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Abstract—The restriction of a monotone operator P to the cone €2 of nonnegative decreasing
functions from a weighted Orlicz space L, without additional a priori assumptions on the
properties of the Orlicz function ¢ and the weight function v is considered. An order-sharp
two-sided estimate of the norm of this restriction is established by using a specially constructed
discretization procedure. Similar estimates are also obtained for monotone operators over the
corresponding Orlicz—Lorentz spaces Ay, . As applications, descriptions of associated spaces
for the cone 2 and the Orlicz—Lorentz space are obtained. These new results are of current
interest in the theory of such spaces.
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1. DEFINITIONS AND PRELIMINARY RESULTS

Definition 1. Let A denote the class of functions ¢ possessing the following properties: the inclu-
sion ¢ € A means that ¢ belongs to C[0, 00), ©(0) = 0; ¢ is a strictly increasing function and, for
any ¢ € Ry = (0, 00),

d(c) :=inf{d > 0: p(dt) > cp(t) for all t € Ry} < oo. (1)
Obviously, for any function ¢ T, we have
ce(0,1] = d(c) € (0,1], c>1 = d(c)>1. (2)
In addition, the limit lim;_, o[t~ ()] exists and

lm [Tl € Ry = d(e) 2 c. (3)

Example 1. If o(t) = t°, t € [0,00), € > 0, then d(c) = c¢!/*.
Example 2. Let ¢(t) = €' — 1. Then

ce (0,1] = d(c¢)=1, c>1 = d(c)=c (4)

Example 3. Let
e(t) =In"(t + 1), t€[0,00), 7v>0.
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Then d(c) = oo for any ¢ > 1. Indeed, if ¢ > 1, then, for any d € R, the inequality
In7(dt +1) > cIn”(t + 1)

fails for a sufficiently large t, ¢t € R, because

In”(dt + 1)
i S N U
t—}glool In"(t+1) ] (5)
Example 4. Let € > 0, and let ¢(¢)t7¢ T on R. Then
d(¢) < max{1, '/}, (6)

Indeed, for ¢ € (0, 1], we have d(c) € (0,1]; see (2). If ¢ > 1, then
A7) = (TR0 > (T = el
for any t € R,.. Thus, d(c) < ¢'/¢ for ¢ > 1.
Remark 1. For the general properties of functions in Orlicz spaces, see [1] and [2]. Note that
peAd = p(+00) =00,

so that ¢ is the so-called p-function; see [1, Chap. 2]. At the same time, each Orlicz function (i.e.,
a convex ¢-function; see [1, Chap. 10]), belongs to A. Indeed, the Orlicz function ¢ is convex, so
that ¢(t)t~! 7, and Example 4 with ¢ = 1 includes such functions. Note that, for Orlicz functions,

d(c) < max{1,c}.

This is also valid for NV functions (see [1], [2, Chap. 8] as well as Sec. 4 below). Let M = M(R4)
denote the set Lebesgue measurable functions on Ry, and let M+ = {f € M : f > 0}. Without
loss of generality, we shall assume in what follows that all measurable functions are finite almost
everywhere with respect to Lebesgue measure on R .

For f € M, we define the functional

LAUWZAmwﬁ*U@WMDﬁ, A0 (7)

(here integration is over Lebesgue measure). Everywhere in what follows, we shall assume that
the weight function v € M ™ satisfies the conditions 0 < v < co almost everywhere. In addition,
beginning with the second part of Sec. 2, we assume that

t
0<V(t) ::/ vdr < o0 forall teRy. (8)
0
In addition, we assume that V' is a strictly increasing function and
V(+00) = 0. 9)
Now, for f € M, let us define the Luxemburg functional

| fllow :=1nf{A > 0: Jr(f) < 1}. (10)

Then, for ¢ € [0,00), f,g € M, we have
leflleo = cll f]

0,v9 ‘f‘ < ‘g‘ = ||f| o S Hchp,v~
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Consider a weighted Orlicz space L, , containing the cone of nonnegative functions:

Low=A{f€M:|flpo <00},  Li,={f€Lyy:f=0} (11)

The following propositions will make it possible to evaluate || f||,, ., using the properties of Jy(f).
The first of these shows that a two-sided estimate of Jy(f) implies the corresponding two-sided
estimate for || f||,,o-

Proposition 1. Suppose that ¢ € A, c € Ry, and f1, fo € M. If, for all A > 0,

Ir(f1) < cdx(f2), (12)

then
I.f1]
where d(c) is the constant defined in (1).

e <A fallo0, (13)

Corollary 1. In particular, we have

In(f1) < Ia(f2) forall X>0 = | f1]

e < N f2llg,0- (14)
Indeed, if ¢ =1 in (12), then d(c) < 1 in (13); see (2).
Corollary 2. Suppose that 0 < c¢; < co < 00 and f1, fo € M. If, for any A > 0,

c1da(f2) < Ia(f1) < 2 (f2), (15)
then
dif| faollow < [l f1llpw < dall fllo0, (16)
where (see (1))
dy =d(c;')t, dy = d(c2). (17)

Proof of Proposition 1. It follows from (12) that
1fillpw = inf{A >0 Jy(f1) < 1} <inf{A > 0: ca(f2) < 1} (18)

If ¢ € (0, 1], then this inequality implies estimate (13) with d(c) = 1.
Now let ¢ > 1. Then, for d > d(c), we have cp(t) < ¢(dt) for all £ € Ry, and thus,

cIxa(f2) < Ja(dfz).

Therefore,
inf{\ > 0:cJy(f2) <1} <inf{\ > 0: Jy(df2) < 1} = ||df2|

From (18) and (19), we obtain

- (19)

[fillew < lldf2llew = dll follo.0- (20)
Inequality (20) holds for all d > d(c). Thus, (20) implies (13). O

The following well-known results can be used to calculate the norm of an operator on a weighted
Orlicz space (for known results on interpolation and for general properties of Orlicz spaces, see the
statements and references in [1]-[6]).

Proposition 2. Let ¢ € C[0,00), ¢(0) = 0, be an increasing function. Then, for f € M, v e M™,
the following equivalence holds:

/]

o<l = ()= / (0 de < 1. (21)
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Proposition 3. Suppose that ¢ be p-convex for some p € (0,1], i.e., for a, 3 >0, af + P =1,
plat +B1) < aPp(t) + B7¢(r),  t,7€[0,00). (22)

Then, for the space L, ., the following triangle inequality holds:

oo < ([[f]

Remark 2. Note that if ¢, is p-convex, then ¢(¢)t™? is an increasing function, so that ¢ € A; see
Example 4. Thus, in this case, all the results given above can be used.

)P, (23)

If + gl Lot gl

P,V

Remark 3. Let ¢, be p-convex for some p € (0,1], and let the weight function v satisfy the
condition 0 < v < co almost everywhere. Then L, is an ideal space, i.e., the quasi-Banach space
(Banach space for p = 1) of measurable functions equipped with monotone quasinorm || - |
(norm for p = 1). In addition, this space possesses the Fatou property

fmeMT, fu 1 f pae = |fulloo TSl (24)

Remark 4. The general theory of monotone operators and cones in Banach lattices was presented
in [7]-[10], and results concerning operators in ideal and rearrangement-invariant spaces were given
in [3], [6], as well as in [11]. Duality in Orlicz spaces, Lorentz, and Orlicz—Lorentz spaces, including
the descriptions of associated norms on various versions of these spaces, were studied, in partic-
ular, in [2], [4], [12]-][16]. Many studies in this direction were based on the Sawyer’s fundamental
results [17].

P,v)

2. DISCRETIZATION PROCEDURE

1. First, let us briefly describe the discrete version of the constructions given above. Let ¢ € A;
see Definition 1. Suppose we are given a weighted sequence

B={Bn}, BmeR.=(0,00), meZ={0,+1,+2, ...}

By analogy with (7)-(11), for a = {aun }, ap € R, we define
Z‘P “HomBm, el , = inf{A>0:jx(a) <1} (25)

The following formulas are valid:
ga0-a)=0, ceRy = ji(ca) =jy(a). (26)
Also let @ = {am}, v = {Vm}. Then

lam| < yml = dGala) <9x() = llally, s < 7l 6 (27)

lealli, » = cllells ceRy. (28)

®,B7?
The following analogs of Propositions 1 and 2 are valid.

Proposition 4. Suppose that p € A, ¢c € Ry and o = {am}, v = {vm}- If, for any A > 0,

ale) < ejn(v), (29)

then
e, 5 < d()lIVli, (30)
where d(c) is the constant defined in (1).
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Corollary 3. In particular, we have
ixe) <ga(y) forall A>0 = el , <7, (31)
Corollary 4. Suppose that 0 < ¢1 < co < 00 and o = {ap}, v = {vm}- If, for any X > 0,
c1ia(y) < gala) < eia(v), (32)
then, for dy = d(cy')™!, do = d(cz) (see (1)), the following estimates hold:
dillvlli, 5 < lledlle, 5 < dall¥ll1, 5 (33)

Proposition 5. Let ¢ € C[0,00), ¢(0) = 0, be an increasing function. Then, for a = {an},
B =A{0m}, Bm € Ry, the following equivalence holds:

lalli, s <1 = Gi(e) =) e(lam|)Bn < 1. (34)

To justify these discrete analogs of the corresponding results from Sec. 1, we can introduce a
sequence { i, } such that

Um < Um+1, R+ = U Ama Am = [/J/m7 ,Ulm—l—l)' (35)
We introduce the weight function v > 0 satisfying the conditions

/ vdt = 3. (36)
A,

Further, let us narrow down the required results from Sec. 1 to the set of step-functions
Loy = {feLw;f:ZamXAm, U ER}, (37)

where xa, . is the characteristic function of the interval A,,. For such functions,

) =dx(a),  ([fllew = llal, - (38)
Indeed,

JA<f>=/OOO< (@) )o(t) dt = Z/ = e anl /Amvdt:ma)'

Now all the discrete formulas mentioned above are particular cases of the corresponding formulas
from Sec. 1.

2. Let us describe the discretization procedure for integral relations on the cone of decreasing
functions in the spaces L ,:

Q={f€L,,:0<f1} (39)

We assume that the weight function v satisfies conditions (8) and (9). For a fixed number b > 1,
we introduce the sequence { ., } by the formulas

Vo™ = V(m) =", me7Z=1{0,+1,4£2,...}, (40)

where V~! is the inverse function to the continuous increasing function V. Then conditions (35)
hold, because
0< pm T, lim g, =0, lim p, = oco.
m——00

m——+o0
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Let us also introduce the cones of nonnegative step-functions

S=Lf,NLy, = {f € Low: f =) YmXan Ym 20, me Z}, (41)

and of nonnegative decreasing step-functions

QEQHZ%UZ{f€L¢7v:f:ZamXA7n,O§am l}. (42)

For f € Q, we define the step-functions fo, f1 € Q (see (35)) as
for=> flumi)Xan,  Sri=Y F(tm)Xa,- (43)

Then

fosf<fi = [follew < IIf]

(the left inequality in (44) holds everywhere on R ).
Let us apply relations (36)—(38) to the step-functions fy and fi, obtaining

[follow = Hamtatl, 5o Nfillow = [Hemtli, s cm = fpm). (45)
Here, by (36) and (40), we have

©,v < Hlecp,v (44)

Bm = / vdt =V (tme1) — V(pm) =0"(b—1), m € Z. (46)
A,

Remark 5. For a discretization of the form (40)—(46), the shift operators
T [{ym} = A{vm1t,  T-[{ym}] = {ym-1} (47)
turn out to be bounded as operators in I, g.
This is a particular case of the following result.
Lemma 1. Suppose thatb> 1, o € A, B ={Bm}, Bm € Ry, 1 < Bims1/Bm < b, m € Z. Then
T4 <1, [[T-] < d(b), (48)

where d(b) is the constant (1) for ¢ = b > 1. If ¢ is a convex function (in particular, if ¢ is an
N-function), we obtain estimates (48) with d(b) = b.

Proof. To obtain estimates (48), note that

IA{rm1}) <ixtvm}),  A{ym-1}) < bin({ym})- (49)
Indeed,
rmard) =D oA a1 B = Y oA ym) B,
meZ meEZ
ym=1}) =D oA 1)) = D> oA D) B
meZ mEeEZ

hence we obtain inequalities (49) by taking into account the conditions on 5 = {G,, }mez. It follows
from (49) and (29)—(31) that

174 [{vm Ml s = IH{vma1 s < 1{0m g 5
17— [{ym e, s = {vm—1}le, 5 < d®){vm e, 5-

If ¢ is convex, then d(b) = max{1,b} = b. Thus, we obtain estimates (48). [

(50)
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Let us apply estimate (48) to the sequence {7V} = {@m+1}. Then, by (45), we have

If1llow = I{am} i, » < d®O)[{amial, , = d®)]| follo.o- (51)
Substituting (51) into (44), we obtain the following conclusion.

Remark 6. Suppose that b > 1, ¢ € A and the weight v satisfies conditions (8), (9). Suppose that
the discretization procedure (40)—(46) is applied to the function f € 2 (see (39)). Then

dO) " N fillew < Iflpw < If1llg,0s (52)

where d(b) is defined in (1) for ¢ = b > 1. Here the step-function f; defined in (43), satisfies
relation (45).

3. ESTIMATES FOR THE NORM OF A MONOTONE OPERATOR ON THE CONE Q

We shall preserve all the notation from Secs. 1 and 2. Let (N, n) be a space with nonnegative
complete o-finite measure 71, let L = L(N,n) be the set of all n-measurable functions u: N — R,
and let L™ = {u € L : u > 0}. Here we assume that the pointwise inequalities hold n-almost
everywhere. Let Y = Y(N,n) C L be an ideal space, i.e., the Banach (or quasi-Banach) space of
measurable functions with monotone norm (or quasinorm) || - ||y, so that

up € L, |ui| <|ug|, wus €Y = up €Y, NJuilly < JJug|ly-. (53)

The general theory of ideal spaces (in the case of normed spaces) was considered in [3] and
a special version of Banach function spaces, including Orlicz spaces, was developed in [11]. Let
P: M+ — LT be a so-called monotone operator, i.e.,

f,he M*, f<h p-almost everywhere = Pf < Ph n-almost everywhere. (54)

For the cones  (39) and ©Q (42), we define the norms of the restrictions of the operator P as
follows:

[Pllo—y = sup{|Pflly : f € [[fllon <1}, (55)
IPllg_y = sup{lIPflly : f €2 [If g0 < 1} (56)

Lemma 2. Let b > 1, and let ¢ € A. Suppose that the weight function satisfies conditions (8)
and (9) and the discretization procedure (40)—(46) is applied to a function f € Q. Then the following
estimates hold:

IPlg_y < [[Pllo—y < d®)IPlg_y (57)
where d(b) is defined in (1) forc=15b> 1.

Proof. The left inequality in (57) is obvious in view of the embedding Q C Q. On the other hand,
if the function f; is of the form (43), then, for each function f € Q, we have

f<h = Pf<Pfi, and  |fillpw <dO)]f]low

(see Conclusion 6). Further,

feQ = A=> flumxa, €L

Therefore, for each f € €,

IPflly <[IPfilly < [IPllgoyfille,e < dO)Plg_y [l ]
[Pllo—y = sup{[|Pflly : f €, ||f]

p,U

(58)
e <11 < d®)| Pllg_y-
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Now let us consider the norm of the restriction of the operator to the cone S (41):

[Plls—y =sup{[|[Pflly : f €5, | fllpo <1} (59)

Theorem 1. Suppose the assumptions of Lemma 2 hold. In the given notation, The following
two-sided estimate is valid:

c(0) M IPlls—y < [IPlla—y < d®)|IPlls_v, (60)
where d(b) is defined in (1) forc=b>1, and
e(b) = dico(®),  colb) = [b(b—1)"1] > 1. (61)
Proof. Inequality (60) follows from (57) and from the similar inequality
IPlg_y < IPlls—y < c®)IPllg_y- (62)

The left inequality in (62) is obvious in view of the inclusion Q C S. Let us prove the right
inequality. We introduce the sup-operator A by the formula Ay = «, where v = {V;u }mez, @ =

{am}melv and
Q= Sup |yil, m € Z. (63)

k>m

We shall prove that the operator A: 1,3 — [, 3 is bounded. First, note that ¢ € C0,00)
increases, so that

|vk| < @y, forall k>m = sup gp(/\_1|’yk|) < go(A_lozm). (64)
k>m

The reverse inequality is also valid. Indeed, for any m € Z there are two possibilities:
(1) there exists a k(m) > m such that |y = m;
(2) there exists a {k;};en such that m < k; T +o0, |y, | T cm.

In case (1),

PN ) = oA vim)]) < sup e(A"kl). (65)

In the case (2),
P(Atam) = lim (W ]) < sup oA ).

— 400
Therefore,
P\ ) = sup oA xl) < Y oA wel).- (66)
k>m k>m
Then
jA(O‘> = Z @(A_lo‘m)ﬁm < Z Bm Z 1|’7k| ng 1|7k| Z m-
meZ meZ k>m keZ m<k

By (46), we have 3,, = b™™1 —b™, so that
> B =T = Brco(b) (67)
m<k

in view of relation (61). Therefore,

) < co(0) Y oA k) Br = co(B)ia(7)- (68)

kEZ
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This inequality, together with (29) and (30), gives

i, 5 < e®)lVlli, 50 c(b) = d(co(b)). (69)

Now, for each f € S, denote v = {vin}, Ym = f(ttm) > 0, m € Z. Then
f=fw = Z,meAm‘
Further, we introduce ., = supy>,, ¥k, m € Z and, for a = {am}, consider the function

f) = Z QmXA,, -

Then f,) € Q (see (42)) and

f(a) Zf(’y)? ||f(a)|

e = llalli, 5 < cO)Vlli,.s = O fpllo.w (70)

(see (69)). It follows from (70) that, for f = f(,) € S, there exists an f(,) € Q such that

Pf<Pfay,  lfiwllew < c@)f]

p,v
Note that f,) € ﬁ; hence, for any function f € S, we have

IPflly <P faylly < IPlgoyllfiallon < c®)IPllgy 1]

This yields the second inequality in (62). O

w0V

Remark 7. Theorem 1 illustrates the main purpose the discretization (40)—(46). In this theorem,
the estimates of the restriction of the monotone operator to the cone of decreasing functions €2 are
reduced to the estimates of this operator on the set of all nonnegative step-functions. In a number
of cases, the resulting reduction allows one to use well-known results for step-functions (or their
discrete analogs) to obtain the required estimates on the cone 2. This approach is realized in Sec. 4
using the description of associated norms as an example.

4. ASSOCIATED NORMS FOR THE CONE OF NONNEGATIVE
DECREASING FUNCTIONS IN A WEIGHTED ORLICZ SPACE

In this section, we shall preserve the notation used in Secs. 1-3 and apply results from Sec. 3
to the important particular case in which the ideal space Y coincides with the weighted Lebesgue
space L1(R4;9g), g € M, and the monotone operator P is the identity operator. In this case,

1Py sup{ | gede f el < 1}
0

:sup{/o Fdt: f e h(f) < 1} i (71)

(see (55); also recall that the equivalence || fll,, < 1, <, Ji(f) < 1 holds; see (21)). This means
that, in this case, the norm ||P|q—y coincides with the associated norm for the cone 2 (39)
equipped with the functional

I(f) = /0 o

By Theorem 1, we have
[Plo—y = [[Plls—y, (72)
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where, in our case,

|IP|ls—y = Sup{ Z QG O > 0, Z () Bm < 1} (73)

meZ mEeEZ

for
gm:/ gdt >0, ﬁm:/ vdt =b"(b—1), meZ. (74)
A Ay

Note that the norm (73) coincides with the discrete version of the Orlicz norm (see [2]):

o}l =500{ 32 anlanl s am > 0. 3 plan)in <1} (75

meZ mEeEZ

Our present goal is to describe the norm (75) in explicit form in terms of an additional function .
We shall restrict ourselves to the case of N-functions; see [2, Chap. 8]. Thus, let ¢ be an N -function,
ie., ¢ € C[0,00),

ols) = / ‘po)do,  seR,. (76)

where p is an increasing right-continuous function, with p(0) = 0, p(4+00) = oo. Let ¢ be an
additional function, i.e.,

t
vty = [Carydr. teRy qlr) =sup{oiplo) <7 (77)
0
The function ¢ possesses the same properties as p, so that ¢ € N. It is well known that

P(t) =suplst —p(s)],  st<ep(s)+Y(t), steRy (78)

s>0

(the equality holds if and only if p(s) =t or ¢(t) = s).
The following well-known result of the theory of discrete weighted Orlicz spaces holds for any
positive weighted sequence. It plays a key role in the equivalent description of the Orlicz norm (75).

Theorem 2. Let ¢ and v be additional N-functions, and let 8 = {6}, Bm € Ry, m € Z. Then
the Orlicz norm (75) is equivalent to the norm

Hgm iz, , = IHBm gm iy - (79)

Namely,
Hgm iz, , < I{gmHlr, < 21{gm} i, .. (80)

Remark 8. Let us summarize our studies.
Let ¢ and 1 be additional N-functions, let conditions (8) and (9) hold, and let the discretization
procedure (40)—(46) be applied. Then the norm (71) satisfies the following equivalence:

Wl = HomHlin s B={Bn}s  pm=B" /A 9] dt. (81)

Now our goal is to express this answer in integral form.

Theorem 3. Let ¢ and ¢ be additional N -functions, and let conditions (8) and (9) hold. For a
fized number 0 < a < 1, the following two-sided estimate of the associated norm (71) holds:

g1l = 1|pa(9) |l p0 = inf{A >0: /Ooow()\_lpa(g;t))v(t) dt < 1}, (82)
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pa(g;t) = V(t)_1/6 " lg(r)ldr, 6.(t) ==V~ (aV(t), teRy. (83)

For different values of a € (0,1), the norms (82) are equivalent.

Here and elsewhere, we use the notation
A= B = there exists a ¢ = c(a) € [1,00) such that ¢ ' < A/B<c. (84)

Remark 9. In addition, suppose that the function ¢ from Theorem 3 satisfies the As-condition,

i.e.,
there exists C € (1,00) : p(2t) < Cp(t) for all teR,. (85)
Then .
lolf = [vio" [ latrlar (56
0 P,v
Proof of Theorem 3. We use the description (81) with b =a~'/2 > 1. Then a = b=2 and
t
po<palgi) =V [ gldr<, e, (57)
V=1V (1))
where
/ —(m+1) Hm 1 —-m Hmet
P = b lgldr,  p, =0 gl dr. (88)
Hm—1 Hm —2
Therefore,
Fo(t) < pa(git) < Fi(t),  tERy, (89)
where Iy, F are the step-functions
= Z p’ll’)’LXAWL (t>7 Z meAh’L
1Follp.o = P e IFllww = [{om e, o
so that
H{omHleys < llpa(@)llw.o < [{om I - (90)
Thus, the required result (82) will follow from the equlvalence
o ey s = Hom e, 5 = {pm e, .- (91)
It remains to prove (91). Relations (81) and (88) show that
P = 26— D1 (92)
P = Pt + 0P, + (b= 1) p- (93)
Therefore,
Kol = 0720 = DI{pm-1}l,, <07 (0 = Dll{om}li, 40 (94)
{pm}le, » = 2(b— D7 o1y, < bz(b— DA - (95)

In the last inequality, we took into account the fact that shift operators in the space [, g with
N-function 1 are bounded and § = {f,,} from (46) (see Remark 5 and Lemma 1). Thus,

Kpm—1}liy s <O pmHligperar  HPmiatlig s < oIy 5-
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In view of (93), we have

(0= DI{pm i, s < [{pmHle, s (96)
Ko ey 5 < o1}y 5 +0Ipm ey 5 + (0 = DI pm ey 5- (97)

Just as (94), the following estimate holds:

{pm—1Hlys < Ol{om iy s-
Substituting this estimate into (97) and noting inequality (94), we obtain

{pm ey s < 30 = Dll{pm .o

Therefore,

(0= Dl{pm},.s < Homdl,s <30 =Dl{pm}, - (98)
Estimates (94), (95), and (98) imply that the required equivalence (91). O

5. APPLICATIONS TO WEIGHTED ORLICZ-LORENTZ CLASSES

Let us recall the notion of decreasing rearrangement of a function. Let My = My(R4) be the
subspace of all functions f: R, — R measurable with respect to Lebesgue measure p, finite almost
everywhere and such that, for f € My, the distribution function A is not identical to infinity,
where

Ar(y) =z e Ry - [f(x)[ >y}, yeR,. (99)
Then 0 < A¢ |, A¢(y) — 0, y — +o0.
Let f* be the decreasing rearrangement of the function f, i.e.,

fr(t) =inf{y e Ry : Af(y) <t},  teR,. (100)

We consider the Orlicz-Lorentz version A , for the Orlicz space L, ,. For f € My, we define

NG / T o0 @ty d, A0, (101)

where v € M ™, the integration is over Lebesgue measure, and the weight function satisfies con-
dition (8). The weighted Orlicz—Lorentz class A, , consists of functions f € My(R;) such that
f* € Ly, This class is equipped with the functional

1 o0 = nf{A > 0: Jy(f*) < 1} (102)

For the space A, , to be linear, we additionally assume that the weight function V' (8) satisfies
the As-condition, i.e.,

there exists a C € Ry : V(2t) < CV(¢t) for all ¢t e R,. (103)

It is known that this assumption is necessary and sufficient for the validity of the triangle
inequality in the Lorentz space (see, for example, [14]). However, we do not need estimate (103)
in our study. In any case, we can consider the class A, , as a cone in M, consisting of functions
having finite values of the functional (102). Here we present analogs of results from Sec. 3 concerning
estimates of the norms of monotone operators over Orlicz-Lorentz classes. Recall some descriptions.
Let (N, n) be a space with nonnegative o-finite measure 1. By L = L(N, n) we shall denote the space
of all p-measurable functions u: N — R, and let L™ = {u € L : u > 0}. Let Y; = Y;(N,n) C L,
1 = 1,2, be ideal spaces, and let P: MJ(RJF) — LT be the monotone operator related to these
spaces by the following condition: for h € 2,

1Py, = sup{[[Pflly; : f € M{ (R+), f* = h}. (104)

Let us illustrate these conditions by two examples.
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Example 5. Suppose that P is the identity operator on M, (R, ) and
Vi=Li(Ryg), g€ My(Ry),  Yo=Li(Rysg7).

Then, relation (104) reflects the well-known extremal property of decreasing rearrangements (see [11,]

Secs. 2.3-2.8])
sup{/ |fg|dt: fe Moy, f*:h}:/ hg™ dt.
0 0

Example 6. Let Y be an ideal space, and le P: MJ(RJF) — LT be the monotone operator
satisfying the condition

IPflly <IPflly.  f€ Mg (Ry). (105)

Then relation (104) holds with Y3 =Y, =Y.
Indeed, f € M (Ry), =, h:= f* € M; (Ry), h* = h, and

IPhlly < sup{[|Pflly : f € My (Ry), f* = h}.
On the other hand, for any function f € My (Ry): f* = h, by (105), we have
IPfly <IIPflly = IPhlly = sup{|[Pflly : f € Mg (Ry), f*=h} < |Phy.

Example 7. In particular, Example 6 includes operators of the form

(Pf)(x) = /000 k(z,7)f(T)dr, r €N, (106)

where k is a nonnegative measurable function on NxR, and k(x, 7) is a decreasing and right-continuousf
function of 7 € R,. Then, for almost all x € N, by the well-known Hardy lemma, we have

upﬁwnsAmk@n»ﬂﬂwrsAmk@JVWﬂmwﬂuvw@»

Therefore, for such operators, inequality (105) holds for any ideal space Y.

Proposition 6. Let relation (104) in the notation of this section hold. Then the norms

IPlla,.,—vy =sup{[|Pflly, : f € Mg (Ry), |f*[lp0 <1}, (107)
| Plla—y, = sup{|[Phlly, : h € Q, [|h]l» <1} (108)

cotncide:
1P[[Ay vy = [|Plla—ys,- (109)

Proof. Using the equivalence
feMo, |ffllew<1 <= h=f"eQ:|hlen<1,
we obtain
IPlla, ., —vi = sup[sup{[|Pflly, : f € My (Ry), f*=h}:heQ, [hllpo <1].
By (104), the right-hand side of this equality coincides with

supl| Phlly, : b € ©, ||Al

e <1 = [Plla-v,.
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Remark 10. This proposition allows us to reduce the estimates of the norm || P[5, vy, (107) to
the estimates given in Secs. 3 and 4. In particular, using Example 5, we can reduce the calculation
of the associated norm for a function g € M on the Orlicz—Lorentz class to the associated norm
on the cone 2 for its decreasing rearrangement g*:

ol o= sup{ [ 1ol dts € Mg 17 < 1f = 971
0

Then Theorem 3 and Remark 9 lead to the following result.
Theorem 4. Suppose that the assumptions of Theorem 3 hold. Then

||g||4 > pa(g) |l pw = inf{)\ >0: /000 w()\_lpa(g*;t))v(t) dt < 1}, (110)

where p,, was defined in (83). For different values of a € (0,1), the norms (110) are equivalent.

Remark 11. In addition, suppose that, the function ¢ in Theorem 4 satisfies the As-condition.
Then

ot = Vo [ o' rds

. (111)
P,v
Remark 12. Relations (110) and (111) modify results from [12], in which some previous results
from [13] were developed. In particular, formula (111) was established in [13] under the assumption

that both functions ¢ and 9 satisfy the As-condition. For duality for Orlicz and Orlicz—Lorentz
spaces, see also [2], [4], [15], [16].
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