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§ 1. Introduction and auxiliary results

Let T denote the interval [0, 27]. We denote by L?(T), 1 < p < oo, the Lebesgue space of all
measurable 27-periodic functions, for which the norm

i1 = ([t ar) R

Let us denote by g the class of Lebesgue measurable functions p(-): T — [0, 00) such that
1 < p, :=ess i%lfp(:f) < esssup p(z) =: p* < oo. The conjugate exponent of p(z) is shown by
z€ z€T
p(z)
p(x) = .
O 1 "
f: T — C satisfying the condition

For p € p, we define a class LPU)(T) of 27-periodic measurable functions

/ |f(2)]P® de < oo,
T

This class LP¢)(T) is a Banach space with respect to the norm

p(z)
Il =t > 0: [ 1)

dr < 1}. (1.1)

The class LP)(T) with the norm (1.1) is called the Lebesgue space with variable exponent.

Information on the properties of this space can be found in [11, 27,28, 44,45]. We say that

a variable exponent p(x) satisfies the local log-continuity condition, if there is a positive constant ¢
such that

1
(o) il ) < (12)

1
forall z,y € [0,27], |z —y| < 3 # y.
We denote by ('°8(T) the class of 2m-periodic functions satisfying the condition (1.2). We
also define po(T) := {p(-) € P'5(T): 1 < p. }.
Let @ > 0 and p € po(T). We denote by the generalized grand Lebesgue space with variable
exponent LP)0 the class of all 27-periodic measurable functions f such that

_0
[fllpy0 = sup S fllpey—e < 00

0<e<ps—
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The space LP() was introduced in [30]. Note that when p is a constant and 6 > 0, these spaces
coincide with the grand Lebesgue spaces introduced by Iwaniec and Sbordone in [20] (for 6 = 1)
and by Greco, Iwaniec and Sbordone in [16] (for 8 > 1). If p € p, the embeddings

PO ¢ P08 ppt)—e 0<e<p,—1,

hold.

Note [50] that the generalized grand Lebesgue space with variable exponent LP()¢ has im-
portant applications in different areas of mathematics, physics and mechanics. In particular, the
variable exponent Lebesgue spaces have considerable applications in fluid dynamic, especially,
for modeling of electrorheological fluids; the grand and generalized grand Lebesgue spaces have
been applied in various fields, in particular, in the theory of PDE [21,42,43], they are right spaces
for the investigations of some nonlinear equations. There are sufficient investigations, relating the
fundamental problems of these spaces in view of potential theory, maximal and singular operator
theory, where the analogues of the classical results existing in the classical Lebesgue spaces were
studied. The detailed information about these investigations can be found in the monographs
[10,11,31,32,46].

Note that the closure of the space LPO)(T) in LPOY(T), § > 0, does not coincide
with LPO9(T) [30]. We denote this closure by L2/ (T). This space is a subspace of LP0)(T).
According to [28] for the functions belonging to this space

. 6
lg%gp* ! ||f||p(-)f€ =0

holds.
We suppose that p(-) € o(T) and 6 > 0. For f € LPOY(T), we set [50]

1 rh
(Vhf)(l’)::E/ flz+1t)dt, O<h<m zeT.
0

If p(-) € po(T), & > 0, and f € LPO)O(T), then the shift operator v, is a bounded linear
operator on LPO)?(T) [50]:

||Vhi(f)||LP<')7@(11‘) < Cl”f”[,p(-)ﬁ(qr)-

Let p € po(T), 6 > 0, and f € LPOY(T). The function

Qp()0(f,0) == sup |[f = Wnf)llperomy, — 6>0,
0<h<d

is called the modulus of continuity of f € LP*)9(T).

It can easily be shown that €2,y ([, -) is a continuous, nonnegative and nondecreasing func-

tion satisfying the conditions

lm Q) 0(f,0) =0, iy 0(f +9,0) < Qyo(f0) + pyo(g:9),  6>0,
for f, g € LP)9(T). Note that a detailed information about properties of the modulus of continu-
ity Q,(.y,0(f, ) can be found in the paper [50].

We use the constants c, ¢y, ¢, ... (in general, different in different relations) which depend
only on the quantities that are not important for the questions of interest. We also will use the
relation f = O(g) which means that f < cg for a constant ¢ independent of f and g. Let
0 < a < 1. The set of functions f € Li’(')’g(T) such that

Qp(~),0(f7 5) = 0(504)’ 5 > 07
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is called the Lipschitz class Lip(«, p(+), 0).
Let

%ﬂLZQk(Jfaf) (1.3)
k=1

be the Fourier series of the function f € L1(T'), where Q(x, f) := (ax(f) cos kx + by (f) sin kz),
ax(f) and bi(f) are Fourier coefficients of the function f € L;(T). The n-th partial sum of the

series (1.3) is defined by
v f) =Y Qulx, f),
k=0

where
Qolz, f) = %; Qr(z, f) :== (ar(f) coskx + by (f) sin kx), k=1,2,....

Let {p,}&° be a sequence of positive real numbers. The sequence {p, }5° is called almost
monotone decreasing (increasing), denoted by {p, }5° € AMDS ({p,}* € AMIS), if there exists
a constant ¢, depending only on the sequence {p,}5° such that for all n > m the following
inequality holds:

Pn < P (Pm < cpa),

In the proof of the main result we will use the notations

AB, = Bn — By, A, B(n,m) == B(n,m) — B(n,m+1).

As in [38] we suppose that F is an infinite subset of N and consider F as a range of strictly
increasing sequence of positive integers, say F ={\(n)}{°. Following [5] and [40], the Cesaro
submethod C' is defined as

(C)\SL’ Zxk, = , ,...,

where {z} is a sequence of real or complex numbers. Therefore, the Cy-method yields a sub-
sequence of the Cesaro method (', and hence it is regular for any A. C', is obtained by deleting
a set of rows from Cesaro matrix.

We suppose that {p,}J° is a sequence of positive real numbers. We define the mean of the
series (1.3) as

N)\
nl’,f P)\(n Zp)\(n m .Tf)

A(n)
where Py : EPm?’éO n > 0, p_1 := P_; := 0. Note that in the case p,, = 1, n > 0,

Nz, f) is equal to the mean

A(n)
on(, f) = +1 Z Sm(, f).
Using [33,46] we introduce two new classes of numerical sequences.

1 Aln)
(k4 1) Py SZA%),kp (Fxmx) € (B x) € ), then i

is said that (py) is a A-almost monotone decreasing (increasing) upper mean sequence, briefly

Let R)\(n),k
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(pr) € A-AMDUMS ((pi,) € A-AMIUMS). Note that the classes A-AMDUMS and A-AMIUMS
are generalizations of the classes AMDUMS and AMIUMS respectively. It is clear that if
A(n)=mn,n = 1,2,..., we obtain -AMDUMS = AMDUMS and A\-AMIUMS = AMIUMS
defined in [48].

The best approximation of f € P in the class [, of trigonometric polynomials of degree
not exceeding n is defined by

Eul(f)pr0 =i {If = Tulloiro: Tn € [T -
In the proof of the main result we need the following Lemmas.

Lemma 1.1 (see [50]). Let p € po(T), 0 > 0. Then for f € Lip(a,p(+),0), 0 < a < 1, and
n=1,2,3,... the following estimate holds:

1f = Sul-, f)HLP(‘W(T) =0(n™).

Lemma 1.2 (see [50]). Let p € po(T), 0 > 0. Then for f € Lip(1,p(+),0) and n =1,2,3, ... the
following estimate holds:

18 f) = aul, Allsoromy = O(n71).

Lemma 1.3 (see [33]). Let {p,} be a positive sequence. Let following conditions hold:
(1) (pn) € A-AMDUMS or
(2) (pn) E M-AMIUMS and ()\(TL) + l)p)\(n) = O(PA(n)).

Then
A(n)
(Z Px=m_ _ o, ( Pyn) )
—(m+1) "\ (A(n) + 1)
for0<a <1

Theorem 1.1 (see [33]). The following properties are valid:
(1) if (pn) € AMDS, then (p,) € \-AMIUMS;
(2) if (pn) E AMIS, then (p,,) € \-AMDUMS,

A(n)— Aln)—1

@) if z A (35) | = O (A, then 3 |AlRy,0)| = O (M) )
)\(n Mn)—2 -
@ if z A (55)| = 0. then S |A(Bx.0)| = O (M) ).

§ 2. Main Results

The problems of approximation theory in variable and grand variable exponent Lebesgue
spaces have been investigated by several authors (see, for example, [1-4, 12-15,17,22, 26, 29,
47,50-52,54,55]). In the present paper we study the approximation of functions by Norlund
type means in the generalized grand Lebesgue space with variable exponent LP()¢, § > 0. The
results obtained in this work are generalization of the results [17,32] to the generahzed grand
Lebesgue space with variable exponent. Similar approximation problems in different spaces have
been investigated in [6-9,9,17-19,22-26,33-41,48-54,56-58].

Note that, in the proof of the main results we use the method as in the proofs of [17,33].

Our main results are the following.
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Theorem 2.1. Let p € o(T), 0 > 0, and {p, }>°, be a sequence of positive real numbers. Also,
let the following conditions hold:

{pn}e> € A-AMDUMS

or
{pn}go € \-AMIUMS, and ()\(TL) + 1)]))\(”) = O(P)\(n)). (2.1)

Then, for f € Lip(a, p(+),0), 0 < a < 1, the relation
1f = N2 Gy Dl oeonny = O (M) +1)77),  n e NU{0},
holds.

Theorem 2.2. Let p € o(T), 0 > 0, and {p, }5°, be a sequence of positive real numbers. Also,
let the following condition holds:

A(n)—2

> [Ramym — Ramms1l = O (A(n) ™).

|
o

Then, for f € Lip(1,p(-),0), the relation
If = N2 G OILPNT) = O (M) 7H), n=12,....
holds.

Remark 2.1. Theorem 2.2 gives the same degree of approximation with conditions different from
those of Theorem 1.1, considering the case o = 1.

Remark 2.2.1f 0 = 0 and A\(n) = n, n = 1,2,..., then from Theorems 2.1 and 2.2 we obtain
results of [17].

Note that, since (A(n))™® < n™®, 0 < a < 1, the results obtained in [33] give sharper
estimates than those of results in [17].

§ 3. Proofs of the main results
Proof of Theorem 2.1. 1t is clear that

N (. f) =

Sm(@, [)}- (3.1)

Then using Lemma 1.1 and Lemma 1.3 and (2.1) we have

A(n)
1
HNT>L\(7 ) fHLP()9(T P Zp)\(n me S ( )”LF(')’e(’]T)

1 A(n)
- Prn) pr(n)mef = S (5 Plleeroemy + 1Lf = So(5 Hll erocr)
A(n)
ZPA m(m +1)7%)
- pl 0 (Pro(Mm) + 1)) = O () + 1)),
A(n)

The proof of the Theorem is completed. 0J
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Proof of Theorem 2.2. We can write the following equality:

A(n)
Using Abel’s transformation, we find that [33]
A(n)—1 1 m
Fri\(l‘, f) = ( (:E f) m+1(x7 ))P)\( : ZpA(n)fs+S)\(n)(xa f) —f(ZL‘)
m=1 ") s=0
A(n)—1

= — (m + 1)Qm+1($, f)R)\(n),m + S)x(n)(xa f) - f(l‘)

A’(TEQ - (3.2)
- - (R)\(n), A(n), m+1 Z 5 + 1 Qs—i—l xZ, f)
m=0 s=0
A(n)  A(n)—1
- ((A(n)PA(n))i ) Zps Z (S + I)Qs—kl(x f) + SA n)(x f) f( )
s=1 s=0

Using (3.2), we obtain

A(n)—
HFn< ”LP()(’ < Z |R)\ _R)\(n),erl‘

Z SQS('v f)

Lr():6(T)
A(n)

ZSQS , + 1S3y (5 ) = flleeroqy

Lp(-)ﬁ(’]r)

It is clear that the equality

Z SQS(f; SL’) = ()\(77,) + 1)5)\(71)(377 f) - O-A(n)@jv f)

Su(w, f) — Zka z, f). (33)
holds. Then, from Lemma 1.2 and (3.3), we have
A(n)
> sQu(, f) =0(1). (34)
s=1 Lp().9(T)
Thus, use of Lemma 1.2 and (3.4) gives us
||FTi\(7 f)HLP(')’@(T) =0 ( Z |R>\(n),m - Rk(n),erl) + O(()‘(n))_l)' (3-5)
m=0

Now we suppose that the condition

A(n)—
Z ‘R)\(n ),m R)\(n),m-‘rl‘ =0 ()\('ﬂ)il)
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is satisfied. Then the last relation and (3.5) imply that

Hf - Nri\(a f)”LP('),G(T) =0 (()\(n))il), n = 1, 2, cee

The proof of Theorem 2.2 is completed. UJ
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