)(M × {t}), dp
∣∣
(x,t)

(β̃(x,t)) = βx

for all (x, t) ∈ M × Rl, where p : M × Rl → M is a projection. Next, we define an
operation ⋆′ on M :

(f ⋆′ g)(x) = (p∗f ⋆ p∗g)(x, t),

where ⋆ is a quantization of the Poisson structure β̃. It is easy to observe that
the operation ⋆′ is well defined and is a quantization of the Poisson structure β.
Obviously, the quantization of n-dimensional Poisson manifolds defined in this way
is natural.
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Remark 5.3. Theorem 5.1 is similar to Van Hove’s theorem on the non-existence of
canonical geometric quantization ([20], § 5.2.2). A result on deformation quantiza-
tion close to Theorem 5.1 was proved in [21].
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[7] I. Kolář, P.W. Michor and J. Slovák, Natural operations in differential geometry,
Springer-Verlag, Berlin 1993.

[8] A.N. Rudakov, “Irreducible representations of infinite-dimensional Lie algebras of types S
and H”, Izv. Akad. Nauk SSSR Ser. Mat. 39:3 (1975), 496–511; English transl. in Math.
USSR-Izv. 9:3 (1975), 465–480.
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