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B. T. Polyak

NEWTON-KANTOROVICH METHOD
AND ITS GLOBAL CONVERGENCE

ABSTRACT. In 1948, L. V. Kantorovich extended the Newton method
for solving nonlinear equations to functional spaces. This event cannot
be overestimated: the Newton—Kantorovich method became a powerful
tool in numerical analysis as well as in pure mathematics. We address
basic ideas of the method in the historical perspective and focus on some
recent applications and extensions of the method and some approaches
to overcoming its local nature.

1. INTRODUCTION

In 1948, L. V. Kantorovich published a seminal paper [1] where an ex-
tension of Newton method for functional spaces was provided. The results
were also included in the survey paper [2]. Further developments of the
method can be found in [3-7] and in the monograph [8, 9]. This contri-
bution of Kantorovich to one of the fundamental techniques in numerical
analysis and functional analysis can not be overestimated; we shall try
to analyze it in the historical perspective.

The paper is organized as follows. Section 2 provides the idea of New-
ton method and the history of its development. Kantorovich’s contribu-
tion will be addressed in Sec. 3. Newton method in its basic form possesses
just local convergence, its global behavior and modifications to achieve
global convergence will be discussed in Secs. 4 and 5. The case of un-
derdetermined systems is worth of special consideration (Sec. 6). In its
original form, Newton—Kantorovich method is destined for solving equa-
tions. However, it has numerous applications in unconstrained (Sec. 7)
and constrained (Sec. 8) optimization. For instance, modern polynomial-
time interior point methods for convex optimization are based on Newton
method. Some extensions of the method and directions for future research
are described in Sec. 9.

2. IDEA AND HISTORY OF THE METHOD

The basic idea of Newton method is very simple: it is linearization.
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NEWTON-—KANTOROVICH METHOD 257

Suppose F : R' — R! is a differentiable function, and we are solving the
equation

F(z) = 0. (1)

Starting from the initial point zy we can construct a linear approximation
of F(x) in the neighborhood of g : F(zg + h) & F(x9) + F'(xg)h and

solve the arising linear equation. Thus we arrive to the recurrent method
ehpy1 = xp — F'(2p) " F(2g), k=0,1,.... (2)

This is the method proposed by Newton in 1669. To be more precise,
Newton dealt with polynomials only; in the expression of F(x 4+ h) he
discarded higher order terms in h. The method was illustrated on the
example F(z) = % — 22 — 5 = 0. The starting approximation for the
root was @ = 2. Then F(2+ h) = h® + 6h% + 10h — 1, neglecting higher
order terms Newton got linear equation 10h — 1 = 0. Thus the next
approximation is # = 2 4+ 0.1 = 2.1 and the process can be repeated for
this point. Fig. 1 demonstrates that the convergence to the root of F(x)
is very fast.
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Fig. 1. Newton method.

It was J. Raphson, who proposed in 1690 the general form of method
(2) (i.e., F(z) was not assumed to be a polynomial only and the notion
of a derivative was exploited), this is why the method is often called
Newton-Raphson method.
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The progress in development of the method is linked with such famous
mathematicians as Fourier, Cauchy, and others. For instance, Fourier in
1818 proved that the method converges quadratically in the neighborhood
of a root, while Cauchy (1829, 1847) provided multidimensional extension
of (2) and used the method to prove the existence of a root of an equation.
Important early contributions to the investigation of the method are due
to Fine [10] and Bennet [11]; their papers are published in one volume
of Proceedings of Nat. Acad. of Sci. USA in 1916. Fine proved the con-
vergence in n-dimensional case with no assumption on the existence of a
solution. Bennet extended the result for infinite-dimensional case, this is
a surprising attempt because the foundations of functional analysis were
not created at the moment. The basic results on Newton method and
numerous references can be found in the books by Ostrowski [12] and
Ortega and Rheinboldt [13]. More recent bibliography is available in the
books [14, 15], survey paper [16] and on the special website, devoted to
Newton method [17].

3. KANTOROVICH’S CONTRIBUTION

Kantorovich [1], analyzes the same equation as (1):
Fx) =0, (3)

but now F' : X — Y, where X,Y are Banach spaces. The proposed
method reads as (2)

ehpy1 = xp — F'(2p) " F(2g), k=0,1,.... (4)

where F'(z) is (Frechet) derivative of the nonlinear operator F'(z) at the
point zj and F'(xj)~! - its inverse. The main convergence result from
[1] looks as follows.

Theorem 1. Suppose F' is defined and twice continuously differentiable
on a ball B = {x : ||# — xo|| < r}, the linear operator F'(xy) is invertible,
1P (o)~ P (o)l < , |F(w0)~ F¥(2)|| < K@ € B and
1—+/1-2h
h=Kn<1/2, r> — (5)
Then Eq. (3) has a solution x* € B, process (4) is well defined and
converges to «* with quadratic rate:

* n ™
ek — 2711 < (20" (6)
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The proof of the theorem is simple enough; the main novelty of Kan-
torovich’s contribution were not technicalities, but general problem for-
mulation and use of the appropriate techniques of functional analysis.
Until Kantorovich’s works [1-3] it was not understood that numerical
analysis should be considered in the framework of functional analysis
(note the title of [2]: “Functional analysis and applied mathematics.”)
Another peculiarity of Kantorovich’s theorem is the lack of assumption
on existence of a solution — the theorem is not only convergence result for
a specific method, but simultaneously the existence theorem for nonlinear
equations.

These properties of Kantorovich’s approach ensured a wide range of
applications. Numerous nonlinear problems — nonlinear integral equa-
tions, ordinary and partial differential equations, variational problems —
could be casted in the framework of (3) and method (4) could be applied.
Various examples of such applications are presented in monographs [8,
9]. Moreover, Newton-Kantorovich method as a tool for existence re-
sults was immediately used in classical works of Kolmogorov, Arnold and
Moser (see, e.g., [18]) on “KAM-theory” in mechanics. Actually many
classical results in functional analysis are proved by use of Newton-like
methods; the typical example is Ljusternik theorem on tangent spaces,
see the original paper [19] or modern research [20].

Later, Kantorovich [4, 5] obtained another proof of Theorem 1 and
its versions, based on so called “method of majorants.” The i1dea is to
compare iterations (4) with scalar iterations, which in a sense majorize
them and which possess convergence properties. This approach provides
more flexibility; the original proof is a particular case with a quadratic
majorant.

There exist numerous versions of Kantorovich’s theorem, which dif-
fer in assumptions and results. We mention just one of them due to

Mysovskikh [21].

Theorem 2. Suppose F' is defined and twice continuously differentiable
on a ball B = {x : ||z — x|| < r}, the linear operator F'(z) is invertible
on B and ||F'(z)~1]] < A,|[F"(@)]| < K.x € B|[F(zo)]| < n and

oQ

h=Kp%<2,r>pny (h/2)" . (7)

n=0

Then Eq. (3) has a solution * € B, process (4) converges to x* with
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quadratic rate:
Bn(h/2)*

—z¥|| < .

(8)

The difference with Theorem 1 is assumption on invertibility of F’(x)
on B (while in Theorem 1 it was assumed to be invertible in initial point
zg only) and slighter assumption on h (h < 2 instead of h < 1/2). Other
versions can be found in the books [8, 9, 12, 13, 22, 23].

4. GLOBAL BEHAVIOR

The critical condition for convergence is (5) or (7). They mean that
at the initial approximation zp the function ||F'(x)|| should be small
enough, that is zy should be close to the solution. Thus Newton-
Kantorovich method is locally convergent. Very simple one-dimensional
examples demonstrate the lack of global convergence even for smooth
monotone F'(z). There are many ways to modify the method to achieve
its global convergence (we will discuss them later), but the problem of
interest is the global behavior of iterations. Obviously there are many
simple situations — say, there is a neighborhood S of a solution such that
zg € S implies convergence to the solution (such set is called basin of
attraction) while trajectories starting outside @ do not converge (e.g.,
tend to infinity). However in the case of non-uniqueness of a solution the
structure of basins of attractions may be very complicated and exhibit
fractal nature. It was Cayley who formulated this problem as early as
1879.

Let us consider Cayley’s example: solve equation z® = 1 by Newton
method. Thus we take F(z) = 2% — 1 and apply method (2):

A1 2w, 1
322 3 3z

Zk41 = 2k —

It is worth to mention that we formulated Newton method in real spaces
but it is as well applicable in complex spaces; in the above example we
take z; € C. The equation has three roots

=12 ,=—1/2+iV3/2

and it 1s natural to expect that the entire plane C is partitioned into
three basins of attraction

Sm ={z0 2y — 2, m=1,2,3
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located around the corresponding roots. However, the true picture is
much more involved. First, there is a single point z = 0 where the method
is not defined. It has three preimages — points zy such that z; = 0, they
are —p, p(1/2 £i\/3/2), where p = 1/+/2. Again, each of them has three
preimages and so on. Thus there are 3* points 2y which are mapped after
k 1terations into the point z;p = 0, and they generate a countable set of
such initial points, that the method is not applicable at some iteration

So =qz0: 2 =0 for some k}.

It can be proved that for all points zo ¢ Sy the method converges to one
of the solutions (note that if |z;| > 1 then |zp41] < |2|) and we have

The sets S, have a fractal structure: Sy is the boundary of each S,,,
m = 1,2,3 and in any neighborhood of any point z € Sy there exist
points from S,,, m = 1,2, 3. The set 57 is displayed at Fig. 2, the set S
—at Fig. 3.

Fig. 2. Basin of attraction for z* = 1.

The sets of initial points which possess no convergence (like the set
Sp) for iterations of general rational maps were studied by Julia [24] and
are called now Julia sets. A lot of examples linked with Newton method
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Fig. 3. Points with no convergence.

can be found in numerous books on fractals [25, 26], papers [27, 28]
and web materials [29, 30] (we mention just few of the sources available).
Some of these examples exhibit much more complicated behavior than for
Cayley’s one. For instance, one can meet periodic or chaotic trajectories
of iterations.

5. OVERCOMING LOCAL NATURE OF THE METHOD

In Cayley’s example Newton method converged for almost all initial
points (exceptions were the countable number of points Sp); the complex
structure of basins of attraction was caused by the existence of several
roots. However if (1) has a single root, the method usually has local
convergence only. For instance, take F(x) = arctan , such function is
smooth, monotone and has a single root * = 0. It 1s easy to check that
(2) converges if and only if |zg| < 1, for |zg| = 1 we have periodic behavior
of iterations zg = —z1 = x5 = —x3 ..., while for |zg| > 1 the iterations
diverge: |ag| — oo.

There are several ways to modify basic Newton method to achieve
global convergence. The first one is to introduce a regulated step-size to
avoid too large steps; this is so called damped Newton method:

l‘k+12l‘k—0sz/(l‘k)_1F(l‘k), k=0,1,.... (9)

where step-size 0 < ajp < 1 is chosen to achieve monotone decrease of

[|F(2)|], that is condition ||F(zg+1)|| < ||F(xr)|| holds. We will discuss
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the particular algorithms for choosing ay, later for minimization problems.
The main goal in constructing such algorithms is to preserve a balance
between convergence and rate of convergence, i.e., one should take ap < 1
when xj is beyond a basin of attraction of “pure Newton method” and
switch to oy = 1 inside this basin.

The second approach is Levenberg—Marquardt method [31, 32]:

epy1 = op — (il + F'(2)) " F (), k=0,1,.... (10)

For ap = 0 the method converts into pure Newton, while for ap > 1 it
is close to the gradient method, which usually converges globally. There
are various strategies for adjusting parameters ay, they are described,
for instance, in [13]. Method (10) works even when pure Newton does
not — in situation with degenerate operator F'(xy). As we shall see, for
minimization problems method (10) is very promising, because it does
not assume the matrix F'(z) to be positive definite.

One more strategy is to modify Newton method to prevent large steps;
it can be done not by choosing step-sizes as in damped Newton method
(10), but introducing trust region, where linear approximation of F(x)
is valid. Such approach (originated in [33] and widely developed in [34])
will be discussed later in connection with optimization problems.

6. UNDERDETERMINED SYSTEMS

In the above analysis of the Newton method it was assumed that the
linear operator F’(zj) is invertible. However there are situations when
this is definitely wrong. For instance suppose that F': R® — R”™ where
m < n. That is we solve an underdetermined system of m equations
with n > m variables; of course a rectangular matrix F’(z;) has no
inverse. Nevertheless an extension of Newton method for this case can be
provided, this is due to Graves [35], who exploited the method to prove
existence of solutions of nonlinear mappings. We present the result from
[36] where emphasis on the method is done with more accurate estimates.

Theorem 3. Suppose F': X — Y is defined and differentiable on a ball
B ={a: ||z — xo|| < r}, its derivative satisfies Lipschitz condition on B

[F'(x) = F'()l| < Llle — 2||, z, 2 € B,
F'(x) maps X ontoY and the following estimate holds:

[|F'(2)*yl| > pllyl| forany z€ B, yeY™, (11)
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with yt > 0 (star denotes conjugation). Introduce function

oQ

Hoty =3 1*
k=n
and suppose that
L[ F (o) 214 (h)
h=—m—mm— <1 =———=<r 12
5 <h p=—p s (12)

Then the method
eppr =k — Yk, ey = Flay),
llyell < pllF(xp)ll, k=0,1,...

is well defined and converges to a solution x* of the equation F(z) =
0,||z* — xg|| < p with the rate
g — )| < 2B, (14)
Lp
Thus at each iteration of the method one should solve a linear equation
F'(xr)y = F(xy), where linear operator F(xy) in general does not have
the inverse; however 1t maps X onto Y and this equation has a solution
(may be not a single one). Among the solutions there exists the solution y;
with the property ||yz|| < p||F (21)||; this one is exploited in the method.
In finite dimensional case (X = R™,Y = R™,n > m) such solution
is provided by the formula yy = F'(zj)* F(xg), where At denotes the
pseudoinverse of the matrix A.
We consider an application of Theorem 3 to the convex analysis result
on convexity of nonlinear image of a small ball in Hilbert spaces [37].

Theorem 4. Suppose X, Y are Hilbert spaces, F' : X — Y is defined
and differentiable on a ball B = {« : || — a|| < r}, its derivative satisfies
Lipschitz condition on B

[F'(2) = F'(2)]] < L]z — z]], 2,z € B,
F'(a) maps X onto Y and the following estimate holds:
1F"(a)"yll > pllyll for any y €Y, (15)

with g > 0 and v < p/(2L). Then the image of the ball B under the map
F is convex, Ie., the set S = {F(x):x € B} is a convex set in Y.

This theorem has numerous applications in optimization [37], linear
algebra [38], optimal control [39]. For instance, the pseudospectrum of a
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n X n matrix (a set of all eigenvalues of perturbed matrices for perturba-
tions bounded in Frobenius norm) happens to be the union of n convex
sets on the complex plane provided that the nominal matrix has all dis-
tinct eigenvalues and perturbations are small enough. Another result is
the convexity of the reachable set of a nonlinear system for Ls bounded
controls.

7. UNCONSTRAINED OPTIMIZATION

Consider the simplest unconstrained minimization problem in a
Hilbert space H:
min f(z), =€ H. (16)

Assuming that f is twice differentiable, we can get Newton method for
minimization by two different approaches.

First, necessary (and sufficient for f convex) condition for minimiza-
tion is Fermat’s condition

V() =0,

that is, we should solve equation (3) with F(x) = V f(#). Applying New-
ton method for this equation we arrive to Newton method for minimiza-
tion:

TE41 Il‘k—(vzf(l‘k))_1Vf(l‘k), kIOala ) (17)

where V2 f denotes the second Frechet derivative (the Hessian matrix in
finite dimensional case).

Second, we can approximate f(x) in the neighborhood of a point
by three terms of its Taylor series:

Flar +h) = fi(h) = fx) + (VF(xr), h) +1/2(V? f(zr)h, h).

Then, minimizing the quadratic function fi(h) we get the same method
(17). Both these interpretations would be exploited for constructing New-
ton methods for more general optimization problems.

The theorems on convergence of Newton method for equations can be
immediately adopted to unconstrained minimization case (just replace
F(z) by Vf(z) and F'(z) by VZf(z)). The main feature of the method
— fast local convergence — remains unchanged. However, there are some
specific properties. The most important: Newton method in its pure form
does not distinguish minima, maxima and saddle points — when started
from a neighborhood of a nonsingular critical point (i.e., a point #* with
Vf(z*) = 0,VZf(2*) invertible) the method converges to it, making no
difference between minimum, maximum or saddle points.
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There are numerous ways to convert the method into globally conver-
gent one, they are similar to modifications discussed in Sec. 5 (damped
Newton, Levenberg-Marquardt, trust region). We consider an important
version due to Nesterov and Nemirovski [40], in this version its complexily
(the number of iterations to achieve the desired accuracy) can be esti-
mated. Nesterov and Nemirovski introduce the class of self-concordant
functions. These are three times differentiable convex functions defined
on a convex set D C R”, satisfying the property

V2 f(@)(h, b, h)| < 2(V7 f(a)h, h)** Vo € D h € R".

The above formula includes the third and second derivatives of f and
their action on a vector h € R”, in simpler form it can be presented as
the relation between the third and second derivatives of a scalar function

plt) = Sz +1h)
" (0)] < 2("(0))*?
for all # € D, h € R™. For instance, the function f(z) = —Inz,z > 0,z €

R! is self-concordant, while the function f(z) = 1/2,z > 0 is not. For
xy € D define Newton’s decrement

b0 = [V () (V2 (@0)~ V()

Now Nesterov—Nemirovski version of the damped Newton method reads

2y = op — ap(VAF(x) 'V(er), k=0,1,... (18)
Ozkzl if 6k§1/4, (19)
ap = 1/(146) if & > 1/4. (20)

Theorem 5. If f(x) is self-concordant and f(x) > f* for any x € D
then for method (18)—-(20) with xq € D,¢ > 0 one has

flag) = f" <e
for
k=c1+caloglog(l/e) + es(f(wo) — 7). (21)
Here ¢y, ¢5, and c3 are some absolute constants.

The idea of the proof is simple enough. Minimization procedure con-
sists of two stages. At Stage 1, method (18), (20) is applied, and the
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function monotonically decreases: f(xr41) < f(xg) — v, where v is a
positive constant. Obviously this stage terminates after a finite number
of iterations (because f(x) is bounded from below). At Stage 2, pure
Newton method (18), (19) works and it converges with quadratic rate:
20541 < (26k)2. Note that Newton decrement provides convenient tools
to express the rate of convergence: there are no constants like L, K 5 in
Theorems 1-3.

For the inequality (21) simple values of the constants can be deter-
mined. Note that loglog(1/¢) is not large even if ¢ is small enough; for
all reasonable € the following estimate holds

k=5+11(f(x0) — [*).

However, numerous simulation results for various types of optimization
problems of different dimensions [41] validate the following empirical for-
mula for the number of steps for method (18)—(20):

k=5+0.6(Ff(x0) — f7).

The serious restriction of the above analysis was the convexity assump-
tion. Recently [42] another version of Newton method has been proposed,
where global convergence and complexity results were obtained for non-
necessary convex functions. Suppose that f € C'%! that is f is twice dif-
ferentiable on R™ and its second derivative satisfies Lipschitz condition
with constant L. The following version of Newton method is considered

in [42]:
zp41 = argmin fy(z), h =z — g, (22)

File) = Fa) + (VT )+ (T2 feh )+ CIBIP. (23)

Thus at each iteration we solve unconstrained minimization problem with
the same quadratic term as in pure Newton, but regularized via a cubic
term. This problem looks hard and nonconvex, however it can be reduced
to one-dimensional convex optimization (see details in [42]). Surprisingly,
the proposed method has many advantages if compared with pure New-
ton. First, it converges globally, for arbitrary initial point. Second, it does
not converge to maximum points or saddle points in contrast with New-
ton method. Third, its complexity for various classes of functions can be
estimated.
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8. CONSTRAINED OPTIMIZATION

We start with some particular cases of constrained optimization prob-
lems.
The first 1s optimization subject to simple constraints:

min f(z), =€ Q, (24)

where the set @ in a Hilbert space H is “simple” in the sense that (24)
with quadratic function f(x) can be solved explicitly. For instance, Q
may be a ball, a linear subspace etc. The extension of Newton method
for this case is based on the second interpretation of the method for
unconstrained minimization:

Thi1 = afggéigfk(f)’ (25)
Fe(w) = (Vi (er), 2 — zx) + (1/2(V f(2r)(x = xx), (& — 21)).

The method converges under the same assumptions as for unconstrained
case: if f(x) is convex and twice differentiable with Lipschitz second
derivatives on @, @Q is closed convex, f(#) attains its minimum on
in a point #* V2 f(2*) > 0, then sequence (25) converges locally to z*
with quadratic rate. This result has been obtained in [43], see more details
and examples in [44, 45].

Another simple situation is equality constrained optimization:

min f(z), g(x)=0, (26)

where f: X —= R, ¢: X —Y; X and Y are Hilbert spaces. If a solution
z* of the problem exists and is a regular point (¢'(x*) maps X onto V),
then there exists a Lagrange multiplier y* such that the pair #*, y* is a
stationary point of the Lagrangian

L(z,y) = f(z) + (y, 9(x))
that is the solution of the nonlinear equation
Li(x,y) =0, Ly(x,y)=0. (27)

Hence we can apply Newton method for solving this equation. Under
natural assumptions it converges locally to ¥, y*, see rigorous results in
[46, 45, 47]. Various implementations of the method can be also found in
these references.
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There are other versions of Newton method for solving (26) which
do not involve dual variables y. Historically, the first application of the
Newton-like method for finding the largest eigenvalue of a matrix A = A7
by reducing it to constrained optimization problem:

max(Az, z), ||z|]*=1

is due to Rayleigh (1899). Later, Kantorovich [3], has proposed pure
Newton method for the above problem. Another simple situation, where
calculations can be simplified, is the case of linear constraints g(z) = Cx—
d. Then the method is equivalent to Newton method for unconstrained
minimization of a restriction of f on the affine subspace Cz = d.

Now we proceed to applications of Newton method for convex con-
strained optimization problems — the area, where the method plays key
role in constructing the most effective optimization algorithms. The ba-
sic scheme of interior-point methods looks as follows [40]. For the conver
optimization problem

min f(z), = €Q (28)

with convex self-concordant f and convex () € R"™ we construct a self-
concordant barrier F(x), defined on the interior of @ and growing to
infinity when a point approaches the boundary of ):

F:intQ —R' F(zr) = oo for z— 0Q.

Such barriers exist for numerous examples of the constraints, for instance,
if @ = {«: 2 >0}, then logarithmic barrier has the desired properties:

F(z) = Zn:—lnxi.
i=1

Using the barriers, we take a function
Je(@) = tef(x) + F(2)

depending on a parameter {; > 0. It can be proved under natural as-
sumptions that f;(#) has a minimum point «} on int@ and f(«z}) — f*
(the minimal value in (28)) when ¢, — oo (this is so called central path).
However, there is no need to obtain precise values of z7, it suffices to
make one step of the damped Newton method (18)-(20) and then to vary
t;. There exists such way to adjust parameters ag, t; that the method
yields polynomial-time complexity, see details and rigorous results in [40,
49, 48, 41]. The theoretical result on polynomial-time complexity is very
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important, however the practical simulation results on implementation
of interior-point methods are not less important. They demonstrate very
high effectiveness of the method for broad spectrum of convex optimiza-
tion problems — from linear programming to semidefinite programming.
For instance, the method is the successful competitor to the classical
simplex method for linear programs.

The similar ideas are exploited for nonconvex constrained optimization

problems (see, e.g., [34] or [50]).

9. SOME EXTENSIONS

Newton method has numerous extensions, we consider below just few
of them.

e Relaxed smoothness assumptions. Newton method can be ap-
plied in many situations where equations (or functions to be mini-
mized) are not smooth enough. Paper [51] provides typical results
in this direction. The simplest example is solving equation (1) with
piece-wise linear nonsmooth convex function F'. Then, if a solution
exists, method (2) (naturally extended) finds it after a finite number
of iterations.

e Multiple roots. We analyzed Newton method in a neighborhood
of a simple root x*. In the case of a multiple root Newton method
either remains convergent, but looses its fast rate of convergence,
or diverges. There is a modification of the method, which preserves
quadratic convergence; it is due to Schroder (1870). We provide it
for one-dimensional case (1):

Tpp1 = xp — pF'(xp)  F(xr), k=0,1,..., (29)

here p is the multiplicity of the root. Unfortunately, we should know
in advance this multiplicity, moreover situation in multidimensional
case can be much more complicated.

e Higher-order methods. Local rate of convergence of Newton
method is fast enough; however some researchers construct methods
with still higher rate of convergence. This problem looks a bit arti-
ficial (actually very few iterations of Newton method are required
to obtain high precision, when we achieve its convergence domain),
8o there 1s no need to accelerate the method.

e Continuous version. Instead of discrete iterations in Newton
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method (4) one can apply its continuous analog

i(t) = —F'(x(0)) 7 F(x(1)). (30)

The simplest difference approximation of (30) leads to damped
Newton method (9) with constant step-size aj = «. As we know,
damped Newton method can exhibit global convergence, thus one
can expect the same property for the continuous version. Indeed, the
global convergence for (30) has been validated by S. Smale [52], and
its rate of convergence is analyzed in [53]. Of course, the numerical
value of continuous methods is arguable, because their implemen-
tation demands their discretization.

Data at one point. All results on the convergence of Newton
method include assumptions which are valid in some neighborhood
of the solution or in some prescribed ball. In contrast, Smale [54]
provides convergence theorem based on data available at the single
initial point. However these data include bounds for all derivatives.

Solving complementarity and equilibrium problems. There
are many works, where Newton method is applied to problems
which can not be casted into equation solving, the typical examples
are complementarity, variational inequalities and equilibrium-type
problems.

Implementation issues. We are unable to discuss implementation
issues of various versions of Newton method, which are indeed im-
portant for their practical application. Many details can be found in
the recent book [15], while codes of corresponding algorithms can
be downloaded from [55]. For convex optimization problems such
issues are discussed in [41].

Complexity. There exist very deep results on the complexity of
basic problems of numerical analysis (e.g., finding all roots of a
polynomial), closely related to Newton method (some modification
of the method is usually proved to achieve the best possible result).
The interested reader can consult [56].
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