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Natural differential operations
on manifolds: an algebraic approach

P.1. Katsylo and D. A. Timashev

Abstract. Natural algebraic differential operations on geometric quan-
tities on smooth manifolds are considered. A method for the investi-
gation and classification of such operations is described, the method of
IT-reduction. With it the investigation of natural operations reduces to
the analysis of rational maps between k-jet spaces, which are equivari-
ant with respect to certain algebraic groups. On the basis of the method
of IT-reduction a finite generation theorem is proved: for tensor bundles
¥V, W — M all the natural differential operations D: I'(¥) — I'(#') of
degree at most d can be algebraically constructed from some finite set
of such operations. Conceptual proofs of known results on the classifi-
cation of natural linear operations on arbitrary and symplectic manifolds
are presented. A non-existence theorem is proved for natural deformation
quantizations on Poisson manifolds and symplectic manifolds.
Bibliography: 21 titles.

Introduction

Many non-trivial formulae and theorems of differential geometry are based on
local calculations: for instance, Bianchi’s identities, Gilkey’s theorem [1], Weitzen-
bock’s formula ([2], Ch. 1, Sect. I). These essentially local results and formulae form
the basis of differential geometry. Moreover, it is not unusual for the discovery of
local formulae to allow authors to solve important problems. For instance, Gilkey’s
theorem made possible a new proof of the index theorem, see [3] and [4]. In this
connection it appears natural to develop a universal approach to local problems of
differential geometry.

One such approach, formal geometry, was put forward by Gel’fand and Kazh-
dan in 1971 (see [5]). At about the same time Vinberg observed that methods of
invariant theory make local calculations simpler and more transparent. This was
one of Vinberg’s incentives to develop the Moscow school in invariant theory. Fur-
thermore, local problems of differential geometry reduce to problems of invariant
theory concerned with actions of finite-dimensional linear algebraic groups. We call
this reduction invariant theory reduction (IT-reduction).

A simplified version of the method of IT-reduction was presented in [6]. In
this paper we expound this method in its most general form, which is required in
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applications. We emphasize that the aim of IT-reduction is to solve concrete local
problems in differential geometry. For instance, in [7] the authors give a fairly gen-
eral definition of natural operations and then prove results in the spirit of Petree’s
theorem that some of these operations have finite order. In the framework of the
method of IT-reduction, from the very beginning we consider only operations of
finite order since only these arise in applications.

The structure of the paper is as follows. In § 1 we present the definitions of geo-
metric quantities, natural bundles and natural geometric operations. It is essential
for us that geometric quantities (for example, tensor fields) are sections of bundles
associated with frame bundles, and that natural differential operations act on geo-
metric quantities in accordance with formulae invariant under changes of coordinate
systems. In particular, ‘physically meaningful’ differential operations must be nat-
ural differential operations because they are independent of the coordinate system.
We also explain the method of IT-reduction in this section and present facts from
representation theory for classical groups, which we use in the calculations that
follow.

In §2 and further on we consider algebraic natural differential operations acting
on tensor fields. In §2 we prove a finiteness theorem and a finite generation theorem.
In §3 and §4 we use IT-reduction to describe natural linear differential operations
on arbitrary manifolds (Schouten’s theorem) and on symplectic manifolds (cf. [8]).
In addition, we use the concept of a natural differential operation on a manifold
endowed with an additional structure (see §4.1). Finally, we prove in §5 that there
exist no natural deformation quantizations on Poisson or symplectic manifolds.

We will use the following convention. In the formulae of tensor analysis we
implicitly understand that each pair of repeated upper and lower indices is summed
over the integers from 1 up to the dimension of the manifold.

§1. Preliminaries

We consider smooth K-manifolds, where K = R (this corresponds to real mani-
folds) or K = C (this corresponds to complex manifolds). We shall describe con-
structions that are essentially algebraic and independent of the field K.

1.1. Geometric quantities. The notion of a geometric quantity goes back to
Riemann (see [9], Ch.6, §1). For instance, tensor fields and connections are geo-
metric quantities. In the framework of classical differential geometry, geometric
quantities are defined as follows. Let M be an n-dimensional manifold. Accord-
ing to the classical definition a geometric quantity is a rule associating with each
local chart xo = (z,...,27): U, — R", U, C M, a map fq: U, — F, where I/
is a fixed vector space (or, more generally, a K-manifold). The maps {f,} must
satisfy the following transformation law:

fo= @ 6%% f W
g A(zl)h . 9(an)le [1<i<k, 1<i<n’ )7
It

« =l

where k € N and ® is a fixed (independent of local charts) differentiable map.
Now we present a modern (and more formally precise) definition of geometric
quantities.



Natural differential operations on manifolds 1483

Consider the group GLSZ“) of k-jets of local diffeomorphisms K"” — K" at the
point 0. Elements of GL%’“) are naturally identified with polynomial maps K" — K"
of the form

.Tl—>g($) =g1(CE)+gz($7x)—|—-i-g;c(x,ﬂs),
r=(zt...,2"), g eSS K™ @K, 1=1,...,k, det g1 # 0.

The group GLEf) is a linear algebraic group isomorphic to the automorphism group
of the truncated polynomial algebra

JE =Kzt .. 2/ (2t . 2R

The unipotent radical NGLSC) of the group GL,(f) is defined by means of the equa-
tion gq (x) = x, and the subgroup GL,, of linear transformations is a Levi subgroup.

Elements of the Lie algebra gl{") of GL{®) are identified in a natural fashion with
polynomial maps K™ — K" of the following form:

CCP—>€(ZZ?) 251(I)+§2(x,1‘)+—|—§k(x,,:c),
r=(zt,...,2"), eSK™ oK, 1=1,... k.

The Lie subalgebra ng[;k) of the subgroup NGLEZ‘:) is described by the condition
§1=0.

We shall denote by Fr* M the coframe bundle of order & on M ([9], Ch. 6, §1.2).
A fibre of the projection Fr® M — M over z € M consists of coframes of order k
at z (k-jets of coordinate maps x = (z!,...,2™) in a neighbourhood of z that satisfy
2(z) = 0). We have a natural action of the group GL*) on the total space of the
bundle Fr® M. With respect to this action Fr* M is a principal GLg,lk)—bundle.

Remark 1.1. In place of coframes we can consider frames of order k, that is, the
k-jets of inverse coordinate maps sending a neighbourhood of 0 € K™ to a neigh-
bourhood of z € M. A frame of order 1 is defined by fixing a basis in T, M (which
is the image of the standard basis in TpK"™ = K™), that is, an ordinary frame on M.
Frame and coframe bundles are canonically isomorphic.

Recall that for each principal bundle £ — B = E/H with structure group H
and for each H-manifold F there exists an associated bundle with typical fibre F':

Ex?F=(ExF)/H — B, (2)
where H acts on E x F by diagonal action.

Definition 1.2. A natural bundle over a K-manifold M is a bundle of the following
form:

F = TFF M xCU F — BP A/GL® = (3)

where F is a K-manifold endowed with a differentiable action of the group GL®.
The total space of the natural bundle (3) is called the space of geometric objects
of type F over M. A section of a natural bundle (3) is called a geometric quantity of
type F. The set of geometric quantities of type F' is denoted by I'(#) = T'(M, 7).
If the action GL®) : F does not reduce to an action GL*~V : F then the natural
bundle (3) is said to have order k.
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Remark 1.3. Tt can be easily observed that the map ®: GL® x F — F in (1)
defines an action of the group GLglk) on F. Thus, geometric quantities in the
classical sense are coordinate representations of sections of a natural bundle .#. In
most applications F' is an open GL%k)—invariant subset of a vector (affine) space on
which the group GLS“) acts by linear (correspondingly, affine) transformations.

Example 1.4. Consider the space F' = (K")®P @ (K™*)®? with the natural action of
the group GL,, = GLS). Then % = P4 is the bundle of (p, ¢)-tensors. Each nat-
ural bundle .% of order one, for which F' is a linear space and the action GL,, : F'is
a rational linear representation, can be embedded in a sum of bundles of the form
P4 with some p and ¢. For this reason such bundles are called tensor bundles.

Ezample 1.5 (see [9], Ch. 6, §4). For a natural bundle .# — M of order k the [-jets of
its local sections make the I-jet bundle .Z ). The bundle .Z(" is a natural bundle
of order k + 1. Each section f: M —.% of .7 defines a section J'f: M — .FO of
Z U namely, the value of the section J'f at z € M is the l-jet JLf of the section f
at z. The transition formulae between local representations of sections of the bundle
7 define an action of the group GL;’“‘H) on the typical fibre F) of .Z®: namely,
for the germ of a diffeomorphism g at 0 € K™ and the germ of a section f: K" — F
at 0 € K™ we have

T5 g Tt = T5(Thi g Flg7 (@) (4)

Consider the important special case when the typical fibre F' is a vector space. In
this case F() = JT(LI) ® F. We point out that the representation GL%’“H) - FU is not
the tensor product of the representations GLglkH) - JiP and GL;’“H) : . Elements
of F are identified in the natural way with polynomial maps K™ — F of the form

z— f(z) = filz) + folz,2) + - + filw, ..., 2),
r=(z ... 2", fpeSPK™ ®F, p=1,...,1L

Note that the space of geometric objects of fixed type is defined over each n-
dimensional manifold. This allows us to define geometric objects using the language
of category theory [10]. Namely, consider the category .#an, of n-dimensional
manifolds and the category .Zib,, of fibre bundles on n-dimensional manifolds. Mor-
phisms in the category .Zan, are open embeddings, while in the category Zib,
these are differentiable maps of fibre bundles such that the corresponding maps of
bases are open embeddings (that is, morphisms in .Zan,,).

Definition 1.6. A type of geometric objects is a functor
5. Man,, ~ Fib,

such that
1) for each manifold M the fibration F(M) is a fibre bundle on M;
2) for each open submanifold M’ of the manifold M the fibre bundle §(M') is
the restriction of the bundle F(M) to M’;
3) if M’ — M is an open embedding, then the corresponding bundle morphism
F(M') — F(M) is the induced embedding.



Natural differential operations on manifolds 1485

Let § be such a functor; then for each manifold M the bundle F(M) — M is
natural. Indeed, it follows from the definition of a type of geometric objects that
there exists a manifold F' (the typical fibre) such that for each manifold M all
fibres of the fibre bundle §(M) — M are isomorphic to F. Consider an arbitrary
germ of a diffeomorphism g of a neighbourhood 0 € K" onto a neighbourhood
0 € K". For a sufficiently small neighbourhood 0 € U C K" the germ g defines
a diffeomorphism

3(9lv): 8(U) =U x F — §(g(U)) ~ g(U) x F.
The compatible family of diffeomorphisms {F(g|r)} defines a diffeomorphism
$(g): F~{0} x F — F.

Palais and Terng [10] showed that the diffeomorphism F(g) is completely determined
by the k-jet Jé“g for some k depending only on §. Using this we can define an action
GL®" : F and an isomorphism (M) ~ (Fr*(M) x F)/GL".

Lemma 1.7. Consider a representation R: GL,, — GL(F) and let p: gl,, — gl(F)
be the corresponding Lie algebra representation. Then the actions GLSLkJrl) . F)
and g[ﬂ“‘l) : F5) are defined by the following formulae:

(9- 1) ( (’iz as 1x,...,g—1<x>,-))f(g-l(x»),
k+1 k
€D Jo(zz oo >>f<x>—;z-ﬁw,...,x,ax»),

where g € GL;’“H), ¢ € g[;kﬂ), f e F® and the g;,& € S'K™ @ K™ and f; €
S'K™ @ F are homogeneous components of the tensors g, & and f.

This is obtained from (4) by straightforward calculations. Direct calculations
also yield the following result.

Corollary 1.8. The formula

k+1

& Pr=> & ® frp1) = (k+1=Do(& ® frpr) ()

holds, where the linear maps
v, 0 SlKn* QK" ® Sk+1flKn* ®F — SkKn* ®F

are defined as follows. To calculate 7, take S'K™ @K™ to be a subspace of the space
SITTK™ @ gl,,, with the help of p apply the tensor factor from gl,, to the tensor
factor from F and multiply the tensor factors from S'"'K™ and SFHI=IK™ in
the symmetric algebra. The map o is the contraction of the tensor factors from
K™ and SFH1=UK™ and the subsequent contraction of the tensor factors from SUK™*
and SF~UK™ in the symmetric algebra.
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1.2. Differential operations.

Definition 1.9. Let ¥ and # — M be natural bundles. Then a map
D:T(v)—T(W)

is called a differential operation of order at most & if in a local coordinate system
x = (x',...,2") defined in a neighbourhood U C M such that the bundles 7,
W — M are trivial over U, we have

D(s)y(z) = du(x, stU),

where sy: U — V is a local representative in U of the section s € TI'(¥),
D(s)y: U — W a local representative in U of the section D(s) € T'(#), and
ou: U x V¥ — W is a differentiable map.

Thus, a differential operation of order at most k is a map D: I'(¥) — I'(#)
corresponding to a morphism D: ¥ %) — w/ (denoted by the same letter). Namely,
(Ds)(z) = D(Jks) for each s € I'(¥), 2 € M (9], Ch.6, §4.6). The order
of the operation D is k if D does not factor through the canonical projection
¥ (#) — (=1 The operation D defines in the natural fashion a series of differ-
ential operators D: ¥ (*+1) — () (denoted by the same letter).

Definition 1.10. Consider the case when V and W are GLg)—invariant subsets
of affine GLgll)—invariant submanifolds V! € V” and W’ C W”, that are open
in the Zariski topology, where V" and W’ are vector or affine spaces in which
linear or affine representations GL) : V”,W" are defined. Then the differential
operation D: ¥ *®) — % is said to be algebraic if the map dx (z, -): V) — W in
Definition 1.9 is rational for fixed x € X and the degrees of the numerators and the
denominators are bounded on M.

Each algebraic differential operation D can be viewed as a geometric object. Let
us explain this in the simplest case of vector spaces V and W. Then all the dx (z, -)
are polynomial maps of degree at most d. The set Mord(V(k)7 W) of polynomial
maps V*) — W of degree at most d is a vector space endowed with a natural action
of the group GLSZ“H). Thus, the operation D is identified in a natural fashion with
a section of the natural bundle

FrfH (M) xCL Morg (VR W) — M.

Ezample 1.11. Let ¥ and # be vector bundles. Then the set of linear differential
operations of the form D: I'(¥) — I'(#) and of order at most k can be identified
with the set of sections of the bundle

VW) = (BT x (VO* @ W) /GLETD — M.

FEzample 1.12. Linear connections on a manifold M are geometric objects of order
two; indeed, consider the tangent bundle .7 = .79 on M, and let € be the sub-
bundle of the bundle 2*(.7,.7 ® .7*) that consists of homomorphisms V splitting
the following exact sequence:

0—I27 —0 g _.0.
P
v
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Then the section V € T'(%’) acts upon vector fields as covariant differentiation, that
is, it defines a connection. Namely,

VE(2) = V(i) + V(&7 0;) = T5600k ® da + &0, @ da?, (6)

where £(z) = & + &x? + -+ -. And conversely, a connection V defines a section of
the bundle I'(¥) by formula (6).

1.3. Natural differential operations. Roughly speaking, a natural differential
operation is an operation defined by the same (universal) formula in all the local
charts.

Definition 1.13. Let ¥, % — M be natural bundles. Then a differential oper-
ation D: I'(¥) — T(W) of order at most k is said to be natural if in a local
coordinate system x = (z',...,2") defined in a neighbourhood U C M such that
the bundles ¥, # — M are trivial over U we have

D(s)u(z) = 8(Jysu);

where sy is a local representative of the section s € I'(#") in X, D(s)y is a local
representative of the section D(s) € T'(#) in U, and 6: V(*) — W is a differentiable
map independent of x.

It follows from the definition that the map ¢ is GL;’H'”—equivalriaunt7 provided
that the bundles ¥ and # have order at most .

For instance, consider the case when V and W are linear spaces and GL,, : V, W
are linear representations. In this case the map 6: V(¥) — W defines a natural
differential operation if and only if it is GL%’“‘H)—equivariant.

It follows from the definition that each natural differential operation D is well
defined at all geometric quantities of fixed type on all n-dimensional manifolds.
This fact allows us to give a functorial definition of natural differential operations.
Namely, let § be a type of geometric objects. For each manifold M we shall regard
the space of sections I'(F(M)) as a topological space (with topology defined by
locally uniform convergence of sections together with all partial derivatives). The
type § defines a contravariant functor

Tg: Man, ~ Top, M — T(F(M)),

where Jop is the category of topological spaces. Then a natural differential opera-
tion D: I'(¥) — I'(#) defines a natural transformation of functors: for each open
embedding M’ — M the following square is commutative:

T(M, %) —2— T(M, %)

l l

(M, V) —2— T(M',%).

Conversely, under certain assumptions a natural transformation of functors of geo-
metric quantities is determined by a natural differential operation (Petree’s theo-
rem; see [7], Ch.5).
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Now consider natural algebraic differential operations of order at most k (see
Definition 1.10). They are determined by everywhere defined GLflkH)—equivariant
rational maps 6: V*®) — W. The investigation of such operations is a purely
algebraic problem, which can be solved by the methods of invariant theory. We
call this approach to the analysis of algebraic differential operations the method of
IT-reduction. In this paper we consider natural differential operations acting on
sections of tensor bundles. They are defined by rational maps ¢: J,(Lk) RV =W
that are GL,-equivariant and NGLSlkH)—invariant. Here V' and W are rational
representations of GL,,, and GL¥*Y acts on JF @V =V in the natural fashion
(see Lemma 4).

Ezxample 1.14. A classical example of a natural algebraic differential operation is
the exterior differential d: T'(Q™) — ['(Q™*1), where Q™ = A™ .7* is the bundle
of exterior m-forms. The corresponding map

6: Jr(Ll) ®/\m K = (K@/\m K’n*) D (Kn* ®/\m Kn*) — Kn* ®/\m K — /\m+1 Kn*

is the composition of a projection and alternation.

Example 1.15. Let .7 be a tangent bundle and ¥ an arbitrary tensor bundle cor-
responding to a linear representation GL,, : V. Then the Lie derivative is a natural
bilinear differential operation D: I'(.7 x ¥') — I'(¥') of order one. It corresponds
to the map

§: (K"a (K™ e@K") x (Ve (K™ eV)) =V,
(o +&1,v0 +v1) = p(€1)vo — o(o @ v1),

where p is a representation in V' of the Lie algebra gl, ~ K™ ® K" and o is the
contraction of K™ with K™*.

1.4. Representations and invariants of classical groups. We recall some
facts from representation theory for classical groups (see [11], [12]).

A partition is a (non-strictly) decreasing string of non-negative integers A =
My An), A1 = -+ = A, = 0. The length of the partition is the number of
elements \; # 0, and |A| = Ay +--- + \,. Fragments of the form d,...,d (s times)
in \ are often denoted by d®. We obtain the definition of a virtual partition if we
omit the condition \,, > 0.

The Schur functor corresponding to the partition X is denoted by S*. It asso-
ciates with any vector space V the subspace SV € V@Al constructed as follows.
We can assume that the tensor factors V@A are indexed by cells of the Young
diagram corresponding to the partition A\. Then S*V is obtained from V®Al by
first symmetrizing over each row of the Young diagram (which we denote by Sym, )
and then alternating over each column of the Young diagram (which is denoted
by Alt)\).

SM is an irreducible polynomial GL(V)-module generated by tensors of the
form

Alt,\(v?)‘l®-~-®vf,?>‘"), Vi,...,0, € V.

Each rational GL(V')-module decomposes into a direct sum of irreducible submod-
ules isomorphic to SV ® det?, d € Z.
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It will be more convenient for us to realize irreducible rational GL,,-modules
in the form S*K™ @ det?. Such a module is uniquely determined by the vir-
tual partition A = (Ay,...,\.), A; = A; — d (up to isomorphism). It contains
the unique eigenvectors (up to dilation) with respect to the opposite lower- and

upper-triangular Borel subgroups B~, BT ¢ GL,,, namely,

vy = Alty (@) @ @ () ),
vf = Al ((z")%M @ - @ () M),

The vector vy (vy) is called the lowest (correspondingly, highest) weight vector.
We observe that v/\i generates SAK™ @ det? as a BF-module.

Each irreducible SL,-module is isomorphic to SXK™*, where \,, = 0.

Let n = 2m be an even integer.We shall regard the group Sp,, as the stabilizer
subgroup in GL,, of the 2-form

wo =z A"+ A" 4 2™ A ™ (7)

Irreducible representations of Sp,, are parametrized by partitions A of length [ < m;
they are realized in the subspaces SMK"™* ¢ S*K™* spanned by the tensors

Al ((y1)®M @ - @ ()M,

where y1, ...,y span the isotropic subspace of K™*. The vectors vf\t are eigenvec-
tors for the Borel subgroups B N Sp,,. The vector vy (vy) is called the lowest

(respectively, highest) weight vector, and vf generates SVK™ as a BT N Sp,,-
module.

Pieri’s formulae.

SK™ ® SFK™* o~ @ SNK™ (as GL,-modules),
N, N =M 4k
)‘22)‘1'2)‘//#1

SWK™ @ SFR"* ~ @ SAIK (as Sp,,-modules).

;\',u, [u|=|X=p
(A \l:|ll|+k*py psk
Aiy Ny 21 ZNib 1N 41

In more geometric terms the Young diagrams for the various N are obtained
from the Young diagram for A by removing from some rows the last p cells on the
right (p = 0 for GL,,) and then adding k — p cells on the right to several rows, so
that the horizontal positions of the cells that have been removed or added overlap
with neither the positions of cells of the same kind in the other rows nor the lower
TOWS.

The algebraic investigation of differential operations on tensor bundles is carried
out with the use of polynomial maps between various tensor spaces that are equiv-
ariant with respect to classical groups. These maps can be described in terms of
classical invariant theory.
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Theorem 1.16. Let Vi,..., Vs, W be tensor spaces over K™, G C GL,, one of the
classical subgroups (that is, G is GL,,, SL,,, O, SO,, or Sp,,) and let

P:Vix - xVy—>W

be a polynomial G-map. Then ® is a linear combination of maps of the following
form:

o(v1,...,05) = P(C(U?d1 ® @0 @ TP @ @ TF™)),

where T1,...,T; are the basic invariant tensors for the group G, di,...,ds and
ai,...,a; are non-negative integers, C is contraction with respect to some indices,
and P is a permutation of indices.

The basic invariant tensor for GL,, is § = e; ® ¢, and the basic tensors for Sp,,
are wo and the dual tensor

wh=e1Nep+ -+ emNAemyr.

Proof. We can reduce the proof to describing the G-invariant polynomial functions
on Vi x .-+ x Vg x W* that are linear in W*. In this case the assertion follows
from the symbolic method of classical invariant theory ([12], §9.5): each invariant
function can be obtained by complete contraction of sufficiently many copies of its
variables with basic tensors. Contractions with respect to pairs of indices from W*
correspond to tensor multiplication by the Kronecker delta and contractions with
respect to indices from W* and indices from Vi,...,V; taken in various orders
correspond to permutations of the indices.

We shall use the following linear Sp,,-equivariant maps:
() *xwp: SIK™ @ K" — S9K"™ @ K"™*

(tensor multiplication by wg on the right, followed by contraction with respect to
the first superscript and the last subscript) and

() *wg: SqKn* N SqflKn* ®Kn

(tensor multiplication by wg on the right followed by contraction with respect to
the first superscript and the last subscript). It can easily be seen that

(§ *wg) xwo = ¢ (®)
for each & € SYK™*.

§ 2. Finiteness and finite generation theorems

Let 7 and # be tensor bundles with typical fibres V and W. In this section we
shall consider natural algebraic differential operations of the form

D:T(¥) =T (). (9)
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They correspond to polynomial GLng)—maps §: VB W, where k > ord(D).
For such operations we shall prove a finiteness theorem and a finite generation
theorem.

We define the degree deg(D) of the operation (9) to be equal to the degree of
the corresponding polynomial map §.

Consider the homothety subgroup K* C GL,. We say that a GL,-module U
is homogeneous of degree [U] = d if tE-u = t~%u for all t € K* and u € U,
where E is the identity matrix. It is clear that S)K™* @ det? is homogeneous, and
[SAK™ @ det?] = |A| — np.

Theorem 2.1. For fized tensor bundles V' and W there exist real numbers A and

B such that each natural algebraic differential operation (9) has order at most
A+ Bdeg(D).

Corollary 2.2 (see [13], §4). For fized tensor bundles V', # and d € N the linear
space of natural algebraic differential operations (9) of order at most d is finite
dimensional.

Proof of Theorem 2.1. We can assume that the GL,-module W is irreducible. We
decompose the GL,-module V into a direct sum of irreducible submodules:

V=Vie oV,
From this we obtain a decomposition of the GL**Y-module
v = P ( P sk e V) (10)
1<i<m N0 <k

Let 0: V) — W be a map of degree d. It follows from the decomposition (10)
that ¢ is a sum of GL,-maps of the form

Op: VI — W,
(V104 Viks ey Umo + - F 'Um,k) = A1(Viyjiy s Vi g )

where 1 < p < d7 I = (ilajl;"';ip7jp)7 1 < l'l < m, 0 < jl < k7 Ui,j S S]KTL* ®V;7
and _ _
Ar (7K™ @ Vi) x o x (VKM @ Vi) W

is a polylinear GL,,-map. Consider the map Aj. Since A is a K*-equivariant map,
it follows that

p
YIS @ ;] = W]
=1

or

Jib ey = W] -

N\Mﬁ
-
=
—
—_
—_
=

Let A = |[W]| and B = max; |[V;]|. Then from (11) we obtain

iy imY < A+ Bd
XIIE%{]M Jm} +

and therefore k < A+ Bd. The proof is complete.
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For a GL,,-module V let

1<i<k

We have the direct sum decomposition V%) =V & Vik). For a polynomial map
¢: VB — W we define deg, (¢) to be equal to the degree of the map ¢ with

respect to the variables corresponding to the direct summand V_,Ek). For a natural
differential operation D: I'(¥) — I'(#') we define its degree in the partial deriva-
tives as deg, (D) := deg, (), where ¢ is the polynomial map corresponding to the
operation D.

Amap @: T'(¥) — I(#) is called a tensor operation if ® corresponds to a linear
GL,,-map ¢: V — W (in other words, ® is a natural differential operation of order
zero). Each tensor operation is a linear combination of compositions of contractions,
permutations of indices, and tensor multiplications by the Kronecker delta.

We say that a tensor bundle ¥ is irreducible if its fibre V is an irreducible
GL,,-module.

Theorem 2.3. Let ¥ be a tensor bundle and let d and k be positive integers.
Then there exist finitely many irreducible tensor bundles #; and natural differential
operations D;: T(V) — T(#;) of order at most k and degree at most d in the
partial derivatives such that for every tensor bundle W each natural differential
operation D: T'(¥V) — T'(#') of order at most k and of degree at most d in the
partial derivatives can be represented in the form

D(v) = 3 @4y(v™"  Di(v))

where each @y, T(SPY @ #;) — T(W') is a tensor operation.
Proof. First of all, by passing to jets we can restate this assertion as follows.

There exist finitely many GL,-modules W; and polynomial GLngJrl)—maps
6;: VW Wi, deg. () < d,

such that each polynomial GL;]CH)-equivariant map 6: VF) — W, deg, (0) < d,
can be represented in the following form:

o(v) = Z(pip(v?p ® ;(v)), v=vy+vL EVSD V_ﬁk), (12)
i,p

where
Vip: VP QW, - W

is a linear GL,,-map for all i, p.

Now we prove this assertion.
Let K[V] be the algebra of polynomials in the coordinate variables of the space V.
The polynomial functions on V*) of degree at most d with respect to the coordinate

variables in V_f_k) form a free K[V]-module of finite rank K[V] ®Mord(V_£k), K). The
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NGL%’“H)—invariant functions form a GL,-invariant submodule .#. Corresponding
to each map ¢ there is a linear GL,,-map 0": W* — .#.

The module .# is finitely generated (as a submodule of a finitely generated
module). We choose a finite number of irreducible GL,-modules W/ and linear

GL,,-maps ¢;: W/ — .4 such that the ranges Im §] generate .Z as a K[V]-module.

K}

Thus, the canonically defined K[V]-module homomorphism

m DEV] e W) = PEV e W) — 4

i,p

is an epimorphism. In a natural way, each linear map ¢, determines a polynomial
GL(kH)—map

5i: VR (W) =W,
and we have deg (;) < d. We shall verify that the W; and §; so constructed satisfy
the conditions of the theorem formulated in the language of jets as above.

Let §: V) — W be a polynomial GL*+Y-map such that deg, (§) < d. Our aim
is to find linear GL,-maps ¢;;, such that (12) holds. Consider the corresponding
linear GL,-map ¢’: W* — 9. Since GL, is a reductive group, we can lift ¢’ to
a linear GL,-map

o = @(p;p: wW* — @(SPV* @ W)
P 4P
such that ¢’ = mo’. Each map ¢], defines a linear GL,,-map @;,: VP @W; — W
in a canonical fashion. It can easily be seen that (12) holds for the maps ;.

8§ 3. Natural linear operations

In this section and those following, we give proofs based on the method of
IT-reduction of known results on the classification of natural linear differential
operations on arbitrary manifolds and on symplectic manifolds. It turns out that,
in effect, these operations reduce to exterior differentiation.

Let 7 and # be tensor bundles with typical fibres V and W, and let

D:T(¥) =T (#) (13)

be a natural linear differential operation of order k. The operation D corresponds
to a linear GLng)—map
§: VR W (14)

If £ =0, then D is a tensor operation. For k > 0 such operations are described by
the following theorem.

Theorem 3.1. For each operation (13) of order k > 0,
D=IlodoP+T,

where
P:T(V)— Q" (M), I:Q"(M)—-T(¥%)

and T are tensor operations.
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Remark 3.2. This result is usually called Schouten’s theorem, although Schouten
only formulated it without proof in 1951. It was first proved for differential forms
(Palais, 1959), then for arbitrary covariant tensors (Leicher, 1973) and, finally, in
the general case (Rudakov 1974; Terng 1976; Kirillov 1977), see [13]. For operations
of order one Smirnov gave a proof based on IT-reduction [14].

Proof. Consider the map (14) corresponding to the operation (13). Since embed-
dings and projections onto irreducible terms are performed by tensor operations we
can assume that the GL,,-modules V and W are irreducible and V = S*K™* @ det?

corresponds to the virtual partition A = A\ — (d").

The subalgebra ng[gﬁ'l) C g[SLkH) acts trivially on W, therefore

ngl D v« Ker(s).

Furthermore, (z")*®@v} (which is equal to the tensor product of the highest vector
in the GL,,-module SFK™* and the lowest vector in the GL,,-module V') generates
the GL,-module S¥K™* ® V. Since the operation has order k, it follows that

(") @ vy ¢ ngl(FT) v ®), (15)
If k > 1, then using (5) we obtain
(@) @en)- (2" @vy) = —(kAy + 1) (") @0y

However, this contradicts (15). Hence k = 1.
If k=1 and A, # 0, then using (5) we obtain

(2™ @ep) vy = —2X,2" @0} .

However, this contradicts (15). Hence A, = 0.
If k=1 and A\, = 0, then using (5) we obtain

(z'2" @ eq1) vy = —Mz" @vy —z' v,
(") ®@e1)-v=—-20 — z' @,

where

A1
v = ZAItA((xl)@)(p*l) ®2"® ()PP @ (1) ... ® (wn)@))\”).
p=1

For A; > 1 this contradicts (15). Therefore, \; = 0 or \; = 1.
It remains to consider the case of k =1 and V ~ A" K"*, where m < n. In this

case
K™ @V = A"t K ¢ S@ DK,

Since
(@) ®er) (' A A2™) =22 @2l A+ Az™ € SGTTDIR
there can be only one option for §:
§: V) = A" K™ @ /\m+1 K™ @ S@I™ HR /\m+1 K+

is the canonical projection. Such a § corresponds to the operation d of exterior
differentiation (see Example 1.14).
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8§ 4. Natural differential operations on symplectic manifolds

4.1. Geometric structures. Manifolds often carry additional geometric struc-
tures, and the investigation of differential operations that are ‘natural” with respect
to these structures is an important problem. There are several possible ways to
formalize this notion. Here we shall use the following approach.

Definition 4.1. A type of geometric structures is a functor on .#an,, associating
with each n-dimensional manifold M a subsheaf & = o7 (M) of the sheaf of sections
of the natural bundle .# — M so that for each open embedding M’ — M the sheaf
o/ (M) is the restriction of o7 (M). A geometric structure (of fixed type) is a section
ac ().

Remark 4.2. Usually, 7 consists of local sections satisfying some system of nat-
ural differential equations. In this case the [-jets of local sections in ./ form
a GL;’“H)—invariant submanifold A® C F(l), where k is the order of the bundle .%.

Ezxample 4.3. A Riemannian structure is determined by a section of the bundle
(S2.7*)* of positive-definite quadratic forms on the tangent bundle.

Example 4.4. A symplectic structure is determined by a section w of the bundle
(Q2(M))*ee of non-degenerate 2-forms such that dw = 0. A manifold M is called
symplectic if some symplectic structure is fixed on M.

Example 4.5. A Poisson structure is determined by a section [ of the bundle /\2 T
of bivectors such that [3, 3] = 0, where [3, 8] = 399; 85'0; A9}, A0, is the Schouten
bracket. A manifold M is a Poisson manifold if some Poisson structure is fixed
on M.

A symplectic manifold is Poisson (the dual bivector to the symplectic 2-form
is a Poisson bivector). An even-dimensional Poisson manifold with everywhere
non-degenerate Poisson bivector is a symplectic manifold (the 2-form dual to the
Poisson bivector is a symplectic 2-form).

Definition 4.6. A natural differential operation on manifolds carrying a geometric
structure of type . is an operation

D:T(V)xT() = T(¥),
where 7" and #  are natural bundles, that is defined by the formula
D(s,a)(x) = 0(Jy's, Jya)

in a local coordinate system = = (z!,...,2"), where §: V¥ x AO — W is
a GL{"-equivariant differentiable map (for suitable r) independent of .

In other words, Ds depends on s € T'(¥), on o € T'(«/) (as a parameter) and on
their partial derivatives (up to some order) in a similar fashion for all local charts.

We shall consider algebraic natural differential operations on tensor bundles over
manifolds endowed with a natural geometric structure. In this case the map ¢ is
polynomial with respect to V*) and rational with respect to AW, In the special
case when k = 0 and 9 is linear in the first variable, such an operation D is called
a natural linear map.
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Ezxample 4.7. Covariant differentiation of tensor fields is a natural differential oper-
ation on Riemannian manifolds. The Poisson bracket of functions is a natural
differential operation on Poisson manifolds.

When there is an additional geometric structure, the group of coordinate trans-
formations that must preserve the coordinate expression of a natural differential
operation can often be reduced by the following standard trick from invariant the-
ory.

Definition 4.8. Let G be a Lie group acting on a manifold X, H C G its Lie sub-
group and Y some H-invariant submanifold of X. Then Y is called a (G, H)-section
if the natural map G x¥ Y — X is a diffeomorphism.

In this case, for each manifold Z with G-action we have a bijective correspon-
dence between G-maps ¢: X — Z and H-maps ¢: Y — Z; namely, 1) = w‘y.
Assume that for geometric structures of type & there exists a (GL(), G()-

section Aél) of the manifold A). Then by the above there is a bijection between
the natural differential operations on manifolds with geometric structures of type &7
and G()-maps.

5: VR x AV W

Ezample 4.9 (see [6], §3). In the space of k-jets of Riemannian metrics

k
A(k) _ (SZRn*)+ @ @ San* ® S2Rn*
I=1
there exists a (GL*Y | GL,)-section

k
Agc) = (S’R™)" @ @ Ker Sym, , {,
1=2

where Sym,, ;: SIR™ @ S2R™ — SITIR™ © R™ is symmetrization with respect
to the first [ + 1 indices. We point out that Ker Sym,,; ~ SG:PR" and that

transforming a metric into Aék) by a change of variables is just expressing it in
geodesic coordinates with the origin at the point in question.

4.2. Symplectic structures. By Darboux’s theorem, jets of symplectic struc-
tures form a homogeneous space, that is, in this case we can take a point for
a section. A purely algebraic proof of this fact by the method of IT-reduction may
be instructive.

Formal Poincaré lemma. The de Rham complex
RN SIK™ © /\m K+ N SI-1R™* & /\m+1 K .

s ezract.

Proof. By Pieri’s formulae

SR+ ® /\m Kn* ~ S(l—i—l,lm’l)Kn* fa S(l,lm)Kn*.
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(This is because SUTL1" DK ¢ SIK"™* @A™ K™ and S¢-1")K"* can be embedded
in the tensor product on the left-hand side as Ker Sym;, ;.) The map

d: SIKn* ® /\m K™ — Q-1 ® /\m+1 K+

is precisely equal to alternation with respect to the last m + 1 indices. It maps
SEI™K™* jsomorphically onto S K™ @ A™ T K* | while its kernel S+ DR
is precisely the image of S"1K™ /\m*1 K"*.

Formal Darboux theorem. FEach jet

wx)=wo+wi(z)+ - +wr(z,...,z) € Jr(Lk)®/\2K"*

)

for which wg is a non-singular form and dw = 0 s GLS«ZHl -equivalent to wy.

Proof. Applying in turn the transformations x — x4+ g, (z, . . ., ) from NGLS“H) to
w(zx) form =2,...,k+1 we can eliminate the non-constant terms wq (), ..., wg(z)
of the jet w(z). Let wy(z) =0 for all I, 1 <1< m — 2, where 2 < m < k. Then for
9=+ gm(z,...,x) we obtain

(g-w)(z) =w()+mp(gm(z,...,x, - ))wo
= w(z) + my(gm ® wo) = w(xz) + d(gm * wo)

(we have used Lemma 1.7 and its corollary). Thus, we can transform w,,_1 by
adding to it an arbitrary element of the image of the composition

§MEK™ @ K" X0 gmgnE ® Kn* i) gm-lK"* & /\2 Kn* . (16)

By the formal Poincaré lemma the image of the composition (16) consists of the
closed forms. Hence w,,_1 can be transformed into zero.

Acting by GL,, we can reduce wy to the form (7). Its stabilizer in the group GL,(f)
is equal to the group Sp;k) of the k-jets at 0 of symplectomorphisms K” — K”.
Its Levi decomposition has the form Spglk) = Sp,, K NSpﬁLk)7 where Sp,, is a Levi
subgroup and NSpg“) = spﬁf) N NGLSC) is the unipotent radical.

By the formal Darboux theorem {wo} is a (GLY*+Y | Spk+1))_section of the mani-
fold of k-jets of symplectic forms. Hence the natural differential operations on
symplectic manifolds are in bijection with the Sp%kﬂ)—maps 5: V@ W

In what follows we require the following lemma, which describes the Lie algebra

(k)

spy,~ of the group Spg“).

Lemma 4.10. The element

E=6+&++&espll)
if and only if & * wo € SHYK™ for i =1,...,k (in particular, & € sp,,).
Proof. From the corollary to Lemma 1.7 we obtain that

k

€ wo=d(§xwo) =D d(&*wo) =0

=1
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if and only if d(§;*wg) =0 for I = 1,..., k. Now the lemma becomes a consequence
of the inclusion & *wy € S'K™ @ K™ ~ SIH1K"* @ SGUK™ | where the first direct
summand is precisely Ker d.

This lemma and (8) yield the following result.

Corollary 4.11. The map
k
PSR —nspl,  fat ot e farwg o frrn v e
1=2
is a vector space isomorphism.

Remark 4.12. There is another approach to the investigation of natural differential
operations on symplectic manifolds. It starts with the definitions of (principal)
bundles SFr* (M) — M of symplectic coframes of order k. These bundles consist of
the k-jets of local coordinate systems x = (z,...,2") in which w(z) = wg. After
that associated (symplectic) bundles .7 = SFr*(M) xSP” F are introduced, where
Sp¥) . F is a differentiable action. (Note that if an action Sp*) : F' extends to an
action GL%® : F, then .Z ~ SFr*(M) x5Pn” GLI) xCL F ~ B (M) xCL F
is a natural bundle in the sense of §1.1.) Finally, natural differential operations
on symplectic manifolds are defined as operations of the form D: I'(¥) — I'(¥),
where ¥ and # are symplectic bundles, and such that D has similar expressions
in all symplectic charts. This is equivalent to the following property: the map of
jets 6: VB — W is an Spglk)—map.

4.3. Linear operations. Now, using the method of IT-reduction we obtain a des-
cription of the natural linear differential operations on symplectic manifolds. This
description was originally obtained by Rudakov [8] in a roundabout way: it was
a by-product of an investigation of irreducible representations of certain infinite-
dimensional Lie algebras.

Recall that on an n-dimensional symplectic manifold there exists a canonical
isomorphism i, : Q™ — Q"™ Let

d* = ip_my10doin: I(Q™) — Q™).
Consider a natural linear differential operation
D:T(V)—=T(¥) (17)

of order ¢ on n-dimensional symplectic manifolds, where ¥ and # are tensor
bundles with typical fibres V' and W. The operation D corresponds to a linear
Spslk)—map §: V@ — W, where k > q. If ¢ = 0, then D is a tensor operation

(that is, 0 is a linear Sp,-map V' — W; see Theorem 1.16). For ¢ > 0 such
operations are described by the following theorem.

Theorem 4.13. For an operation (17) of order ¢ > 0 there exists a decomposition
D:]1 OdOP1 —i—IQOdd*OPQ—f—’I'7

where
P:T(7V)—T(Q°%), I;:T(Q%) - T(¥7)

and T are tensor operations.
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Proof. Tt is sufficient to consider the case V. = SNK™. As in the proof of
Theorem 3.1, we have the inclusion

nspF) . V(@ < Ker(6). (18)
Consider the case ¢ > 1, A\; # 1. For
£ = (z")e+, v=al @y,
¢ =@+ D@, W =a"euv,
using (5) we find
(E*xwp) v= (") @vy +qz' (") ®T,
(€ *wg) v = (¢h — (@) @ vy +q(g— )2’ (@) @7,

U= Alt,\((a:1)®(p_1) Rz"® (a:l)@o‘l_p) ® (x2)®)‘2 e ® (m"/2)®>‘“/2).

Hence 0 # g(A1 — 1)z @ vy € ((STHK™) x wj) - (K™ ® V). However, this con-
tradicts (18) because 2" ® v (the tensor product of the highest and the lowest
vectors) generates STK™ @ V' as an Sp,,-module.

Consider the case when ¢ =1 and Ay > 1 or ¢ > 2 and \; = 1. For

= 3961(;10" 2

é =3(a')%a",

nyq—1 —
= (@)1 @y,

= (=" ®0,

Sl e

using (5) we calculate
(€xwl) v = (2N +1— )@ ©v5 +20 (@) L@,
(€ v ) o) = =20 (@") @ vy +200 —1— gl @)1 @ .

Hence (A1 +1—¢)(2X\1 —1—¢)(z™)?®@vy € ((S*K™)xwf)-(S4™'K™ ® V). Similarly
to above, this case is also impossible.

The only remaining case is A = (1™), ¢ < 2.

For ¢ = 1 we have

The projection onto the first direct summand corresponds to the operator d* and
the projection to the second corresponds to the operator d. It can be readily verified
that the third direct summand corresponds to ((S?K™) x wg) - V.

For ¢ = 2 the Sp,,-module S2K™* ® V is isomorphic to

S<31m by Kn* @821 Kn* @S 1m= Kn*@S Kn*
We claim that

S(3,17"’1>Kn* ® S(2,1”>Kn* ® S(Z,lm’2>Kn* c ((SSKn*) % wac) . (Kn* ® V) (19)
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In fact, for ¢« < n we have
(@) *wy) (2@ @ A? A Aa™)) = —2z'2" @ (2" A Az™) = w.

If i = 1, then w is the lowest vector in SGB1™THKP* . This yields the inclusion (19)
for the first direct factor. For i = m + 1 the invariant projection Alt 1m) takes w
to the lowest vector

(_1)m+1$1 ® $1 A A xm-&-l c S(2,1"")K7L*-

This yields the inclusion (19) for the second direct summand. For i =n+1—m
the contraction of w with wf§ with respect the first and the last indices yields

m—2
@t A AT e SR

This gives us the inclusion (19) for the third direct summand. The projection onto
the fourth direct summand corresponds to the operator dd*.

8§ 5. Deformation quantization

In this section we prove a theorem stating that there exist no natural deformation
quantizations on Poisson or symplectic manifolds.

Consider a Poisson manifold M with Poisson bivector §. In the sheaf & of
differentiable functions on M we have the Poisson bracket

{f, 9} = B(df,dg) = 37 0, f 0;g.

By definition, deformation quantization is an associative multiplication x in the
sheaf O'[[h]] that is K[[A]]-linear with respect to infinite sums and has the following
form on O

frg=fo+n{f,gt+ - +nB(f,9)+ -,

where the §;, 1 = 1,2,..., are bilinear differential operations [15]. The operation of
multiplication x can be treated as a non-commutative deformation with parameter &
of the usual commutative multiplication of functions, so the first-order term in the
commutator fxg— g=* f is equal to 2{f, g}.

Several constructions of deformation quantizations are known (see, for instance,
de Wilde-Lecomte [16], Fedosov [17], [18], and Kontsevich [19]). To achieve a defor-
mation quantization these authors use additional geometric structures. A natural
question arising here is as follows: do there exist natural deformation quantizations
on Poisson manifolds (on symplectic manifolds)? The quantization is taken to be
natural if all the differential operations 3; are natural. The answer is negative.

Theorem 5.1. There exist no natural deformation quantizations on Poisson or
symplectic manifolds.

We shall require the following result.

Lemma 5.2. Let A: 0 x ¢ — O be a bilinear natural differential operation on
symplectic manifolds. Then A(f,g) = bfg + c{df,dg}, where b, c € K.
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Proof. The operation A is defined by the linear Spgbk)—map
a: JP @ J@ K,

where k > max{p, ¢}. Note that the Sp,-modules SPK™* are irreducible and pair-
wise isomorphic, moreover, (SPK™)* ~ SPK™*. Corresponding to this isomorphism
is a non-trivial linear Sp,,-map

byt SPK™ @ SPK™ — K,

which is the complete contraction with (wg)®*. For p # ¢ there exist no non-
trivial equivariant linear maps SPK™* @ S?K™* — K. Hence it follows by the Sp,,-
equivariance of the map « that

a(f®yg)= Zapwp(fp ® gp),

p=0

where a, € K. It remains to verify that a, = 0 for p > 2. For this we set
€ =3(zh)%a™, v= (21?71 @ ()P and calculate

a((€*+wp) - v) = a((p— D)’ @ (@) = 2p(z" )P~ @ ' (a")7)
= (p = Dyt (@) @ (@")7) = (p — 1)ay. (20)

On the other hand, since « is NSpSlk)—invariant, the expression (20) vanishes, there-
fore a, = 0.

Proof of Theorem 5.1. We shall verify in turn that there exist no natural quan-
tizations of 1) symplectic, 2) even-dimensional and 3) odd-dimensional Poisson
manifolds.

1) If there exists a natural quantization *, then from Lemma 5.2 we obtain
Bp(f,g) = bpfg+ cpB(df.dg), p = 2,3,.... It can be readily verified that
such an operation % cannot be associative, not even modulo /3.

2) A natural quantization of even-dimensional Poisson manifolds would also
define a natural quantization of symplectic manifolds. By 1) this is impos-
sible.

3) It is sufficient to prove that a natural quantization of Poisson manifolds of
dimension n + [ would define a natural quantization of Poisson manifolds
of dimension n.

Let M be an n-dimensional Poisson manifold with Poisson bivector 5. On the
manifold M x R! we consider a Poisson bivector /3 such that

5(x,t) S /\2 T(:v,t) (M X {t})a dp|(rt)(g(z,t)) = /BZL’

for all (z,t) € M x R!, where p: M x R" — M is a projection. Next, we define an
operation " on M:

(f+ g)(x) = (p"f *p"g)(x,1),

where x is a quantization of the Poisson structure B It is easy to observe that
the operation +" is well defined and is a quantization of the Poisson structure 3.
Obviously, the quantization of n-dimensional Poisson manifolds defined in this way
is natural.
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Remark 5.3. Theorem 5.1 is similar to Van Hove’s theorem on the non-existence of
canonical geometric quantization ([20], §5.2.2). A result on deformation quantiza-
tion close to Theorem 5.1 was proved in [21].
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