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�.�. � ¢«¥­ª®, �.�. �¨­®ª³° �

�¥«¿¡¨­±ª¨© £®±³¤ °±²¢¥­­»© ³­¨¢¥°±¨²¥²

� £¨«¼¡¥°²®¢®¬ ¯°®±²° ­±²¢¥ ° ±±¬ ²°¨¢ ¾²±¿ ³° ¢­¥­¨¿ ± ­¥ª®½°¶¨²¨¢­»¬
®¯¥° ²®°®¬, ° ¢­»¬ ±³¬¬¥ «¨­¥©­®£® ´°¥¤£®«¼¬®¢  ®²®¡° ¦¥­¨¿ ­³«¥¢®£® ¨­¤¥ª±  ¨
ª®¬¯ ª²­®£® ®¯¥° ²®°  (¢®®¡¹¥ £®¢®°¿, ° §°»¢­®£®). � ¯®¬®¹¼¾ °¥£³«¿°¨§ ¶¨¨ ¨ ²¥®-
°¨¨ ²®¯®«®£¨·¥±ª®© ±²¥¯¥­¨ ³±² ­ ¢«¨¢ ¥²±¿ ±³¹¥±²¢®¢ ­¨¥ °¥¸¥­¨©, ª®²®°»¥ ¿¢«¿-
¾²±¿ ²®·ª ¬¨ ­¥¯°¥°»¢­®±²¨ ®¯¥° ²®°  ³° ¢­¥­¨¿.

�«¾·¥¢»¥ ±«®¢ : ° §°»¢­»¥ ­¥«¨­¥©­®±²¨, ­¥ª®½°¶¨²¨¢­»¥ ®¯¥° ²®°», °¥£³-
«¿°¨§ ¶¨¿, ±²¥¯¥­¼ ®²®¡° ¦¥­¨¿.

1. �¢¥¤¥­¨¥

� £¨«¼¡¥°²®¢®¬ ¯°®±²° ­±²¢¥ H ° ±±¬ ²°¨¢ ¾²±¿ ³° ¢­¥­¨¿ ¢¨¤ 

Au+ Tu = f; (1.1)

£¤¥ A : H ! H | «¨­¥©­®¥ ´°¥¤£®«¼¬®¢® ®²®¡° ¦¥­¨¥ ­³«¥¢®£® ¨­¤¥ª± ,

·²® ®§­ · ¥² § ¬ª­³²®±²¼ ®¡« ±²¨ §­ ·¥­¨© R(A) ®¯¥° ²®°  A, ª®­¥·­®-
¬¥°­®±²¼ ¿¤°  kerA ¨ ° ¢¥­±²¢® ° §¬¥°­®±²¥© kerA ¨ kerA�; ®¯¥° ²®°

T : H ! H (¢®§¬®¦­®, ° §°»¢­»©) ª®¬¯ ª²¥­ ¨ ³¤®¢«¥²¢®°¿¥² ³±«®¢¨¾

Tu=kuk ! 0 ¯°¨ kuk ! +1; (1.2)

f 2 H . �®¯®«­¨²¥«¼­® ¯°¥¤¯®« £ ¥²±¿, ·²® ®¯¥° ²®° A ¯°¨­ ¤«¥¦¨² ª« ±-

±³ (S)+ [1], ²® ¥±²¼ ¤«¿ ¯°®¨§¢®«¼­®© ¯®±«¥¤®¢ ²¥«¼­®±²¨ (un) � H ¨§

un * u0 ¨

lim sup
n!1

(Aun; un � u0) � 0 (1.3)

±«¥¤³¥² ±¨«¼­ ¿ ±µ®¤¨¬®±²¼ (un) ª u0 ¢ H .

����������� 1.1. �®±«¥¤®¢ ²¥«¼­®±²¼ (uk) � H ¡³¤¥¬ ­ §»¢ ²¼

A-¯®±«¥¤®¢ ²¥«¼­®±²¼¾, ¥±«¨ kukk ! 1, kukk
�1 � uk ! v 2 kerA.

� � ¡®²  ¢»¯®«­¥­  ¯°¨ ¯®¤¤¥°¦ª¥ ���� (£° ­² Â 97-01-00-444).
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����������� 1.2. �³¤¥¬ £®¢®°¨²¼, ·²® ¤«¿ ½«¥¬¥­²  f 2 H ¢

³° ¢­¥­¨¨ (1.1) ¢»¯®«­¥­® ³±«®¢¨¥ (i), ¥±«¨ ±³¹¥±²¢³¥² «¨­¥©­»© ¨§®¬®°-

´¨§¬ M ¬¥¦¤³ kerA ¨ kerA� ² ª®©, ·²® ¤«¿ «¾¡®© A-¯®±«¥¤®¢ ²¥«¼­®±²¨

(uk) � H ¨¬¥¥² ¬¥±²® µ®²¿ ¡» ®¤­® ¨§ ­¥° ¢¥­±²¢

lim sup
k!1

(Tuk;Mv) > (f;Mv) ; (1.4)

lim inf
k!1

(Tuk;Mv) < (f;Mv) : (1.5)

�°¨ ±¤¥« ­­»µ ¢»¸¥ ¯°¥¤¯®«®¦¥­¨¿µ ®²­®±¨²¥«¼­® A ¨ T , ¥±«¨ f ¢ ³° ¢­¥-

­¨¨ (1.1) ³¤®¢«¥²¢®°¿¥² ³±«®¢¨¾ (i), ²® ± ¯®¬®¹¼¾ °¥£³«¿°¨§ ¶¨¨ ³° ¢­¥-

­¨¿ (1.1) ¨ ²¥®°¨¨ ²®¯®«®£¨·¥±ª®© ±²¥¯¥­¨ ¤«¿ ¬­®£®§­ ·­»µ ª®¬¯ ª²­»µ

¢¥ª²®°­»µ ¯®«¥© ³±² ­ ¢«¨¢ ¥²±¿ ±³¹¥±²¢®¢ ­¨¥ u 2 H , ³¤®¢«¥²¢®°¿¾¹¥-
£® ¢ª«¾·¥­¨¾

f �Au 2 STu; (1.6)

£¤¥ ST | ±¥ª¢¥­¶¨ «¼­®¥ § ¬»ª ­¨¥ ®¯¥° ²®°  T [2]: ¤«¿ «¾¡®£® u 2 H

¬­®¦¥±²¢® STu ±®¢¯ ¤ ¥² ± § ¬ª­³²®© ¢»¯³ª«®© ®¡®«®·ª®© ¬­®¦¥±²¢ 

±« ¡® ¯°¥¤¥«¼­»µ ²®·¥ª ¤«¿ ¯®±«¥¤®¢ ²¥«¼­®±²¥© ¢¨¤  Tun, un ! u. � ©-

¤¥­» ³±«®¢¨¿ ­  ²®·ª¨ ° §°»¢  ®¯¥° ²®°  T , ¯°¨ ¢»¯®«­¥­¨¨ ª®²®°»µ

¢ª«¾·¥­¨¥ (1.6) ¢«¥·¥² ¤«¿ u ±¯° ¢¥¤«¨¢®±²¼ ° ¢¥­±²¢  (1.1) ¨ ­¥¯°¥°»¢-

­®±²¼ T ¢ ²®·ª¥ u.

�«¿ ³° ¢­¥­¨© ± ° §°»¢­»¬¨ ®¯¥° ²®° ¬¨ ¯°®¡«¥¬  ±³¹¥±²¢®¢ ­¨¿

°¥¸¥­¨©, ­  ª®²®°»µ ®¯¥° ²®° ³° ¢­¥­¨¿ ­¥¯°¥°»¢¥­, ¨§³· « ±¼ ¢ ±®¢¬¥±²-

­»µ ° ¡®² µ �. �. �° ±­®±¥«¼±ª®£® ± ¥£® ³·¥­¨ª ¬¨ �. �. �®ª°®¢±ª¨¬ ¨

�. �. �³±­¨ª®¢»¬ [3 { 5] ¤«¿ ³° ¢­¥­¨© ± ¬®­®²®­­»¬¨ ®²®¡° ¦¥­¨¿¬¨ ¢

¯®«³³¯®°¿¤®·¥­­»µ ¯°®±²° ­±²¢ µ ¨ ° ¡®² µ �. �. � ¢«¥­ª® [6 { 9] ¬¥²®-

¤®¬ ¬®­®²®­­»µ ®¯¥° ²®°®¢,   ¢ [10 { 12] | ¢ °¨ ¶¨®­­»¬ ¬¥²®¤®¬. �

®²«¨·¨¥ ®² ¯¥°¥·¨±«¥­­»µ ¨±±«¥¤®¢ ­¨© ¢ ¤ ­­®© ° ¡®²¥ ­¥ ¯°¥¤¯®« £ ¥²-

±¿ ­¨ ¬®­®²®­­®±²¼, ­¨ ª¢ §¨¯®²¥­¶¨ «¼­®±²¼, ­¨ ª®½°¶¨²¨¢­®±²¼ ®¯¥° -

²®°  ³° ¢­¥­¨¿.

2. �¥®°¥¬  ±³¹¥±²¢®¢ ­¨¿

�³±²¼ Q| ®²®¡° ¦¥­¨¥ ¨§ £¨«¼¡¥°²®¢  ¯°®±²° ­±²¢ H ¢H .

����������� 2.1. �«¥¬¥­² u 2 H ­ §»¢ ¥²±¿ ±¨«¼­® °¥£³«¿°­®©

²®·ª®© ¤«¿ ®¯¥° ²®°  Q, ¥±«¨ ±³¹¥±²¢³¥² h 2 H ² ª®©, ·²®

lim sup
v!0

(Q(u+ v); h) < 0: (2.1)
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� ¬¥· ­¨¥ 2.1. �±«¨ ¤«¿ ­¥ª®²®°®£® h 2 H lim inf
v!0

(Q(u+ v); h) > 0,

²® u | ±¨«¼­® °¥£³«¿°­ ¿ ²®·ª  ®²®¡° ¦¥­¨¿ �Q.

����������� 2.2. �«¥¬¥­² u 2 H ­ §®¢¥¬ ²®·ª®© ° §°»¢  ®¯¥-

° ²®°  Q, ¥±«¨ ­ ©¤¥²±¿ ¯®±«¥¤®¢ ²¥«¼­®±²¼ (un) � H , ±¨«¼­® ±µ®¤¿¹ ¿±¿

ª u, ¨ ¢¥ª²®° y 2 H ² ª¨¥, ·²® (Qun; y) ­¥ ±µ®¤¨²±¿ ª (Qu; y), ²® ¥±²¼ u ­¥
¿¢«¿¥²±¿ ²®·ª®© ¤¥¬¨­¥¯°¥°»¢­®±²¨ ®¯¥° ²®°  Q.

������� 2.1. �³±²¼ ¢»¯®«­¥­» ³±«®¢¨¿:

1) «¨­¥©­»© ®¯¥° ²®° A : H ! H ´°¥¤£®«¼¬®¢, ­³«¥¢®£® ¨­¤¥ª±  ¨ ¯°¨-

­ ¤«¥¦¨² ª« ±±³ (S)+;

2) ®²®¡° ¦¥­¨¥ T : H ! H ª®¬¯ ª²­® ¨ ³¤®¢«¥²¢®°¿¥² ³±«®¢¨¾ (1.2);

3) ¤«¿ ½«¥¬¥­²  f 2 H ¢»¯®«­¥­® ³±«®¢¨¥ (i).

�®£¤  ­ ©¤¥²±¿ u0 2 H, ³¤®¢«¥²¢®°¿¾¹¥¥ ¢ª«¾·¥­¨¾ (1.6). �±«¨ ¤®¯®«-

­¨²¥«¼­® ¯°¥¤¯®«®¦¨²¼, ·²® ²®·ª¨ ° §°»¢  ®¯¥° ²®°  Qu = Au+Tu�f

±¨«¼­® °¥£³«¿°­», ²® u0 | °¥¸¥­¨¥ ³° ¢­¥­¨¿ (1.1) ¨ ²®·ª  ­¥¯°¥°»¢­®-

±²¨ ®¯¥° ²®°  T .

����� 2.1. �°¥¤¯®«®¦¨¬, ·²® ®²®¡° ¦¥­¨¥ T : H ! H ª®¬¯ ª²-

­®, f ³¤®¢«¥²¢®°¿¥² ³±«®¢¨¾ (i) ± ­¥° ¢¥­±²¢®¬ (1.4) ¨«¨ (1.5) ¨ ¢»¯®«­¥-

­® ³±«®¢¨¥ 1 ²¥®°¥¬» 2.1. �®£¤  ¤«¿ ¯°®¨§¢®«¼­®© A-¯®±«¥¤®¢ ²¥«¼­®±²¨

(uk) ¨ ¯®±«¥¤®¢ ²¥«¼­®±²¨ (gk), gk 2 STuk, ¢»¯®«­¿¥²±¿ ­¥° ¢¥­±²¢®

lim sup
k!1

(gk;Mv) > (f;Mv) ; (2.2)

¨«¨, ±®®²¢¥²±²¢¥­­®,

lim inf
k!1

(gk;Mv) < (f;Mv) ; (2.3)

£¤¥ ST | ±¥ª¢¥­¶¨ «¼­®¥ § ¬»ª ­¨¥ ®¯¥° ²®°  T , M | «¨­¥©­»© ¨§®-

¬®°´¨§¬ ¬¥¦¤³ kerA ¨ kerA�.

�®ª § ²¥«¼±²¢® «¥¬¬» 2.1. �­®¦¥±²¢®

Ts(u) = fz 2 H : 9(uk) � H ² ª ¿, ·²® uk ! u; Tuk ! zg

¢ ±¨«³ ª®¬¯ ª²­®±²¨ ®¯¥° ²®°  T ±®¢¯ ¤ ¥² ± ¬­®¦¥±²¢®¬

Ts(u) = fz 2 H : 9(uk) � H; ¤«¿ ª®²®°®© uk ! u; Tuk * zg :
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�®½²®¬³ STu ±®¢¯ ¤ ¥² ± § ¬ª­³²®© ¢»¯³ª«®© ®¡®«®·ª®© co Ts(u) ¬­®-

¦¥±²¢  Ts(u). �³±²¼ (uk) � H | A-¯®±«¥¤®¢ ²¥«¼­®±²¼ ¨ gk 2 Ts(uk). �®

®¯°¥¤¥«¥­¨¾ Ts(u) ­ ©¤³²±¿ ¯®±«¥¤®¢ ²¥«¼­®±²¨ unk ! uk (k 2 N) ² ª¨¥,

·²® Tunk ! gk ¯°¨ n!1. �²±¾¤  ±«¥¤³¥², ·²® ¤«¿ «¾¡®£® k 2 N ­ ©¤¥²±¿

n(k) 2 N, ¤«¿ ª®²®°®£® kun(k)k � ukk < k�1 ¨

kTun(k)k � gkk < k�1 : (2.4)

� ª ª ª kun(k)kk � kukk � kun(k)k � ukk � kukk �
1

k
, ²® kun(k)kk ! +1. �§

­¥° ¢¥­±²¢

1�
kuk � un(k)kk

kun(k)kk
�

kukk

kun(k)kk
� 1 +

kuk � un(k)kk

kun(k)kk

¨ ° ¢¥­±²¢ 
un(k)k

kun(k)kk
=
un(k)k � uk

kun(k)kk
+

uk

kukk
�

uk

kun(k)kk

±«¥¤³¥² ±¨«¼­ ¿ ±µ®¤¨¬®±²¼ un(k)k=kun(k)kk ª v . �®£« ±­® ±¢®©±²¢³ (i)

lim sup
k!1

(T (un(k)k);Mv) > (f;Mv)

�
lim inf
k!1

(T (un(k)k);Mv)< (f;Mv)

�
:

�²±¾¤  ¨ ¨§ (2.4) ¯®«³·¨¬

lim sup
k!1

(gk;Mv) = lim sup
k!1

(T (un(k)k);Mv) > (f;Mv) (2.5)

�
lim inf
k!1

(gk;Mv) = lim inf
k!1

(T (un(k)k);Mv) < (f;Mv)

�
: (2.6)

� ª¨¬ ®¡° §®¬ ¤®ª § ­®, ·²® ¤«¿ «¾¡®© A-¯®±«¥¤®¢ ²¥«¼­®±²¨ (uk) 2 H ¨

¯®±«¥¤®¢ ²¥«¼­®±²¨ (gk) ± gk 2 Ts(uk) ¢¥°­® (2.5) (±®®²¢¥²±²¢¥­­® (2.6)).

�¨ª±¨°³¥¬ A-¯®±«¥¤®¢ ²¥«¼­®±²¼ (uk) � H ¨ ¤®ª ¦¥¬ ±³¹¥±²¢®¢ -

­¨¥ ² ª¨µ k0 2 N ¨ " > 0, ·²® ¤«¿ «¾¡®£® k > k0 ¯°¨ ¯°®¨§¢®«¼­®¬ ¢»¡®°¥

gk 2 Ts(uk) ¨¬¥¥² ¬¥±²® ­¥° ¢¥­±²¢®

(gk;Mv) > (f;Mv) + "
�
(gk;Mv) < (f;Mv)� "

�
:

�®¯³±²¨¬ ¯°®²¨¢­®¥, ²®£¤  ¤«¿ «¾¡®£® k 2 N ­ ©¤³²±¿ ­®¬¥° n(k) 2 N ¨

½«¥¬¥­² gn(k) 2 Ts(un(k)), ¤«¿ ª®²®°»µ ¢¥°­® ­¥° ¢¥­±²¢®

(gn(k);Mv) � (f;Mv) +
1

k

�
(gn(k);Mv) � (f;Mv)�

1

k

�
;



108 �.�. � ¢«¥­ª®, �.�. �¨­®ª³°

·²® ¢«¥·¥²

lim sup
k!1

(g
n(k);Mv) � (f;Mv)

�
lim inf
k!1

(g
n(k);Mv) � (f;Mv)

�
:

�® ½²® ¯°®²¨¢®°¥·¨² ¤®ª § ­­®¬³ ¢»¸¥ ­¥° ¢¥­±²¢³ (2.5) ((2.6)) ¯°¨¬¥-

­¨²¥«¼­® ª ¯®±«¥¤®¢ ²¥«¼­®±²¿¬ (un(k)) ¨ (gn(k)).

�³±²¼ ¤ ­  A-¯®±«¥¤®¢ ²¥«¼­®±²¼ (uk) � H ¨ gk 2 co Ts(uk). �®£¤ 

gk =
n(k)P
j=1

�jkgjk, gjk 2 Ts(uk), �jk � 0 ¨
n(k)P
j=1

�jk = 1. � ª ¯®ª § ­® ¢»¸¥,

±³¹¥±²¢³¾² k0 2 N ¨ " > 0 ² ª¨¥, ·²® ¤«¿ «¾¡®£® k > k0

(gjk;Mv) > (f;Mv) + "
�
(gjk;Mv) < (f;Mv)� "

�
; j = 1; : : : ; n(k) :

�®½²®¬³ ¤«¿ ¯°®¨§¢®«¼­®£® k > k0

(gk;Mv) =

n(k)X
j=1

�jk(gjk;Mv) > (f;Mv) + "
�
(gk;Mv) < (f;Mv)� "

�
:

�²±¾¤ 

lim sup
k!1

(gk;Mv) � (f;Mv) + " ; (2.7)

lim inf
k!1

(gk;Mv) � (f;Mv)� " : (2.8)

�³±²¼, ­ ª®­¥¶, ¤ ­  A-¯®±«¥¤®¢ ²¥«¼­®±²¼ (uk) � H ¨ gk 2 STuk =

= co Ts(uk). �®£¤  ¤«¿ «¾¡®£® ­ ²³° «¼­®£® k ±³¹¥±²¢³¥² ¯®±«¥¤®¢ ²¥«¼-

­®±²¼ (gnk) � co Ts(uk) ² ª ¿, ·²® gnk ! gk ¯°¨ n ! 1. �»¸¥ ¡»«®

³±² ­®¢«¥­® ±³¹¥±²¢®¢ ­¨¥ k0 2 N ¨ " > 0, ¤«¿ ª®²®°»µ

(gnk;Mv) > (f;Mv) + " 8k > k0

�
(gnk;Mv) < (f;Mv)� " 8k > k0

�
;

·²® ­¥¬¥¤«¥­­® ¢«¥·¥² (2.7) ((2.8)). �¥¬¬  2.1 ¤®ª § ­ .

����� 2.2. �³±²¼ ®²®¡° ¦¥­¨¥ Q : H ! H «®ª «¼­® ®£° ­¨·¥­® ¨

¤«¿ ­¥ª®²®°»µ u; h 2 H ¢»¯®«­¿¥²±¿ ­¥° ¢¥­±²¢® (2.1). �®£¤  ¤«¿ «¾¡®£®

y 2 SQu ¢¥°­® ­¥° ¢¥­±²¢®

(y; h) < 0; (2.9)

£¤¥ SQ | ±¥ª¢¥­¶¨ «¼­®¥ § ¬»ª ­¨¥ ®¯¥° ²®°  Q.

�®ª § ²¥«¼±²¢® «¥¬¬» 2.2. �³±²¼ Qw(u) = fz 2 H : 9(uk) � H

² ª ¿, ·²® uk ! u; Tuk * zg, ²®£¤  SQu = co Qw(u). �§ (2.1) ±«¥¤³¥²

±³¹¥±²¢®¢ ­¨¥ ¯®«®¦¨²¥«¼­»µ " ¨ � ² ª¨µ, ·²®

(Q(u+ v); h) < �" (2.10)
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¤«¿ «¾¡®£® v 2 H ± kvk < �. �±«¨ y 2 Qw(u), ²® ­ ©¤¥²±¿ ¯®±«¥¤®¢ ²¥«¼-

­®±²¼ (uk) � H , ±¨«¼­® ±µ®¤¿¹ ¿±¿ ª u, ¤«¿ ª®²®°®© Quk * y. �²±¾¤ 

¨ ¨§ (2.10) ±«¥¤³¥² ­¥° ¢¥­±²¢® (y; h) � �". �³±²¼ y 2 co Qw(u). �®£¤ 

y =
nP

k=1

�kyk , yk 2 Qw(u), �k � 0 ¨
nP

k=1

�k = 1. �®½²®¬³

(y; h) =
nX

k=1

�k(yk; h) �
nX

k=1

�k(�") = �": (2.11)

� ª®­¥¶, ¥±«¨ y 2 SQu, ²® ±³¹¥±²¢³¥² ¯®±«¥¤®¢ ²¥«¼­®±²¼ (yn) � co Qw(u),

±¨«¼­® ±µ®¤¿¹ ¿±¿ ª y. � ª ª ª ¢ ±¨«³ (2.11) (yn; h) � �" 8n 2 N, ²® ¢

¯°¥¤¥«¥ ¯°¨ n!1 ¯®«³·¨¬ (y; h) � �". �¥¬¬  2.2 ¤®ª § ­  ¯®«­®±²¼¾.

�®ª § ²¥«¼±²¢® ²¥®°¥¬» 2.1. �³±²¼ P | ®°²®¯°®¥ª²®° H ­  kerA,

C =MP , M | «¨­¥©­»© ¨§®¬®°´¨§¬ ¬¥¦¤³ kerA ¨ kerA� ¨§ ³±«®¢¨¿ (i).

�®£¤  ¥±«¨ v 2 kerA, ²®

(Cv;Mv) = (MPv;Mv) = (Mv;Mv) = (v; v) = kvk2: (2.12)

� ±±¬®²°¨¬ ®¯¥° ²®° B" = A + "C, " 6= 0, ¨ ³±² ­®¢¨¬ ¥£® ­¥¯°¥°»¢-

­³¾ ®¡° ²¨¬®±²¼. � ¬¥²¨¬, ·²® R(C) = kerA� ¨ ¯°®±²° ­±²¢® H ° ¢­®

±³¬¬¥ ®°²®£®­ «¼­»µ § ¬ª­³²»µ ¯®¤¯°®±²° ­±²¢ R(A) ¨ kerA�. �®½²®¬³

° ¢¥­±²¢® B"u = 0 ¢«¥·¥² u 2 kerA ¨ Cu = 0, ·²® ¢ ±¨«³ (2.12) ¢®§¬®¦-

­® ²®«¼ª® ¤«¿ u = 0. �«¥¤®¢ ²¥«¼­®, ®²®¡° ¦¥­¨¥ B" ¨­º¥ª²¨¢­®. �³±²¼

v 2 H . �®ª ¦¥¬, ·²® ³° ¢­¥­¨¥

B"u = v (2.13)

¨¬¥¥² °¥¸¥­¨¥. �«¥¬¥­² v ®¤­®§­ ·­® ¯°¥¤±² ¢¨¬ ¢ ¢¨¤¥ v = v1 + v2, £¤¥

v1 2 R(A), v2 2 kerA�, ¨ ³° ¢­¥­¨¥ (2.13) ½ª¢¨¢ «¥­²­® ±¨±²¥¬¥

�
Au = v1
"Cu = v2 :

(2.14)

� ª ª ª v2 � "
�1 2 kerA�,   R(C) = kerA�, ²® ±³¹¥±²¢³¥² u2 2 kerA, ¤«¿

ª®²®°®£® "Cu2 = v2. �§ ¯°¨­ ¤«¥¦­®±²¨ v1 2 R(A) ±«¥¤³¥² ±³¹¥±²¢®¢ -

­¨¥ y 2 H ² ª®£®, ·²® Ay = v1. �³±²¼ u1 = y � Py, ²®£¤  u1 2 R(A)

¨ Au1 = v1. �«¥¬¥­² u = u1 + u2 ³¤®¢«¥²¢®°¿¥² (2.14). � ª¨¬ ®¡° §®¬,

±¾°º¥ª²¨¢­®±²¼ B" ³±² ­®¢«¥­ . �®£« ±­® ²¥®°¥¬¥ � ­ µ  ®¡ ®¡° ²­®¬

®¯¥° ²®°¥, ®²®¡° ¦¥­¨¥ B" ­¥¯°¥°»¢­® ®¡° ²¨¬®. �²±¾¤  ±«¥¤³¥² ±³¹¥-

±²¢®¢ ­¨¥ ¯®±²®¿­­®© K" > 0 ² ª®©, ·²®

kB"uk � K"kuk 8u 2 H : (2.15)
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� ±±¬®²°¨¬ ¢ª«¾·¥­¨¥

�B"u 2 STu� f; (2.16)

£¤¥ ST | ±¥ª¢¥­¶¨ «¼­®¥ § ¬»ª ­¨¥ T , " 6= 0 ´¨ª±¨°®¢ ­®, f 2 H . �­®

° ¢­®±¨«¼­® ¢ª«¾·¥­¨¾

u 2 B�1
"
(f � STu) � �"(u) : (2.17)

� ±¨«³ (1.2) ­ ©¤¥²±¿ R > 0 ² ª®¥, ·²® kTuk � 2�1 �K" �kuk, ¥±«¨ kuk � R, ¨

2�1 �K"(R+1) > kfk. �²±¾¤  ¯® ®¯°¥¤¥«¥­¨¾ ±¥ª¢¥­¶¨ «¼­®£® § ¬»ª ­¨¿

¤«¿ «¾¡®£® u 2 H ± kuk = R + 1 ¨ ¯°®¨§¢®«¼­®£® g 2 STu ¨¬¥¥¬

kgk � 2�1 �K" � (R+ 1), ¨ ¯®²®¬³

kB"u+ g � fk � kB"uk � kgk � kfk � K"(R+ 1)�

� 2�1K"(R+ 1)� kfk = 2�1K"(R+ 1)� kfk > 0 : (2.18)

�®±«¥¤­¥¥ ° ¢­®±¨«¼­® ²®¬³, ·²® ­  ±´¥°¥ SR+1 = fu 2 H j kuk = R + 1g

®²®¡° ¦¥­¨¥ �" ­¥ ¨¬¥¥² ­¥¯®¤¢¨¦­»µ ²®·¥ª. �°®¬¥ ²®£®, �" ­  ¸ °¥

UR+1 = fu 2 H j kuk � R + 1g ª®¬¯ ª²­® [13], ²® ¥±²¼ ¥£® §­ ·¥­¨¿ |

­¥¯³±²»¥ ª®¬¯ ª²­»¥ ¢»¯³ª«»¥ ¬­®¦¥±²¢ , �" ¯®«³­¥¯°¥°»¢­® ±¢¥°µ³ ­ 

UR+1 ¨ R(�") =
S
f�"(x) : x 2 UR+1g ¯°¥¤ª®¬¯ ª²­® ¢ H . �¥©±²¢¨²¥«¼­®,

§­ ·¥­¨¿ ST | ­¥¯³±²»¥ ª®¬¯ ª²­»¥ ¢»¯³ª«»¥ ¬­®¦¥±²¢ , ®²®¡° ¦¥­¨¥

ST § ¬ª­³²® [14] ¨ ¬­®£®§­ ·­»© ®¯¥° ²®° ST ¯¥°¥¢®¤¨² ®£° ­¨·¥­­»¥

¬­®¦¥±²¢  ¢ ¯°¥¤ª®¬¯ ª²­»¥ (­ «¨·¨¥ ¯¥°¥·¨±«¥­­»µ ±¢®©±²¢ ³ ST £ ° ­-

²¨°³¥² ¯®«³­¥¯°¥°»¢­®±²¼ ±¢¥°µ³ ½²®£® ®²®¡° ¦¥­¨¿ [15]),   «¨­¥©­»©

®¯¥° ²®°B�1
"

­¥¯°¥°»¢¥­. � ª¨¬ ®¡° §®¬, I��" |¬­®£®§­ ·­®¥ ª®¬¯ ª²-

­®¥ ¢¥ª²®°­®¥ ¯®«¥ ¨§ C(SR+1; UR+1; 0) [13], I | ²®¦¤¥±²¢¥­­»© ®¯¥° ²®°

¢ H . �²®¡° ¦¥­¨¥ h"(u; t) = (1� t)(u� �"(u)) + tu, t 2 [0; 1], ¥±²¼ £®¬®²®-

¯¨¿ ¢ C(SR+1; UR+1; 0) [13]. � ¯°®²¨¢­®¬ ±«³· ¥ ¤«¿ ­¥ª®²®°®£® t 2 (0; 1)

­ ©¤¥²±¿ u 2 SR+1, ¤«¿ ª®²®°®£® 0 2 h"(u; t), ²® ¥±²¼ ±³¹¥±²¢³¥² g 2 STu

² ª®¥, ·²®

u = (1� t)B�1
"
(f � g)() B"u+ (1� t)(g � f) = 0 :

� ¤°³£®© ±²®°®­», ¢ ±¨«³ (2.18)

kB"u+ (1� t)(g � f)k � kB"uk+ (1� t)kg � fk � kB"uk � kgk� kfk > 0 :

�®«³·¥­® ¯°®²¨¢®°¥·¨¥. � ª ª ª h"(u; 0) = u � �"(u), h"(u; 1) = u, ²®
¢¥ª²®°­»¥ ¯®«¿ I��" ¨ I £®¬®²®¯­» ¢ C(SR+1; UR+1; 0). �®±«¥¤­¥¥ ¢«¥·¥²

° ¢¥­±²¢® ²®¯®«®£¨·¥±ª¨µ ±²¥¯¥­¥© [13]

d(UR+1; 0; I � �") = d(UR+1; 0; I) = 1:
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�²±¾¤  ±«¥¤³¥² ±³¹¥±²¢®¢ ­¨¥ u 2 UR+1, ³¤®¢«¥²¢®°¿¾¹¥£® ¢ª«¾·¥­¨¾

u 2 �"(u) [13]. � ª¨¬ ®¡° §®¬, ¤«¿ «¾¡®£® " 6= 0 ¢ª«¾·¥­¨¥ (2.16) ¨¬¥¥²

°¥¸¥­¨¥.

�°¥¤¯®«®¦¨¬, ·²® ½«¥¬¥­² f 2 H ³¤®¢«¥²¢®°¿¥² ³±«®¢¨¾ (i). �®§¼¬¥¬

·¨±«®¢³¾ ¯®±«¥¤®¢ ²¥«¼­®±²¼ "k ! 0+, ¥±«¨ ¢ ³±«®¢¨¨ (i) ´¨£³°¨°³¥² ­¥° -

¢¥­±²¢® (1.4), ¨ "k ! 0� ¯°¨ ­ «¨·¨¨ ¢ ³±«®¢¨¨ (i) ­¥° ¢¥­±²¢  (1.5). � ª

¯®ª § ­® ¢»¸¥, ¤«¿ «¾¡®£® ­ ²³° «¼­®£® k ­ ©¤³²±¿ uk 2 H ¨ gk 2 STuk
² ª¨¥, ·²®

Auk + "kCuk + gk = f : (2.19)

�®ª ¦¥¬, ·²® ¯®±«¥¤®¢ ²¥«¼­®±²¼ (uk) ®£° ­¨·¥­  ¢ H . �®¯³±²¨¬ ¯°®²¨¢-

­®¥, ²®£¤  ±³¹¥±²¢³¥² ¯®¤¯®±«¥¤®¢ ²¥«¼­®±²¼ (unk) ¯®±«¥¤®¢ ²¥«¼­®±²¨

(uk), ¤«¿ ª®²®°®© kunkk ! +1. �³¤¥¬ ¤ «¥¥ ®¡®§­ · ²¼ ¥¥ (uk). � ±±¬®²-

°¨¬ ¯®±«¥¤®¢ ²¥«¼­®±²¼ vk = kukk
�1 � uk. �®£¤  kvkk = 1 ¨, ±«¥¤®¢ ²¥«¼­®,

¨§ (vk) ¬®¦­® ¢»¤¥«¨²¼ ±« ¡® ±µ®¤¿¹³¾±¿ ¯®¤¯®±«¥¤®¢ ²¥«¼­®±²¼. �¡®-

§­ ·¨¬ ½²³ ¯®¤¯®±«¥¤®¢ ²¥«¼­®±²¼ (vk),   ¥¥ ±« ¡»© ¯°¥¤¥« | v. �®¤¥«¨¬

®¡¥ · ±²¨ (2.19) ­  kukk. �®«³·¨¬

Avk = �"kCvk �
gk

kukk
+

f

kukk
! 0

¯°¨ k ! +1, ¯®±ª®«¼ª³ kCvkk � kvkk ¨ ¢ ±¨«³ (1.2) gk �kukk
�1 ! 0. �²±¾¤ 

±«¥¤³¥², ·²® lim
k!1

(Avk; vk�v) = 0. � ª ª ª ®¯¥° ²®° A ¯°¨­ ¤«¥¦¨² ª« ±±³

(S)+, ²® ¨§ ¯®±«¥¤­¥£® ° ¢¥­±²¢  ¢»²¥ª ¥² ±µ®¤¨¬®±²¼ vk ! v. �®±ª®«¼ª³

Avk ! Av, ²® v 2 kerA. � ±¨«³ ¯°¥¤¯®«®¦¥­¨¿ (i) ¨ «¥¬¬» 2.1 ¢»¯®«­¿¥²±¿

­¥° ¢¥­±²¢® (2.2) ((2.3)). � ¤°³£®© ±²®°®­», ¨§ (2.19) ¨¬¥¥¬

(gk;Mv) = (f;Mv)�"k(Cuk;Mv)�(Luk;Mv) = (f;Mv)�"k �kukk�(Cvk;Mv)

(Luk ¨ Mv ®°²®£®­ «¼­»!). �²±¾¤  ±«¥¤³¥², ·²®

lim sup
k!1

(gk;Mv) � (f;Mv)

�
lim inf
k!1

(gk;Mv) � (f;Mv)

�
;

¯®±ª®«¼ª³ ±®£« ±­® (2.12)

lim
k!1

(Cvk;Mv) = (Cv;Mv) = kvk2 = 1:

�®«³·¥­­®¥ ­¥° ¢¥­±²¢® ¯°®²¨¢®°¥·¨² (2.2) ((2.3)). �£° ­¨·¥­­®±²¼ ¯®±«¥-

¤®¢ ²¥«¼­®±²¨ (uk) ³±² ­®¢«¥­ . �¥ ²¥°¿¿ ®¡¹­®±²¨, ¬®¦­® ±·¨² ²¼, ·²®

uk * u, gk ! g (¯®±«¥¤­¥¥ ±«¥¤³¥² ¨§ ª®¬¯ ª²­®±²¨ T ). �®ª ¦¥¬ ±¨«¼-

­³¾ ±µ®¤¨¬®±²¼ (uk) ª u. �§ (2.19) § ª«¾· ¥¬ ® ±¨«¼­®© ±µ®¤¨¬®±²¨ (Auk)

ª f � g. �®½²®¬³ lim
k!1

(Auk; uk � u) = 0. �²±¾¤  ¨ ¨§ ¯°¨­ ¤«¥¦­®±²¨ A



112 �.�. � ¢«¥­ª®, �.�. �¨­®ª³°

ª ª« ±±³ (S)+ ±«¥¤³¥², ·²® uk ! u. � ª ª ª gk ! g ¨ ®²®¡° ¦¥­¨¥ ST

§ ¬ª­³²® [14], ²® g 2 STu. �¥°¥µ®¤¿ ¢ (2.19) ª ¯°¥¤¥«³ ¯°¨ k ! 1, ¯®«³-

·¨¬

Au + g = f; (2.20)

·²® ° ¢­®±¨«¼­® ¢ª«¾·¥­¨¾ (1.6).

�±«¨ ¤®¯®«­¨²¥«¼­® ¯°¥¤¯®«®¦¨²¼, ·²® ²®·ª¨ ° §°»¢  ®¯¥° ²®° 

Av + Tv � f °¥£³«¿°­», ²® ²®·ª  u, ³¤®¢«¥²¢®°¿¾¹ ¿ ³° ¢­¥­¨¾ (2.20)

± g 2 STu, ¥±²¼ ²®·ª  ­¥¯°¥°»¢­®±²¨ ®¯¥° ²®°  T . � ¯°®²¨¢­®¬ ±«³· ¥

­ ©¤¥²±¿ h 2 H , ¤«¿ ª®²®°®£® ¢»¯®«­¿¥²±¿ ­¥° ¢¥­±²¢® (2.1) ¨ ±®£« ±­®

«¥¬¬¥ 2.2 (Au+g�f; h) < 0, ·²® ¯°®²¨¢®°¥·¨² (2.20). �«¿ ²®·ª¨ ­¥¯°¥°»¢-

­®±²¨ u ®¯¥° ²®°  T §­ ·¥­¨¥ STu ±®¢¯ ¤ ¥² ± Tu, ¨ ¢ ½²®¬ ±«³· ¥ (1.6)

±®¢¯ ¤ ¥² ± (1.1). �¥®°¥¬  2.1 ¤®ª § ­  ¯®«­®±²¼¾.
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SUMMARY

Of concern are the equations with non-coercitive operator that is sum

of linear Fredholm zero index re
ection with compact (possibly discontinuous)

operator in Hilbert space. Using the regularization and topological degree the-

ory existence of solutions, which are continuity points of the equation operator

is established.


